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Preface

Research by several prominent research groups (including Penn State University,
CNRS at Luminy and Ecole Polithecnique, University Simoén Bolivar, our group

in San Luis Potosi, etc.) has shown that the dimension theory of dynamical sys-
tems is a powerful tool to analyze the (multi)fractal behavior which appears in
real systems and their mathematical models. This book is devoted to an important
branch of this theory: the study of the fine (fractal) structure of Poincaré recur-
rences — instants of time when the system almost repeats its initial state. Because
of this restriction we were able to write an entirely self-contained text including
many insights and examples, as well as providing complete details of proofs. The
only prerequisites are a basic knowledge of analysis and topology. Thus this book
can serve as a graduate text or self-study guide for courses in applied mathematics
or nonlinear dynamics (in the natural sciences).

To motivate our study of Poincare recurrences, imagine that the phase space
(or invariant subset) is partitioned into different colors according to their “tem-
perature”. The orbit for initial conditions chosen in hot areas returns nearby faster
than for initial conditions chosen from cold areas. More precisely, the return time
for ane ball centered on a hot initial condition is much less than for a cold initial
condition. It is true even for uniformly hyperbolic systems, provided that they are
“sufficiently nonlinear”, i.e., their linearization depends on the point.

One can then fix a large collection @balls and calculate an “average” return
time, and study this average agjoes to 0. For many hyperbolic systems the
average behaves asy loge and for non-chaotic systems as”, wherey is a
key dimension-like characteristic obtained from the fractal dimension machinery:
the dimension for Poincaré recurrences. It depends on the set of initial points we
deal with, i.e., it is a function of a set. If we choose a set situated around hot spots,
evidently we will obtain a dimension that is different from that around cold spots.

This has profound practical applications, for it provides a useful “measure” of
how chaotic is a dynamical system within the class of chaotic dynamical systems
while for nonchaotic dynamical systems it is a new and useful measure of the
complexity of the orbit structure. Furthermore, given an invariant measure, it is
natural to introduce a dimension of measure which equals, as usual, the dimension
of the smallest set of the full measure. So, our dimension can distinguish differ-
ent measures according to the behavior of Poincaré recurrences. If the measure
is ergodic then the behavior of Poincaré recurrences is asymptotically the same
for any ball centered at a typical point. Thus, one can obtain the dimension of
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measure for Poincaré recurrences, which is a global quantity, by knowing a local
dimension.

We believe that the dimension could be quite useful for many applied problems.
Let us emphasize that the dimension is computable and can be found numerically
for specific systems. Let us mention now a problem related to synchronization
phenomena. If two (or more) coupled subsystems are synchronized then their
behavior in time has to be similar and since the dimension definitely reflects such
a behavior, then the dimension for Poincaré recurrences in a synchronized regime
has to be the same for all individual subsystems. Thus, it can serve as an indicator
of synchronization.

The second problem we want to mention is the problem of fractal and multifrac-
tal features of Poincaré recurrences. In situations where a system is nonergodic
and contains both, chaotic invariant subsets and subsets with zero topological en-
tropy (such as in standard map) a normalized distribution of return times to a
region behaves as follows

Pr)y~1t77, 17>

(whereP(t) dt is in fact the probability to return to the region during the inter-
val of time (z, (r + dt))). We explained inChapter 15hat this exponeny is
directly related to the dimension for Poincaré recurrences. So, our quantity has an
important physical meaning.

The book includes figures already published in our papers. Kind permissions
were received from the publishers World Scientific, Discrete and Continuous Dy-
namical Systems and The American Physical Society for the reproduction of the
following figures of this bookFigures 3.4 and 3.%rom reference[52], Fig-
ure 15.3from referencg12] andFigures 16.3—-16.6om referencg13].
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Chapter 1

Introduction

Deterministically generated processes in nature and industry are modeled by dy-
namical systems. For dissipative systems mathematical images of established
motions are attractors, invariant attracting sets in phase spaces. Geometry of at-
tractors reflects some features of a motion. So, for systems with continuous time,
a point in the phase space corresponds to an equilibrium state, a closed curve (a
limit cycle) corresponds to a periodic motion, a torus — to a quasi-periodic motion,
and generally, a strange attractor — to a chaotic oscillation.

The term “strange attractor” was introduced by mathematicians in 1970s to
emphasize the fact that the attractor cannot be represented as a finite union of
smooth curves or surfaces. It looks like a very bizarre, non-regular subset of the
phase space. Such sets were known to be called (because of B. ManB£Brot
the fractal sets. They have non-integer fractal dimension (the Hausdorff or the
box dimension), and the fractionality is caused by the presence of a Cantor-like
structure in some direction inside the fractal set.

Fractal sets appear in different field of science and nature, but what is the most
important for us is that they serve as attractors for dynamical systems with chaotic
behavior of orbits.

Usually a dynamical system is determined by a local rule, a system of ordi-
nary differential equations or a mapping of the phase space into itself. What is
surprising is that an inductive procedure to construct the attractor is hidden inside
this rule. This geometric procedure consists of a hierarchy of nested basic sets
and the attractor is just the intersection of all these sets. P.A.P. Moran was the
first who had used in 1940 a geometric construction to calculate the Hausdorff
dimension of a Cantor-like set. The fact is that if one knows rates of contraction
of basic sets during their transformation from the previous generation to the next
one, and if one knows how many basic sets of the next generation are inside the
ones of the previous generation and how they are nested inside each other, then
one can calculate the Hausdorff dimension of the attractor. The calculation is ex-
pressed in the form of the Bowen’s equation; R. Bowen had derived this equation
in a particular situation. Thus, one can be convinced that there is a well developed
machinery allowing one to calculate or to estimate the Hausdorff dimension of a
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fractal set. There are many deep results related to Hausdorff and box dimensions,
see[37,55,59,61,97,111,11%8)d references therein.

Unfortunately not always geometric and metrical features of invariant sets re-
flect dynamics occurring on them. The simplest example is the 2-dimensional
torus: it can serve as the phase space for an Anosov map and for a system with
quasi-periodic orbits as well. So, one needs characteristics reflecting not only a
geometry but also a dynamics. And our book is devoted to a description of one of
such characteristics — the spectrum of dimensions for Poincaré recurrences.

Poincaré recurrences are the main indicators and characteristics of how a cer-
tain state of a dynamical system repeats itself in time. In general, the complete
analysis of the return behavior of any initial condition is not feasible. A traditional
approach is to study statistical properties of Poincaré recurrences, i.e., to deal with
typical orbits with respect to some invariant measures (see, for insfaRdeo,

123] and references therein). These investigations led to a series of very interest-
ing results. But they have the disadvantage that one does not get control on the sets
of zero measure. As it was shown]iB], the remaining zero-measure set can be
very large in terms of topological entropy or dimension. Moreover, the existence
of many different ergodic measures indicates the fact that recurrence properties
may vary with the measure. Hence, one can expect a certain multifractal nature.

Recently, a new approach has been propogetil,95) that makes use of ideas
and methods of the dimension theof974]). As a part of this new approach the
spectrum of dimensions for Poincaré recurrences was introdugg@]iand[11].

One of the main reasons for this approach was to catch the return time properties
of the entire invariant set at once. For this, ideas of the general concept of the
multifractal analysig16] were applied. The approach helps to detect the regions
inside the invariant set which exhibit a certain recurrence behavior. Finally, the
invariant set can be decomposed with respect to the local recurrences.

Up to now, the main objects of multifractal analysis were the multifractal de-
compositions associated to the pointwise dimension, Lyapunov exponents or the
local entropy. The spectrum for Poincaré recurrences provides a new possibility to
study multifractal features of invariant sets in dynamical systems. One of the con-
jectures in16], see als¢101], is that a “nice” dynamical system can have only a
finite number of independent multifractal characteristics. This motivates the study
of relations of the recurrence spectrum to the known spectra. In the class of sys-
tems we consider in the book we are able to show that the recurrence spectrum is
determined by the spectrum of Lyapunov exponents. This result supports the con-
jecture and gives a new insight into the nature of recurrences: global recurrences
of the system are determined by local properties along the orbits.

The recurrence spectrum is a function of a parametergsdyis parameter
tunes the balance between the distance of returns and the time needed for the
return. For a given invariant set it reflects the multifractal nature of asymptotics
of local return times, for example, large local instabilities favorize fast returns.
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Roughly speaking, subsets with similar behavior of return times are labeled by
same value of the parametgrin particular, the corresponding outer measure sits
on the set of points with a prescribed return times asymptotics, provided that it is
non-zero and finite.

To be more specific, we have to remind the reader a general approach to study
fractal dimensions that was proposed by Ya. Pesj@&hand described in details
in [97]. It is based on so called generalized Carathéodory construction. Let us
describe it now for a simple situation when we deal with a compact metric space
X, endowed with the distane&(x, y). The ballB(x, ) = {y: d(x,y) < &} of
radiuse centered ak is thus well-defined. Givel C X one may consider a
finite coverG = {B(x;, &;) =: B;} of Z, Uf\;l BiDZ & <¢e. leté:B— RT
be a function defined on the set of all open ballXithat takes only non-negative
values and goes to zero as the radius of the ball goes to zero. We define the sum

N
Mg(@, G, Z2) = ) E(B)sf
i
and consider its minimum
N
Me(a,e, 2) =inf ) &(Boef,
1

taken over all finite covers df by balls of radius less than or equalktdt is clear
that M («, ¢ Z) is monotone function im, therefore there exists the limit

m(a, Z) = IimoMg(oz, e, 7).
&—
It follows [97] that there exists a critical value € [—o0o, co] such that

0, o > o, Qe F +00,
00, o < ¢, O F —O00.

m(a, Z) = {

The number, is said to be the Carathéodory dimensiorZdsee details below).

Among other features of, the following one is related to finding of the average
value of the functiorg. Indeed, it follows directly from the definition that, if
g < & < 1, then the sum

al >1, fa<a

. o g C»
ZS(Bl)gi { <1, ifa>a.
l

For the sake of simplicity assume that

N
> EB)e ~ L.
i=1
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Then,

2|~

1 N
(EBef) = 5 D _EBe ~
i=1

Fore; = ¢, the minimal number of balls of radiusneeded to cover s¢f is
N ~ ¢~% whereb = dimgZ is the fractal dimension (the box dimension, if it
exists) ofZ. Therefore,

(£(By)) ~ gboe

if . # +oo andb # +oo.

Thus, the generalized Carathéodory construction allows one to estimate the
arithmetic average of functions of balls (or open sets) over subséts of

We apply now the construction to study Poincaré recurrences for the dynamical
system(f*, X), t € Z. For an open balB := B(x, ¢) we define the Poincaré
recurrence as

©(B) = inf{z(x, B): x € B}
where
t(x, B) =min{r > 0: f'x € B}

is the first return time of € B. Given a real non-negative functign R* — R*
such thaty(r) — 0 ast — oo, let&,(B) = n(r(B))?, g = 0. Then we apply the
Carathéodory construction outlined above to obtain

(6,(B)) ~ "%
where the critical value, depends og now: o, = a.(g). The functionx.(q) is

called the spectrum of dimensions for Poincaré recurrences. If there @xist®
such thatv.(¢) > 0, 0< ¢ < go and limy,_, 4 e (q) = 0, then

(Eqo(B) ~ "
We callgp the dimension for Poincaré recurrences (in literature it is called some-
times the AP-dimensiof86,76,95,96,125]

There are two important cases we want to mention. If the dynamical system has
positive topological entropy, then for the functig) = ¢! one can find such
positiveqo, i.e.,

[e™907B)) b

and one can expect that the average Poincaré recurrence for balls of sadius
behaves as

(r(B)) ~ —% Ine (1.1
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but if the topological entropy equals 0, then very often posijivexists forn (1) =
1/t,i.e.,

(r(B) ™) ~ ¢
and one may assume that
(r(B)) ~ e="/40, (1.2)

The asymptotic relationfl.1) and (1.2)not only manifest the “physical mean-
ing” of the dimension for Poincaré recurrences but also can serve as the basis for
algorithms to calculateg in specific situations (se€hapter 15

Now we assume that is a Borel probability measure on. As it was said, the
function . (¢) depends on a sef of initial points, i.e.,a.(¢) = a.(g, Z). We
may define the spectrum for the measuras follows,

al(q) ==inflac(q, 2): n(2) =1}.

Thus, one can compare different measures with respect to their recurrence prop-
erties.

As usual, the question of the validity of variational principle arises: is it true
that supx’ (¢) = a.(g), where supremum is taken over all Borel probability
measures? For maps acting on invariant Cantor sets resulting from Moran-type
constructions, this question was positively answerd8,ifj and will be described
in Chapter 5of the book.

A local version ofx’ (¢) was introduced ifi5,39] and[7] in the following way:
the quantity

(g, x) = liminf inf C9HBO- &) +qr(Bly. &)
e—>0 yeB(x,¢) |Oge

is called the loweg-pointwise dimension of at the pointx. It was shown irf39]

that if this local dimension equals a constantlmost everywhere, then the di-
mension for the measugealso is equal to the constant. Such situations occur for
ergodic invariant measures.

The book is organized as follows. The first part is devoted to main notions,
ideas and methods we want to expose, such as symbolic dynamics, including
topological pressure; geometric constructions as inductive procedures to obtain
invariant sets in the phase space and definition and main properties of spectrum
of dimensions for Poincaré recurrences. A reader who knows about symbolic dy-
namics can skifChapter 2Part Il deals with zero-dimensional invariant sets on
which the system can behave chaotically or regularlyant Il we describe one-
dimensional systems with discrete time (generated by Markov maps) and with
continuous time in the form of suspended flowsurt IV deals with dimensions
for invariant measures, local dimensions and the variational principleathV
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we discuss some applications of the developed theory. For readers who are famil-
iar with the machinery of statistical mechanics, we wi@tapter 14where ideas

and main results of our book are explained in an intuitive way. In Appendices,
Part VI, we list some necessary items for the convenience of readers.

We wish to thank our friends and collaborators, including Jean-Renne Cha-
zottes, Ricardo Coutinho, Bastien Fernandez, Wen-Wei Lin, Alejandro Maass,
Yakov Pesin, Nikolai Rulkov, Benoit Saussol, Joerg Schmeling, Victor Sirvent,
Sandro Vaienti and George Zaslavsky for their invaluable and fruitful discussions
and help. The first author is grateful to Ya. Pesin who attracted him to the beauti-
ful field of fractal dimensions. We specially thank G.M. Zaslavsky without whose
persuasiveness the book would never appear.
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Chapter 2

Symbolic Systems

In spite of the fact that dynamical systems are defined by a local rule, say a map
x — f(x) (it could be a system of ODE = f(x), but we restrict ourself to the
case of discrete time), and this rule is often expressed in a simple form, the global
behavior of orbits could be amazingly complex. Here, a (semi-)orbit through an
initial point xg is I'(xo) := Ui2g fix;; a union of orbitsY is an invariant set:
f(Y) c Y. Complexity of such a behavior is reflected in the geometry of invariant
sets and can be measured by Hausdorff and box dimensions and other dimension-
like characteristics. Invariant sets are constructed by using symbolic dynamical
models.

In this chapter we remind general facts of the symbolic dynamics theory (see
for instancg49]) and emphasize some of them which are not so well known.

2.1. Specified subshifts

Givenp € N, consider the se®, = {0, ..., p — 1}Z+ endowed with the product
topology which makes2, a compact metrizable spac&’( = N U {0}). A point
in £2, is denoted byw = {wi}r>0. A subshift is the dynamical syste@®2, o)
whereo : 2 — £2 is the shift operator, defined g w), = w41, and2 C £2,
is a closed and -invariant subset.

Giventhe wortw := wp ... w; ... w,, w; € {0, ..., p — 1}, the subset

[wo...0n] = {0 € 2! 0, =w;, 0<i < n}

is called a cylinder. Every cylinder is open and closed. Aworg g ... w; . ..
wn, w; € {0,..., p — 1}, is said to be admissible i if the corresponding
cylinder[wyg . . . w,] is not empty. We will abuse notation and express admissibility
by writingw € 2. If o = [wg . .. w,—_1] then|w| := n.

A subshift(£2, o) is said to be (topologically) mixing if for any two admissible
wordswg . . . w, anda)E) ..., there existsg € Z* (the mixing time) such that

9
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for anyk > ko, there exists a wordy . . . w; such that the concatenated word

/

Wo...0p @Y. .. W .0,

is admissible in2.

The subshif{$2, o) is said to be specified (or to have the specification property)
if there existsig € Z* such that for any pair of admissible words; . . . , and
wg . . . wy,, there existsk < ng and a wordwyg . .. @} such that the concatenated
wordwo . .. w, @y . .. 0] ;. . . w;, is admissible ing2.

We now define a class of distance functionss@rconsistent with the product
topology. Giveru € {0, ..., p — 1} let

[al]={x € 2: xp=a} and ¢ ={[a]l: a=0,...,p—1}

denote the partition of2 into 1-cylinders. Denote by” the dynamical parti-
tion¢" = \/;’;éo‘/g. Then¢” (w) will be the atom of the refined partitiog’’
that containsy and will be referred to as the-cylinder aboutw. Given a con-
tinuous functionu : 2 — (0, co) we endows2 with the metricd, defined by
do(w, ) := e 4¢" @) wheren is such that' € ¢"(w) ande’ ¢ ¢"T1(w), and

u(g“"(a))) =sup sup (u(a)/) +u(cw)+---+ u(ak_la)/)),

k<n o' etk (w)

n=12,....
Remark that the standard metric is recovered when one chaosed. If one
choosesi(w) = —log A(wg), which is a constant on every atom&fthen
n—1 n—1
do(, o) =[] 1), and diant, @) =[] @0, 1)
¢=0 £=0

i.e., we have a situation similar to that encountered in Moran-like geometric con-
structions, where & A(wg) < 1, see SectioB.

LEMMA 2.1. dg is a distance function or.

PROOF Let us prove it for the cas@.1). It is clear thatdg (w, »’) = 0 if and
only if ® = o’. Then, we show the triangle inequality

do(w, o) <dg(w, ") +do(@", o), (2.2)
with integersi, j and/ such thatw; = w; for k < i andw; # !, wx = w] for
k < jandw; # a);-’, andw, = o) fork < andw; # ;. To show(2.2)we need
to verify the inequality

heg "+ * Aoy 1 g)“wo"')“wj—l-’_)"wé“')“ ,

@1

for which we have the following cases.
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(@) For0< j <1, itfollows immediately thak,, - - - Aey 3 < Awg Aoy

(b) Forj > i > 0, one had = i. Hence,huwy Aoy 3 < Ao hw; 4 +
Aag hay_q-

Whenwg # wj, one has that X 1+Aw6 tthgy O 1< 14+ ke Ay, inthe

“worst” case. O

In a similar way one proves thédl; is a distance in a more general situation
whereu depends on more symbols. Moreover, if one chooses a Holder continuous
function u, then one gets the distance used to generate Cantor-like SRS in
modeled by subshifts, see Secti®i.1

Givenw € £ ande > 0 we denote byB(w, ¢) the open ball of radius
centered ab.

2.1.1. Ultrametric space

The following statemer[6] is useful for further considerations and have an inde-
pendent pedagogical interest.

STATEMENT. The spacés?, dy;) is ultra-metric, i.e.,
do(w, ) < max{de (o, w), de(w, o)}
for everyw . Furthermore, for any» € £2 ande > 0 we have

1. B(w, &) =§,,, (), where

Nwe =Mmin{n € N: e G @) < o,
2. The topology generated lay- is equivalent to the product topology.
PROOF Letw,w’ € £2, with w # «'. There exists such that, (w) = &,(v)
buté,1(w) # &+1(w'). This implies that
d_Q (a), a)/) = e_u(éfn(a’)) — e—u(%‘,,(w’))'

For anyw € 2 eitherw ¢ &,11(w) Or w ¢ &,11(w). Suppose for simplicity
thatw ¢ &,11(w). Then there existé < n such thatw € & (w) butw ¢
£r41(w), hencedg (w, w) = e “E& (@) Sinceu (£, (w)) is increasing, we get that
do(w, w) > dg(w, o). This proves that

de(w, o) < max{de (v, @), de (@, )}

Thus,dy; is a distance, and in addition the spae dy,) is ultra-metric.
Letw € 2. Lets > 0, and set

ng = m|n{n e N: e_”(én(w)) < 8}.
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For anyw € §,, (w), w # w, there exist:t > n, such thatw € &,(w) but
w ¢ &,+1(w), and by definition

do(w, @) = efu(é,,(w)) < e*“(éng (@) ..

Thusw € B(w, ¢).
Letw € B(w,¢), w # w, andn such thatw € &,(w) butw ¢ &,11(w). By
definition we have

e uEn(@) — do(w, @) < &,

hencen > ng, andw € &, (w). This proves that any ball is indeed a cylinder,
and Statement 2 is now an immediate consequence. d

By using the metriel; we avoid many difficulties related to comparing covers
by balls and by cylinder.

2.2. Ordered topological Markov chains

Aset2, C £2, is defined by a transition matrix by declaring thatr € £24

iff Ay,wr = 1,k > 0. Any mixing topological Markov chain has the specifica-
tion property and positive topological entropy. More detailed information about
Markov chains can be found for instanceg49®].

In dealing with Markov maps of the interval the ordered nature of Cantor sub-
sets of the interval will be important. This order is equivalent, through conjugacy,
to a complete order of the s&4 that we introduce as follows. First we accept
the order O< 1 < --- < p — 1 in the set of single symbols. A sign function

s:{0,1,...,p—1} - {1, +1}

is introduced (there are”2options for the functiors) and extend it to words of
finite length by the product

s(wo, 1, ..., wp—1) = s(wo) - s(w1) - -+ - s(wp—1).

The order relation in24 is defined as follows. Leb ando’ € £24 have least
integerk such thatw; # w;. Thenw < o' if and only if, eithero, < wp and
s(wg, w1, ..., wk—1) = 1 0orw; > wp ands(wg, w1, ..., wg_1) = —1. Otherwise
o > o'. A topological Markov chain2,4 that is endowed with a complete order
by means of a sign functionis denoted by the triplé24, o, s). When the sign
function is the constant function= 1, the order introduced if2 4 coincides with
the lexicographical order.

Next, we take the order i, as the starting point to construct a nested se-
guence

2, C 82,41 C---C 24
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of mixing topological Markov chains, for a certain sufficiently large integésee
below). We will use this construction to calculate dimension-like characteristics
of invariant sets.

For eachwg andn > 0, letwods . . . @,—1 denote the least (in the order defined)
admissible word in($24, s) of lengthn that begins with a given symbal, i.e.,

WO ... Wp—1 < WOWY ... WH_1

for every admissible woréows . . . w,—1.

LEMMA 2.2. Foreachi € {0, ..., p — 1}, the limit point in(£24, o)

& = lim i @D1...0p—1

n—oo
is eventually periodic. The transient prefix ®f and the period-defining word
have together length at mo2p. The pointw' € [i ] C 24 is the only point such

that®' < w for everyw € [i].

PrRoOF. From theith row of transition matrixA we takew; € {j: A; ; = 1} such
that

io1 < ik foreveryk € {j # a1 A;; =1}

The choice ofv; is unique. Next, from thés-th row of transition matrixA we
takeay € {j: Ag, ; = 1} such that
i 1wy < ik foreveryk e {j # &2 Ay, = 1)

The choice ofb; is unique. Proceeding this way we will get the woid; . . . &,
such that for the first time the sigii @1 ... ®,_1) and symboky,,, simultane-
ously, appear again in the procedure. This will happemifcg 2p (each one of
the p symboils is associated to one of two possible signs). a

Thus, sequencé’ = a’(c')> where the admissible word is the shortest
transient prefix of»’ and wordc’ is the period-defining word. They are unique
and their lengths satisfy the inequality | 4 |¢'| < 2p for eachi, with |a’| > 0
and|c/| > 1. A direct consequence of the mixing property &f 4, o) is the
following

LEMMA 2.3. There existg € N, ¢ > 3, such that for each € {0, ..., p — 1},
there exists a word’ such that

(1) the wordc'b' ¢’ is admissible in2,4,
(2) ¢'b'c" # ()1, and
(3) Ic'b'c'| = qlc'.
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Let B = {Qh... 00 i = 0,...,p — 1} and letk, be such thatc)n e
@f...& _; but(c Yatl ¢ & i ...@ . The inequalities

n+12|cl|k’ 2/{’

hold, and we will be considering sufficiently large valuegpt > Ny > 2pqg say
(seeLemma 2.4below), so that each word iB,, has blockg¢! )kn that are longer
than(c), i.e.,ki > g, for everyi. This will allow us to do profit oLemma 2.3

The set of admissible sequencessin that do not contain any of the words
in B,

Qn={we 2a: Vi wi...0kn & Bn, ke Z1Y,

defines a symbolic systemﬁn, o) which is a topological Markov chain. This
system may not be mixing. Howev@roposition 2. below tells us that it contains
a mixing topological Markov chaiw2,, if n is sufficiently large. To identify2,,
for ki > q let

Gn={wo...0, € 24 Vi: (ci)‘Z ¢ wo...w, whenever > k., — q}.

The elements o€, are, by definition, admissible iﬁn, Gn C Bf, and will be
“linking sockets” for the sequences in the subggt C £2,. The next statement
tells us that every element @, is a linking socket. For that we také, > ko, the
mixing time of (24, o).

LEMMA 2.4. For all n > N1 every two wordso . . . w, andawy . .. w, in G, and
for everym > n there exists a wordy . . . wj,, such that the concatenated word

/! /

//
WY ... WxWYQ ... Wy . .. O,

is admissible in?2,,.

PROOF Because the systel24, o) is mixing, for everym > n > Nj there
exists a wordyj . . . w), such that the concatenated word

W0 ... W ... D@D - .. O (2.3)

is admissible in2,4. If the word is admissible i®2, too, there is nothing to prove.
Otherwise, the word contains a segment of the lemgthl that is inB,. In this
caselLemma 2.3allows us to replace the forbidden segment by a segment of the
same length+1 that is admissible i,. The procedure to make the replacement
consists in repeating the following substitution rule as many times as necessary.

SUBSTITUTION RULE. Reading the word

/! /

/!
Q. ..o ... W0 ... 0,
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from left to right, at the first occurrence of a word B),, we replace the first
occurrence of the segmeft )7, not intersecting neither the worah . . . w, nor
wp. .. w), by the segment'b'¢’. Sincem > n, any word of lengttn + 1 in (2.3)
cannot intersect neither the prefix . .., nor the suffixwy . .. ;. Hence, the
substitution rule does not affect these words.

If the resulting word still contains a segment that ijn we apply the rule again.

The procedure is repeated as long as the reconstructed word contains a segment
that is inB,,. There is a finite number of iterations after which the resulting word
does not contain any segment®y). Indeed, the segment to be replaced at each
new iteration is on the right side of the segment that was replaced in the previous
iteration. The word resulting of applying the procedure may contain segments of
the type(c’)/ with j < g < k only. Therefore it is admissible if®, . O

The previousLemma 2.4will allow us to specify the subse®,. A pair of
words,wo . . . @, andwy . . . w;,, is said to be2,-connected if there exists a word
wy - - . ), such that the concatenated word

/

/! /r
Q. ..wpQ0 ... WyWg. .. O,

is admissible inﬁ,r Let C, C B: be the set of words of the lengthsuch that
eachwg. .., € C, is £2,-connected to some socket worddh, and such that,
for eachwy. .. w,, there exists a socket word i, which is £2,-connected to
wo . . . w,. Remark that by definition we have that, c C,,.

Thus, the subset a®,, we consider is defined as follows

2, ={weR wp...0p4n € Cpn, keZt).

By definition, 2, C f?,, and the systenis2,, o) is a topological Markov chain
(words of lengthz + 1 are its states).

PROPOSITION2.1. There existsV € N, N > Ni such that for any: > N, the
following properties hold.

(i) The set2, is non-empty.
(") £, C £2p41.
(i) The systems2,, o) is a mixing topological Markov chaifon words of length
n+ 1)
(iv) There existsn € N such that, for any: > N, the number of-periodic
orbits of (£24, o) not belonging ta?2,, is at mostn.

PROOFE

(i) Consider the periodic sequenc€b’)™ for somei € {0, ..., p — 1}. By
Lemma 2.3this sequence is admissiblesi?y. Moreover, the word' could
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appear consecutively at magt— 2 times. Therefore ik, — ¢ > ¢ — 2,
which happens if: is sufficiently large, then the periodic sequerice’)>
isin £2,.

(i) Letwop...w, andws . .. w,+1 be two words inC,. Since the definition of;,,
implies the inclusion

{weR: wi...0p4n €Gp, keZt)
Clwe 2. wg...Wkgn+1 € Gyy1, k € Z+}. (2.4)

Then the wordwg . . . w,4+1 IS §n-c0nnected to aword iG,, 1.

Moreover, if a word of lengtle + 1 that is admissible if24 does not
belong toB,, then none of its extensions of lengtht 2 belongs taB;, 1.
Therefore, c Qn+1 Hence, the wordy . . . w, 41 IS .(2,,+1 -connected to a
word in G, +1. Similarly, there exists a word i@, 1 that is§n+1-connected
towp...w,+1 and hence the wordy . . . w,41 belongs taC,, 1 1.

(iii) Let wo...w, andewy. ..o, be two admissible words ife,. By definition,
the Worda)o .w, Can beQ -connected to a woreg...w, € G,. The
length of the connecting word is at most the number of words of length,
i.e. p"*1. Similarly, there exists a worer) ..., € Gy, 2,-connected to
f . .. ), by aword of length at mogt"*1. If n > Ny, then, byLemma 2.4
the wordemy . .. @, is £2,-connected tao}) ... w, by a word of any length
that is longer than.

Consequently, any two admissible wordssity of the lengthrn can be
connected by a word of arbitrary length larger thart 8! + n. It follows
that the systenis2,,, o) is mixing.

(iv) Anyword of lengthn 41 admissible in24 but not admissible if2, contains
one of the wordsgc?)*»~4. We have

n+ 1= (k= g)le'| < qle’ +a']

Consequently, the number of admissible words of lengtti not admissible
in £2,, is not larger than

p-1 o
mi= el |+ [a ),
i=0
which is independent of.
O

A further property of the sequenc®, of mixing Markov chains, proved in
Section2.4, is that the topological pressure §g, of a Hélder continuous poten-
tial, defined onf24 but restricted ta?2,, converges to the topological pressure in
24 asn — oo. This important fact will be used to find out fractal dimensions in
many specific situations.
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2.3. Multipermutative systems

An important class of symbolic systems, different from subshifts, consists of mul-
tipermutative systems. L&2 = {0, 1, ..., g — 1}No with the metric(2.1).

DEFINITION 2.1. AmapT : 2 — $£2 is said to bemultipermutativef for every
w € £2 the sequenc€w is given by

Tw = (wo+ po, w1+ p1(@o), ..., w; + pi(wo, ..., ®i-1),...)

with pg € A := {0, ..., g — 1}, the alphabet, ang; : A’ — A fori > 0. Atevery
coordinate the addition is understood to be modulo

Cylinders of lengthl. are denoted bw; = [wo,...,wr_1] C £2, and they
determine the integer value

L-1

i

loclly =) wiq'.
i=0

EXAMPLE 2.1. Theg-adic adding machiné a multipermutative systei2, S)
such that

Sw=(wo+1, wi+s1(w0), ..., +si(wo, ..., 0i-1),...),

with s; (wo, ..., wi—1) = 1if (wp, ..., w;i_1) is maximal and; (wo, ..., w;_1) =
0 otherwise. The wordwy, ..., w;—1) is maximal whenw; = g — 1 for j =
0,...,i —1.ForeveryL > 1,amap0,1,...,q" -1} - {0,1,...,9 — 1}

is well-defined whera — $"0; = w; is a bijection, and: = [|w, ||,. For every
L>1,these(s"0,: n=0,1,...,q° — 1} is a cycle of period;.

The next result is a dynamical characterization of minimal multipermutative
systems.

THEOREM2.1. For (£2, T), a multipermutative system, the following four state-
ments are equivalent.

(1) (£2,T) is minimal.

(2) ForeveryL > 0and every cylindet;, := [wo, ..., wr—1], the sequence, ,
Twr, T?wr, ... is periodic with smallest periogl®.

(3) For everyL > 0, the numberg“integrals) n; = ZwL pr(wp) and the
constantpg € A are relatively prime tg;.

(4) The system£2, T) is topologically conjugate to thg-adic adding ma-
chine(£2, S).
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PROOF (1) < (2). If a multipermutative maf is minimal then every point
of the system must visit every cylinder set. This, together with the factfthat
maps a cylinder of lengtli to another cylinder of the same length, implies (2).
Conversely, assume that (2) holds. Then, every point of the system visits every
cylinder set. Since cylinder sets span the topologyofve conclude the system
is minimal.

(2) < (3). For cylinders of the length = 1, the sequendevg], [wo + pol,
[wo + 2pol, . .. is periodic with smallest periog if and only if (po, ¢) = 1. For
cylinders of the lengti. > 1, assume thab; := [wo, ..., wr—1]is periodic with
smallest periog . Then we prove that the sequen@|wo, . .., w7 _1, oL},
is periodic with smallest periog”**. It is so if and only if for every cylinder
wr = [wo, ..., wr_1] we have

{o® € A: T* [y, ..., 011, 0r]
= [a)o, e, WL_1, a)(Lk)], k> O} = A. (2.5)
A straightforward computation shows that
a)(Lk) =wy + knp, withz, = ZpL(a)/L)
@
for everyw,, where the sum is taken over all admissible wagdsof the length
L.Indeed, defing™ € {0, 1,..., g—1} by the equalityl " [or, o] = [o], i™]

wherew;, := (wo, ..., wr—1) andi@ = »; . We want to compute;(Lk) — j(ka"),
k > 0. Fork =1,

w<L>_l(qL)_l(qL D4 pp (0 (g"- b)

=i 4 pr (o) + pufeft )

0 1 -1
—l(°)+m( )+ pL(of) + -+ prlof ).
i.e., for everyw; we have thatw(Ll) = wr + mp, with the integralr; =
Zw/L pr(w)). Next, fork > 1, assume thab(Lk) = wy + kny, for everyw; € A.
Then, takey;, to bew(Ll) to obtain

o 1y = (@)Y = o + & + Dy

and, by definition,(w(Ll))("> = w(Lk”). Hence, conditior{2.5) is satisfied when-
ever(wy, q) = 1. This proves (2)< (3).

(2) < (4). The fact that (4) implies (2) is the direct corollary of the de-
finition of the adding machine. Every cylind@po, ..., w;—1] of the lengthL
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is the image of the cylindeO, ..., 0] by a map7?, where the smallest pos-
itive suchr is uniquely defined by coordinatesy, ..., w;_1. Thus, for every
L > 1 and any cylinder sdtog, ..., w;_1], we can find out a unique sequence
(ko, ..., kr—1) € {0, ..., g — 1}* such that
L—1
T'[0,...,0] = [wo, ..., 0L1] and t= ) kiq".
n=0

We pute([wo, . .., wr-1]) := [ko, ..., kr—1] and letp(w) := (ko, k1, . ..) such
that for everyL > 0, ¢([wo, ..., wr—1]) = [ko, ..., kr—1]. The mapp: 2 — 2
is one-to-one by construction. Moreoveris continuous, since

[wo, ..., wi—1] = ¢ Y(ko, k1, ..., kr—1).

1

Thus, g~ 0o So¢@ = T, which proves thal andS are topologically conjugatél

The next section is devoted to a more general situation.
2.3.1. Polysymbolic generalization

In this section we consider multipermutative systems with different alphabets
A; =1{0,...,q; — 1} at every coordinate = 0, 1, .. .. Such systems will be re-
ferred to as polysymbolic systems. The set of sequena@g,is= Ag x A1 x - - -,
and the size of alphabets at every coordinatis denoted by the sequence
g« = (qo,q1,...) Of positive integersy; = #(A;), i > 0. A polysymbolic
system(£2,,, T) is multipermutative if for everyw = (wo, w1, ...) the map
T: 82, — £, is defined by

Tw = (wo + po, w1+ p1(@o), ..., w; + pi(wo, ..., wi-1),...)
with p; i Ag x --- x Aj_1 — A; andpg € Ag.

EXAMPLE 2.2. A polyadic adding machin@?,,, S) (called an odometer, too) is
defined as the usuatadic adding machine, except that a word

(wo,...,wj—1) € Ag X -+ x Aj_1
is maximal whenv; = g; — 1 foreachj =0,...,i — 1.

Theorem 2.1s extended to polysymbolic systems as follows.

THEOREM 2.2. Let (£2,,, T) be a multipermutative system which is polysym-
bolic. Then the following statements are equivalent.

(P1) (£24,, T) is minimal.
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(P2) For everyL > 0 and every cylindetw; := [wo, ..., w;_1] the sequence
o, Top, T?w;, ... s periodic with smallest periolil]iL:_o1 qgi-
(P3) ForeveryL > Othe numberg; = ZwL pr(wr) andthe constantg € Ag

are relatively prime taz;, andgo, respectively.
(P4) (£2,,, T) is topologically conjugate to the polyadic adding machisg, , S).

The proof is quite similar to the proof dheorem 2.1The only remark is that
the polyadic expansion of an integep: 0 is defined by the formula

[} i—1
t=ko+ Y ki <]‘[ q.,'> = (ko, k1, ...) (2.6)
i=1 =0

with k; € {0, ..., ¢; — 1}. With the polyadic expansion of> 0, the labeling of
cylinders is formally identical to the one used in the prooffbEorem 2.1The
labeling of cylinders provides the codiggfor the polysymbolic case.

2.3.2. Topological conjugation of polysymbolic minimal systems

Theorems 2.1 and 22l us that multipermutative systems can be seen as adding
machines. In this section we give the main dynamical properties multipermutative
systems inherit from adding machines.

A direct consequence dfheorem 2.4s that minimal multipermutative sys-
tems are uniquely ergodic. A proof of the following statement can be found
in [120].

PROPOSITION2.2. Every minimal multipermutative system

(T5 Qq*)v C]* = (QO» ‘Zl, . ')7 ql € Z+7

is uniquely ergodic. The uniquely ergodic measuge is defined over cylinder
sets[wo, ..., wr_1] by
N-1
I‘L*[wo""va—l] = llm N 1 ,,,,, _ (x)zis
4 ( ) N—>oco N ; (0....-wL-1] qo---qr—-1

wherex € £, is arbitrary.

Topological conjugacy of multipermutative systems with adding machines al-
lows one to determine a complete system of topological invariants. These invari-
ants are, in fact, eigenvalues in the topological discrete spectrum.

Let us remind some definitions. Lgtbe a complex-valued continuous function
on £2,, which is not identically 0. A functiory is an eigenfunction fof : £2,, —
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£2,, if there exists a complex numbgrsuch thatf (Tw) = Af(w), Yo € $2,,.
We say, as in Definition 5.9 if120], thatT has the topological discrete spectrum
if the smallest closed linear subspace&’@k?,, ) containing all the eigenfunctions
of T is C(£2,,), i.e., the eigenfunctions provide a basis €2, ).
Itis known (see, for instance, Theorem 3.4 and Theorem 5.19 in the[bROR
that topological conjugacy for adding machines is a spectral property because they
have topological discrete spectrum. The following result is a direct consequence
of Theorem 5.19 itj120].

THEOREM 2.3. Two minimal multipermutative systems are topologically conju-
gate if and only if they have the same eigenvalues.

The eigenvalues for multipermutative systems can be easily computed. To sim-
plify bookkeeping, denote by

00 i—-1
[wo. ... wr_1l:=ko+ Y ki (H 61j>,
i=1  \j=0

wherelko, ...,k —1] = ¢([wo, ..., wr—_1]) (see the proof ofrfheorem 2.}. It
follows that
Tlwo, ..., wr-1] =1+ [wo, ..., wr-1].

LEMMA 2.5. Let T be a minimal multipermutative system that is specified by
a sequence, = (go,q1....). Then,T has topological discrete spectrum with
eigenvalues

k
AL = exp(Zm'7>
q0- - -4L-1

and corresponding eigenfunctions

k
ot = o{ani A
q0---qdL-1

[w09 ey wL_l])1

whereL > 1,0<k <qo---qr—1.

The proof consists of a direct verification of formulas above.

The eigenfunctiong ; are piecewise constant on cylinders of lengttand
any other piecewise constant function is a linear combination of the eigenfunc-
tions. The set of all piecewise constant functions is densg({,, ).

Sufficient and necessary conditions for the topological conjugacy of multiper-
mutative systems can be expressed in terms of some arithmetic properties of the
integer sequence,.
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For any sequencg, = (¢;: i > 0) and a prime numbep, we define #p, g.)
as the number of occurrences of factoin all elements of.. (it could be infinity,
of course). That is, #p, ¢+) = Zi>0s,- wheres; > 0 is the greatest integer
number such thap® dividesg;. In the same way we define(#, qo. . . ¢»). This
is the motivation for the following

DEFINITION 2.2. Two sequences, = (¢;: i > 0) andg, = (¢/: i > 0) are
equivalentf for every prime numbep, #(p, g«) = #(p, q..).

ExAmPLE 2.3. The following sequences are equival€6ts, 6, .. .), (2, 3, 3, 2,
2,3,2,3,..),(2,3,6,2,3,6,...),(4,9,4,9,4,...),(12,108 12,108 .. .), etc.

THEOREM2.4. Two minimal multipermutative systeni®,,, T) and (2., T'),
are topologically conjugate if and onlydf. andg/ are equivalent.

PROOFE In view of Theorem 2.3we prove that the systems have the same eigen-
values if and only ifg, andg, are equivalent. Assume the integer sequenges
andgq, are equivalent. Then, foreveny> 1,0< k < go- - - g,—1 We have to find
m>1,0<k <gqp---q),_4,suchthat

k K

G0 Gn-1 44 dp_q
So, we need to prove that there existsiasuch that

I Y
q0- - qn-1
is an integer. By assumptioq, andg,, are equivalent. Then, there exists an integer

numbernn such that for every prime number

@.7)

#(p,qo- qn-1) <H#H(P. g4 q_1)-

Thus,k’ is an integer. Replacing, by ¢, we conclude that the two systems have

the same eigenvalues. Finally, assume that the systems have the same eigenvalues
such that(2.7) holds for arbitraryn. Then, for every prime number, one has
#(p,qo- - qn-1) < #(p,q}---q,,_1). Replacingg, by ¢/ in (2.7), we obtain

that for anym > 1 there is» > 1 such that

#(p.qo-qn-1) Z#(P. gy qp_1)-
This proves thaf., andg,, are equivalent. O

The theorem implies that the set of equivalence classes of sequences of pos-
itive integers is in a bijective correspondence with the classes of topologically
conjugated minimal multipermutative systems.
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REMARK 2.1. The technique of amalgamation and fragmentation of symbols
allows one to construct homeomorphisms between minimal polyadic adding ma-
chines, se€hapter 20

ExXAMPLE 2.4. A minimal multipermutative system with a periodic distribution
of alphabet sizeg, = (go,...,49n—1,90,-..,qn—1, ...) iS topologically conju-
gate to aj-adic adding machine with = []'Z5 ;.

EXAMPLE 2.5. Let ag-adic adding machine and@-adic adding machine be
such that there exist positive integersandn for whichg™ = ¢ =: Q. Each of
them can then be transformed by amalgamation @-adic adding machine, so
they are topologically conjugate.

A polyadic adding machine whose alphabet size at every coordinate follows a
sequencéqo, q1, . . .) which at every coordinate > 0 hasg; a prime number is
calledsimple.

COROLLARY 2.1. Every minimal multipermutative system is topologically con-
jugate to a simple polyadic adding machine.

2.3.3. Nonminimal multipermutative systems

In this section we consider multipermutative systéms, , T), ¢« = (40, q1, - - .),
with multiple cycles at every cylinder of the length

Every multipermutative maf : £2,, — £2,, maps a cylinder of length > 1
to another cylinder of the same length. Hence, at every lehdtte dynamics of
cylinders consists eventually in a collection of cycles. We will deal with nonwan-
dering sets such that every cylinder belongs to a cycle, and the set of all cylinders
of a given lengthL. > 1 is partitioned into those cycles.

The number of cycles of cylinders of the lendgths denoted by, > 1, and
every cycle is labeled by a symbol from the &t:= {0, ..., N, — 1}. To every
multipermutative systenis2,, , T), we associate the sequence of positive integers
(N1, No, ..., N, ...) to denote thesycle multiplicitiesat every length.. Cycle
multiplicities satisfy the estimates

L1
1< N < 1—[ qi-
i=0

The period of a cycle € By, denoted byry (¢), is the smallest integer such
that forw; € ¢, Tt 9w, = wz. The period of each cycle € B; satisfies the
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inequalities

<o) < H

Since we are assuming that every cylinder belongs to a cycle, then for eyery
PIRAGER LS
ceB,

Cycles are disjointyL > 1,Vc # ¢’ € Br: ¢ N ¢ = @. Cycles are invariant,
VL >1Vce Br: Tc=c.

We say that a cycle’ € By 41 is a successor of the cyatec B, if there exists
a cylinder[wo, ..., ®w;_1,w;] € ¢ such thaf{wy, ..., w;_1] € c. Denote this
relation byc < ¢'.

PROPOSITION2.3. Every cycle has at least one successor.

PROOFE Givenc € By consider a cylindefw, ..., w;—1] € c. Then any cylin-
der[wg, ..., wr_1, ;] determines a cycle’ such that < ¢'. O

The set of successors of a cyele B is denoted by

Spe=1{c € Bp41: ¢ <}

The cardinalityl"(c) := #(SL,) is said to be the branching ratio of the cycle
¢ € Byr. Itis simple to see that for all > 0 and every € B; the following
inequalities hold:

<I(e) <qryr and 7(c) < tr41(¢) < qryate(o).
To describe “branching procedure” more precisely, we need the following def-
initions.

DEFINITION 2.3. The numbetr; (¢) = ZwLa- pr(wr), is said to be the integral
associated to the cycle € By. For every integrafr; (c), define a collection of
integers

(mL(0) == {kmr(c) modgr: k=0,1,...,q. —1}.

The cardinalityr; (¢) := # ({7 (¢))) is said to be the order of the integral (¢).

For instance, the order of the integrakQ4 is 0 = 1.
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PROPOSITION2.4. Letc € By, be a cycle of period; (¢). For everyw;, € ¢, the
sequence of cylinders of length+ 1

[wr,0], Tlwy,0), ..., T/[wy,0] ... (2.8)
is periodic with smallest periog; (¢)z. (c).

PROOF Write the sequenc€.8) in the form of a matrix with the number of
columns equal tay (¢):

N -2
(o, 0, [Top, pr@p], oy [T SILOT2 5 gy, )y,
R -2
[or, 7L, [Tor, 7L + pr@p)], ... [TLO op 77 (0) + YO b (17wp)],
[ k . . .(c)-1 . 77(0)—2 n
oL, knp (OLTor, krp(c) + prlwp],... [T oL, krp(e)+3, 29" pL(T"wp)l,

Here we have used the fact that € ¢ has periodr; (¢). The first row will
appear again in the matrix for the first time at #ie moment ifk is the smallest
integer such thatr; (¢c) = 0 (modgy), i.e., whenk = 7/ (c). O

An immediate consequence of this is the following

COROLLARY 2.2. Letc € By andc¢’ € Bp+1 be cycles of periods, (¢) and
t111(c"), respectively. Thea < ¢’ if and only ift;11(c") = 7 (c)TL(C).

Hence, every cycle’ € By 11 thatis a successor of cyates By, has the period
tr11(c") = mp(c)TL(c), independent of’, and the branching ratio for cycleis
I'(c) :=qr/mL(c).

DEFINITION 2.4. A cycling sequence is defined to e= (cg, c1,...,¢i,...)
such that for every > 0,¢; € Bj11 andc¢; < c¢i41. The set of all cycling
sequences is denoted by

C:={e€eB1xByx--:c¢i <cjy1, i =0}.

Remark that the number of cycles may grow exponentially fast with the length
of cylinders. However, the choices for the coordinates of a cycling sequence are
restricted by the relatiory < ¢; 1, foralli > 0, and by the fact that the branching
ratios at every level are never larger thanTo give an appropriate description of
admissible cycling sequences, let us introduce the following coding of cycles.
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The code is introduced inductively from one level to the next one. First, we
define “admissible” symbols for the zero-th coordinate, then for the first one,
etc. Start working with the zero-th coordinate. The root (the starting point of the
coding procedure) is the sg,, that branches out t0'(£2,,) := go/po cycles of
lengthL = 1, labeled by the symbols in the sef; := (0, ..., I'(£2,,) — 1}.

(a) Root The symbokyg € Dy, is an admissible word.
Every cycle at every length is designated by an admissible word defined
as follows.
(b) Successord-or every admissible worg, ..., oz 1) there exists a set of
successors

DL((xo,...,OtL,]_) = {O’ ) F(“O» MR aL*l) - 1}
where

.
I'(ao, ...,ap-1) =qr wp(ao, ..., aL-1)

is the branching ratio of the cycle corresponding to the waed. . ., @z —1),
and

mp (o, ..., 0L-1) = Z pr(wr).
oL €(Q, ..., 1)
The relation(«og, ...,2r-1) < (ag,...,or—1,ar) holds for everye, in
Dp(ag,....ar—1)-
(c) Induction The construction in (b) implies that for every admissible weoiaf
lengthL, the word(e, B) with 8 € Dy , is admissible.

Remark that 1< I'(ao, ..., a1—1) < g for every admissible wordag, . . .,
ar—1). Moreover, the periods of cycles satisfy the rule
tr+1(@o, .- 01, 1) = wr(eo, - - ., ¢p—1)TL(®0, - - -, 0L—1)

with initial value 71(xg) = po. From now on we use the coding introduced in
(a)—(c) to label the cycling sequences in the(set

Next, we use the introduced coding to single out subsef2 in the follow-
ing way. Every cycling sequenée= («g, 1, ...,;,...) € C defines a set of
sequences

46 = {a) € 24, [wo, ..., wi] € (a0, ..., ), i > O} C $24,.

Equivalently,2, : = MN7=1U(ao, ..., ar—1). Let us relate the following se-
quence of periods of cycles

(&) = (t1(@0), T2(20, 1), ..., Tit1(0, ..., @), .. .)

to the set2, .
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THEOREM2.5. The collectionF := {£2, ¢: & € C} satisfies the following prop-
erties.

(1) Fis a partition of$2,, .
(2) Every$2, ¢ € Fis T-invariant.
(3) Forevery¢ e C the systenis2, ¢, T[£2,¢) is minimal.

PrROOFE

(1) First, we show that?, s N 2, ¢ = @ for every pair of cycling sequences
£ = (a0, 1,...) andé’ = (ag. @y, ...), E #&',§,& €C.

Letcy = (o, ..., a—1) andc;, = (e, - .., a;_,) be cycles of cylinders
of lengthk, k € Z*, and lete; N ¢, = @ for k = ko, ko + 1,.... A point
w is in £2, ¢ if and only if there exists a sequence of cylinders wp, . ..,
wr, ..., such that for everyL. > 1, w; € c;—1 andw = (), wr. For the
cycling sequencg’, the pointw ¢ c; if k > ko, thusw ¢ £2, .

Next, we have to prove that for evety € £2,, there exists & e C
such thatw € £,¢. For that, consider the sequence of cylindgs],
[wo, w1, ..., [wo, ..., w 1], ... which are defined by the poiat € £2,,.
By assumption, every cylinder belongs to a cycle, i.e., there exists

& =(ag,1,...,01-1,...)€C
such thatforalll > 1, [wo, ..., wr-1] € (@0, ..., ar—1). Hencew € £2,¢.
(2) Show thatT 2, C £2,¢. Letw € 2, ¢ for & = (ao, a1, ...). Then there
exists a sequence of cylindef@1, wo, ..., wr,...) such that for eveny,
o, € (a0, ..., ar—1) andw = (), wr. The cycles are invariant sets and for
everyL, Twy € (ag, ...,ar—1),i.e.,Tw = (), Twr € £2,4¢. The converse

inclusion is proved quite similarly.
(3) Foreveryt e C, the set2, ¢ is invariant, andl" restricted taf2, ¢ is a map
of the multipermutative type. By construction,

o
26 =0 ..., a0,
L=1

and for everyL, the set of cylindersag, ..., a7 1) is a single cycle. Hence,
(£24.¢, T) satisfies statement (P2) Theorem 2.2
O

REMARK 2.2. Itis simple to show that there is a distances®n such that the
multipermutative system becomes distal. It is knd®®)] that every distal system

can be represented in the form of an union of minimal subsets. In our theorem we
present a way to construct a partition for a multipermutative system.
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COROLLARY 2.3. Every multipermutative system is topologically conjugate to a
collection of simple polyadic adding machines.

EXAMPLE 2.6. A multipermutative system consisting of uncountably many
dyadic adding machine€onsider the multipermutative systei®,, T) where
2, = {0, 1}No and the magy is defined as follows:

(@ po=1,

(b) p2r+1(wzr4+1) =0for L € Z7,

() par(wpr) = 1if wy = 1foralli =0,1,...,L — 1, andppy (wp) = 0
otherwise.

For this example the inductive coding gives us the following integrals for every
cycle,

w21 +1(0, 21,0, ..., a2.-1,00 =0 and w2, (0,x1,0,...,a21-1) = 1,
that determine the hierarchy of cycles. The branching ratios are computed to be
I'o,a1,0,...,a2.-1,00 =2 and I'0,a1,0,...,a01_1) =1,
from where we get the following sets of symbols for the cycling sequences,
Do ={0}, D2.-1=1{0,1}, and Dz, = {0}
for L > 0. Hence, the set of cycling sequences for the example is
C= {(0, 1,0,...,0,027,-1,0,...): a1 €{0,1}, L > 0}.

The periods of cycles are («) = 2/%/21,  is an arbitrary admissible cycling
word of the lengthL. Remark, for this example, that for every cycling sequence
& € C the minimal subsyster(¥2; ¢, T) is topologically conjugate to the dyadic
adding machine.

2.4. Topological pressure

It was R. Bowen who first made use of the notion of the topological pressure in
the theory of dynamical systerf29,30]

Let us remind Bowen'’s definition for subshifts (the definition for arbitrary dy-
namical systems can be found[if8]).

Lety be a real-valued continuous function on a subsfiifi_et

lw|—1
Zu(y.2)=Y_ exp( sup tp(ojw)), (2.9)

lwl=n welel j_o
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where the sum is taken over all cylindéss] C £2 of length|w| = n. Itis proved
in [118] that the limit

Po(¥) = lim EIogZ,,(lp, ) (2.10)
n—-oon

exists. The limit is called the topological pressure of the functio(the poten-
tial) on £2 with respect tar. For every constant € R, the topological pressure
satisfies the property

Po(c+¢) =c+ Po(). (2.11)

Consider the potentia) = 0 thenPg(0) = hiop(o|$2), the topological en-
tropy. Roughly speaking, the system £2) hase’r" different paths of temporal
lengthn (with some accuracy), each of them “costs”

exp(%—:lw(aja))> units

j=0

ande"P2 @) s the total price for passing through all of them.
It is known that topological pressure is independent of the metric (preserving a
given topology) and is invariant under topological conjuggi].

EXAMPLE 2.7. Let us calculate the topological pressure in the case whete
£24, the topological Markov chain with @ x p transition matrixA, and the
functionyr (w) depends only on the first symbak(w) = ¥ (wp). In this case

n—1
Zu(, 2)= Y expy_ v (2.12)
(@i0, -, in—1) j=0
where the sum is taken over all4-admissible wordsio, ..., i,_1). Sety (i) =
logp;,i =0,...,p—1,then
n—1
Z. 2= > J]m (2.13)
(i0,-++» in—1) k=0

It is not a difficult algebraic exercise to show that
Zy(Y, wp) = RB"'E"
whereR = (po, ..., pp-1), E=(1,...,1) and

B = A -diagpo, ..., pp-1)- (2.14)

As a corollary of formulg2.14)we obtain thatP, () = logig whereig is the
spectral radius of the matrig.
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ExXAMPLE 2.8. Consider a mixing Markov chaii®24, o) and a nested sequence

2, C 241 C---C 24

of mixing Markov chains constructed as described in Se@i@The sequence
approximates the syste(®24, o) in the sense of the following.

PROPOSITION2.5. Let¢p: 224 — R be a Hélder continuous function. Then,
lim,— o P.Q,, (p) = PQA ().

PROOFR Sincef2, C 24, we have

Zi(p, 2,) < Zi(p, 24), keZt.

The proof consists in obtaining an upper bound #(p, £24) in terms of
Zi(p, $2n).

As argued in the proof dProposition 2.{iv), there existsV such that for every
n > N andk > n a word of lengthk + 1 admissible inf24 but not admissible
in £2, contains the wordc’)/ for some;j > ki —q andi € {0,..., p — 1}.
Therefore, to each word of length+ 1 in 24, there corresponds a collecti@n
(which is empty for words that are admissiblesity) of disjoint collectionsfr,,
ri+1,...,7}C{0,1,...,k} such that

Wy, ... 0F = (cl)J,

for somej > k;', — q. LetC, x be the set of all such collections and &t be the
set of all words of lengtlt + 1 with the same associated collectibnChanging
the ordering of the summation ity (¢, £24), we have

Zip. )= > Y exp( Sup Z‘/’ (oo )

ZeCy i wo...0k€ST WELwo wk]j 0

Lemma 2.3allows us to map each word &y to a word admissible it2,,. Indeed,
each wordwy, ... wy;, is a concatenation of copies ¢f ) =4 and of (¢)/ for
some;j < ki — q. In each of these copies, the last occurrence©f is replaced
by c'bici. This can be done sindé — g > g whenn > N and the resulting
word, saymy . . . @y, IS admissible in2,, because > 3. GivenZ, this procedure
defines a one-to-one map.

Sinceg is Holder continuous, there exists > 0 andd < (0, 1) such that

9() — p(0) < DO,

wherec(w, o) is the length of the longest common prefix@ando’.
Consider two sequences € [wg...wi] and w € [wy...wy], Where
wo ... oy IS the word obtained by the procedure described above and where
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k k o
Z(p(aja)) - Z(p(ojw) < DZ@C(”]‘”’”]’U). (2.15)

If c(o/w, o/ @) > m,, thengc(@’@.o’@) < gmn This happens at mokt 1 times
in the previous sum. Moreover(c’/w, c/w) = £ with 1 < £ < m,, only if the
wordw; ... wj4m,—1 has been affected by the procedure. For atthis happens
at most| (k+1)/m,, | times whenj runs from 0 tak. Similarly,c(c’/w, oc/@) =0
happens at most ma; || (k + 1)/m,, | times. Thus, inequality2.15)becomes

k k k+1 my
Tp) — J -t ¢ .
Z(p(a a)) Z(p(a w) < D{ - J(ZH +miax|b[|>,
j=0 j=0 =1
which implies the following inequality

k
Z@.2n< Y Y exp( sup Y p(o'm)
C82,

% €Cn k. [@0...w¢] @ elmo- @il g

k+1|{<N
D 0 max|b; ,
. UJ(Z m |,|>>

(=1

k+ 1 my
< exp(D{ - J(Zef +max|bi|>><#cn,k> Zi(p, 20,
md\=1 '

where we have

o D k+1| (&
im lim 2|~ > 6" + max|b;| | =0.
n—ok—soo k | my ] i

The proposition then follows because of the following result. a
LEMMA 2.6. lim,_ o liMg_ oo (1/k) log#C, 1 = O.
PrROOF. Each collectior? is encoded by a word if0, 1}**1 as follows. We as-

sign the symbol 0 to each symbol indexed in the word by an integer belonging to
the collectionZ, and the symbol 1 is assigned to every other symbol in the word.
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Using this encodingg, « is in one-to-one correspondence with the set

C i ={we{0, 1+ min{¢: 0 e w}= j|ci
J=k —q, jel0 ... k—m,+1}}.

If a word of lengthm,, in C;, , contains 1's, then these symbols have to be consec-
utive. Consequentlﬁ,’z’ « IS asubset of

Bn,k = {w € {0, l}k+l: Wj...Wjym,—1 € .An V]},
where
Ay = {01120, 04, 5,03 € ZF, L1+ Lo+ L3 =m,}.

Let k, k' > n. Any element of3, ;. IS the concatenation of an element of
B,.x and an element d8, ;. Hence we have

#Bp ki < (HBy k) HBp i)
and using a sub-additivity argument, it follows that the limit
lim } log #5,,
k—oo k '
exists. Any element d8, i, is the concatenation éfelements of4,,. Therefore,

we have

#Bn,km,, < (#An)k, k e ZJr.
Moreover, we have

o (my + 1) (m, + 2)

#A, = > ,
and then
. . 1 . 1 1 2
lim lim log #8,.km, < lim — log U+ Dmn +2) 0. O
n—>0o0 k—o0 Kmy, n—-oo my 2

2.4.1. Dimension-like definition of topological pressure

Following Pesin’s book97], let us proceed in the following way. For a finite or a
countable covef of £2 by cylinders of lengths greater tharandg € R let

lw|—1
Z(B,¥.C, R2) = Z exp(—ﬁlgl + sup Z w(ofw)). (2.16)

[wleC welel j—o
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It is proved in[97] that the topological pressui; (y) coincides with the thresh-
old value

Po(y) = sup{,B: lim (inf{Z(6, ,C, 2): [C] > n}) = oo}. (2.17)

EXAMPLE 2.9. In our further study we shall need some formulas for topological
pressure on non-invariant sets. The following example shows how to deal with
this problem in simple situations.

For the sequence of integeps = (p1, p2, P1, P2, - -.), p1 7% p2, consider the
nono -invariant set

$p, =Lpy X Lpy X Lipy X Lpy X -+,

of the kind involved in multipermutative systems. The topological pressure of
potentialys on$2,,, with respect to the shitt, Pe, (v), is computed from Pesin’s
definition in (2.16) and (2.17)First, we observe tha@,, is o2-invariant and
introduce a recoding as follows. Define new symhwls (4, v) € Zj, x Zp,.
Everyw € 2, isrecoded as = sos1...8, ... With s, = (w2,, w2,41). The
encoding function — w is denoted by: and the set of ali-sequences by

5!’* = (Zpl X sz) X (Zpl X sz) NEEE

To make use of the recoding, we write the “statistical s&116) for cylinder
sets[w] C £2,, of even length & in the following form,

ZB. V. 2p) = ) eXD(—ﬁ(ZM)

[Q]CQ[;*

m—1

+ sup Z(w(ozfa)) + w(az-/“w)))

welw] j=0
m—1
= Y exp(—Bm +sup 1/7(rrfs)> (2.18)
[s1C3p, selsl j—o

wherep = 28 andy/(s) = ¥ (h(s)) + ¥ (ah(s)). The threshold valugo of the
statistical sum ir(2.18)is the topological pressure of potentialon the set?,,
with respect tar (on [71,*). SinceBo = 280, we have that

1 ~
Pa,,()) = 5P, (). (2.19)
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The setﬁp* is o-invariant and the pressus (¥) is of the Bowen type. Then,
we compute it by using2.9) and (2.10)

n—1
Z exp( supZ 1/3(0%))
[s1C$2), selsl j=o

l[sll=n

= 2 exp(supnil/f(azj h<s>)>

[s1C$2p, selsl j=o
l[sll=n

3
=
*
~
Il

Zu(V, 2

n—1
x exp(supz 1,0(02j+1h(s))>. (2.20)

s€(s] =0

In the case that potentigl(w) is a function of the first symbabg, the partition
function(2.20)may be factorized,

Za(V, $2p,) = ({wz exp( supr oo ))

1C82p, wEM)J -0
[lwl|=n
x( > exp(supzlpaw))
[0]C2p, welol j—g
lw]l=n

and we conclude thags (1//) = Pg, () + Pa,, (V). where2; = Z}'. Thus,
the topological pressure " gf on the non-invariant sep,, is

1
Pa,, () = 5(Pa,, (V) + Pa,,(¥). O

The previous example extends to periodic sequences

p*: (p17-~'7pk7p17-"7pka"')
of arbitrary periodk > 1 as follows,
k

1
Po, () = ¢ Y Pe, (V) (2.21)

j=1

providedy is a function of the first symbol only.
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Geometric Constructions

Many invariant sets are resulting from so-called geometric construd8@hd_et
(0,2),2C2,={0,...,p— 13N, be a subshift, a closetinvariant subset of
the full shift with p symbols. Considep closed subsetdo, ..., A,_1 C R™. For
each wordwp . . . w,—1 admissible inf2 definebasic setsA,,,...«,, , Which satisfy
the following assumptions:

(A) A0, , are closed and non-empty,

(B) Aa)o...wn,lj C Awo...wn,lv j= o0,..., P — 1,
(C) diamA,,. ., ; — 0asn — oo.

We can define now a nonempty set

F=( U Aw.o (3.1)

n=1(wg...0p—1)

The closed sef becomes a Cantor set, provided that the following “separation
conditions” hold

(D) Awg...on1 N Awg...v,.s N F =P Whenevewy...w,—1 # @g. .. w,-1.

Thecoding mapy : 2 — F is defined as follows: forany = wo, ..., w,—1, ...
€N, x(w=xifx € Awp.p1-

If the separation conditions in (D) are satisfied, then the pap o x ~ gen-
erates a dynamical system on the BetEvidently, it is topologically conjugated
to (£2, o) by the coding mayy.

3.1. Moran constructions

The simplest constructions are of Moran type. In this gase 2, and basic sets
satisfy the following additional axioms:

(M1) Every basic set is the closure of its interior,

(M2) Foranyn, INntAyy. 0, NIt Ay o, =0ifwo...0p—1# @o...0s-1,

35
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Figure 3.1. Moran construction governed by the full shift on two symbols.

(M3) The basic seflyy..«,_,; iS homeomorphic ta .. v, ;.
(M4) There are numbers@Q x; <1,j=0,..., p— 1, such that
diamAg..w,_1j = *jdiamAg, o, ;.

The basic sets of the 1st, 2nd and 3rd generations are showigore 3.1

ExampPLE 3.1. LetJ be an invariant set of the map: [0, 1] — [O, 1],

x/ho if x € [0, Aol,
e =10 if x € (o, 1 — A1), (3.2)
Ail_l;—fl if x € [1— A1, 1],

where0 < Ap < A1 < 1, A0 + A1 < 1, consisting of all points of all orbits
belonging to[0, 1]. The set/ is a Cantor set.

PrROOF The set/ is constructed with the help of the contractions: : [0, 1] —
[0, 1],
uo(x) = Aox, wui(x) =rx +1—Ag,

such thatg o u; = id on [0, 1]. For every wordy = wo. .. w;_1 € {0, 1} define
the sets

Awo...w;_l = Uyw;_4 00 uwo([O, 1])7

i.e., theA-sets are basic sets of the geometric construction for the $&breover,
diamAyg. w1 = Awg - - Aw,_, @and

diSt(AQOa Agl) = (1 —A0— )Ml))&wo T )"w,'_l >0 (33)

where distx, y) = |x — y|. Thus,J is resulting from a Moran construction. [

The basic sets of the first free generations for a Moran construction governed
by the golden mean subshift are shownragure 3.2
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Figure 3.2. Moran construction governed by the golden mean subshift. At the length-three level,
only the words 000, 001, 010, 100 and 101 are admissible.

3.1.1. Generalized Moran constructions

Of course, generally, invariant sets in dynamical systems are results of construc-
tions much more sophisticated that just the Moran ones (see for ing8#j&dn

this subsection we restrict our attention to so called generalized Moran construc-
tions.

DEFINITION 3.1. Consider2 C §2, an arbitrary subshift with positive topologi-

cal entropy and let : 2 — [Amin, Amax] C R™ be an arbitrary Holder continuous
positive function, such that & Amin < Amax < 1. A geometric construction
where Axiom (M) has been replaced by the assumption that there are positive
constantg andc such that

lw|—1
diamAy,. v, , = c inf Ao/ w) (3.4)
welw] -
j=0
and
lw|—1
diamA . o, , < ¢ SUp l_[ Ao/ w) (3.5)
welw] j=0

is called a generalized Moran construction. In conditigh4) and (3.5})he cylin-
der sefwyg . .. w,—1] is denoted byw].

Chapter &deals with generalized Moran constructions havipgy = 1.
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LEMMA 3.1. There exists a positive constahsuch that
lw|—1

d ]1 Mol w) < |x(lw])

for everyw € [w].

: (3.6)

We make use of the following sublemma in the proof.efmma 3.1

SuUBLEMMA 3.1. Fix r > 0. Consider a finite collectio® of closed pairwise
disjoint balls B ¢ R? with diametergB| > r. Letbr := max{|B|: B € D}. If
#D > (2 + b)? there exist ballsB1, B> € D such thawist(By, B2) > r.

PROOFE LetB1 € D be aball of diametebr. Let A(br, br 4+ 2r) be an annulus in

R? aroundBz with inner diametebr and outer diametdrr + 2r. SeeFigure 3.3
Denote by Vol A (br, br + 2r)) and Vol B(r)) the volumes of the annulus and

of a ball of diameter, respectively. If we assume that we are in the case that

Vol (A (br, br + 2r)) 1 (br 4+ 2r)¢ — (br)?
Vol (B(r)) (r)d
< @2+b)? <#D. (3.7)
Then, for every positions of balls belonging®awithin the annulusA (br, br+2r)

(even for “optimal” packing) there exists at least one il € D that is left
outsideA (br, br + r). This proves the sublemma. O

+1

PROOF OoF LEMMA 3.1. We define, for an arbitrary admissible wagd :=
(wo...wy—1), aradiusr > 0 as follows. For fixedn > 0 letr = r(m, ) =
AminlB(@)], WheréAmin := Minyes{A(w)}.

|

09
QL@

Figure 3.3. Balls of diametersandbr, with 1 < b < 2.
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We construct a finite collection of disjoint baliB, (w) intersecting the set
x ([w]) with controlled diameters. Let

D (@) = {Bww): [0w] C S}
such that there exists ane {0, ..., p — 1} for which w @’a is admissible and
|B@w)| >r > |Bwwa). (3.8)

The requested collection of pair-wise disjoint balls(w) is obtained by elimi-
natingB(w ) € D,(w) if there exists a balB(w »') € D, (w) such that” is a
prefix of o’.

For any ballB(we') € D,(w) the inequality(3.8) is satisfied. Moreover,
B(wo) N x([@]) # 9.

By construction of the sé®, (w), for every

Bww') = B(wo, ..., wn—1,0, ..., w;_q1) € Dr(®)
we have
r< |[Ba)| < — <. (3.9)
min €

Indeed, itexists an € {0, 1, ..., p — 1} such that > |B(w »'a)|. By condition
(M2) in the Moran construction of the sét, for all w € [w w'a] we have

n+k
r > ca(o" T w) (H Ao’ )) P Amin% |B(wa)|.

j=1

Sincek := || < m for all B(w ') € D,(w) inequality(3.9)follows. As in Sub-
lemma 3.1we setb := ¢/(c Amin) and the first assumption Gublemma 3.1
is satisfied for the set of bal®, (w). The specification property and positive
topological entropy imply that 2., ., (@) grows exponentially ag: — oo,
independently of the choice af. So, we can choose* to be such that

d
#Dr<m*,w>@)>(2+ ) =@2+b)!

€ Amin

for each admissible. Then according t&Gublemma 3.¥or eachw there exist
balls B, and B, € D, u* ) (@) for which dis(B,, B,) > r(m*, ). Therefore,
for all admissiblew the following inequalities hold,

n—1
| x([2])| = distBy, By) = hmin| B@)| = A [ [ 20 ).
i=0

Thus the lemma is proved with:= A" c. O
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3.1.2. Invariant subsets of Markov maps

A left continuous functior” defined on the interval = [xg, x,] is a Markov
map when the following properties are satisfied.

(m1) T([xo0, xp]) C [x0,xp].
(m2) The mapT is continuous ato.
(m3) There exists a collection of intervals, called basic intervéls,:=
[xi, x,-+1]}f;01, such that, for each the following conditions hold:
(@) T is C1* on Int(Z;) and inf|T’(x)|: x € Int(J;)} > 1.
(b) Forevery 0< j < p eitherT(Int(1;)) D Int(Z;) or T (Int(;)) N
Int(Ij) = 0.

When T is a Markov map, the systery, T') is conjugated to a topolog-
ical Markov chain(£24,0) with transition matrix A determined by condi-
tion (mg) [104]. That is to say, there exists a continuous coding ma@s — 1
suchthafl oy = xoo. To specify the mag, for each admissible word . . . w,,,

n > 0, consider the intervals

n n
Log.w, = [ )T *Uw) = () T Uuy).
k=0 k=0

where the second equality follows from propertysjmThe coding map is ex-
pressed as follows

o
x (@) = m Icuo...a)k~
k=0
For everyn > 0, every basic interval,,, can be written as the following union

Iwo = U Iwo.“wn- (310)

[wo...w,]C 824

The intervalsl,,.. ., in the previous union intersect each other at most at their
boundaries. Moreover, lefi) = 1if T’(x) > 0 forx € Int(;) and lets(i) =

—1 otherwise. Then2,4, s) is totally ordered and reflects the order fini.e.,
INt(Zg..0,) < INt(Izg...5,) Iff w0 ... 00p < @0 ...

Let T be a Markov map for which the corresponding ordered topological
Markov chain(£2, o, s) is mixing. A T-invariant Cantor set/,,, is obtained by a
generalized Moran construction. Indeed, for eaghe {0, ..., p — 1} and posi-
tive n let 1,5, .4, be the leftmost interval in the unigi.10)and letB, denote
the set of words corresponding to the leftmost intervals:

B, :={wow1...0y, wo=0,...,p— 1}
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The set of admissible sequences not containing any woBj ,in
2 ={we R wp...0p4n ¢ Bu, keZF)

defines a symbolic syste@n, o) which is a topological Markov chain on words
of lengthn+1. This system may not be mixing but it contains a mixing topological
Markov chain,(£2,, o), if n is sufficiently large. This topological Markov chain
is specified by the sef, that collects all words inBS that are pair-wise?,-
connected. Such a subshift was constructed in Se2tidn

For (£2,,0) andk > n consider basic intervalg ,yw,. ., ; C [x0,x,] as
follows. First, for eactwows . .. w, € Cy, let Iy, .0, De declared to be the basic
intervals Ap;...0, and letA = UweCn Ay,. Then, forgiveni =0,...,p -1

andw € C, letK, = A, if

T( U A,-wl_“wn>DAa,

iw...wpeCpy

andK/, = ¢ otherwise. LetA’ = | ¢, K., and letw; : A" — AN [x;, xi41]
be such thaf (w; (x)) = x. Then, fork > n and every wordyg . .. w41 ... k1
that is admissible if2,,, the non-empty set

Awo‘..w,,w,#l..‘wk,l = Wk-10--+0 wn+1(Aa)o..‘w,1)

is a basic interval.
The mapx = % o x is Holder continuous 24 and for anyw € 24 and

anyn € Z* the inequalities
n n
p_lnk(alw) < diamAyy. o, < p]_[)\(o’w), (3.11)
i=0 i=0

hold for somep > 1. Sinces2, C 24, we are dealing with a generalized Moran
construction.

The dynamical system&A,,, T|A,,), on the limit setA,,, and the mixing sub-
shift (£2,,, o) are conjugated. The mgp £2,, provides the conjugacy. Moreover,
sinces2, is compact, totally disconnected and does not contain isolated points, so
does thel-invariant subseti,, C [xo, x,].

ExXAMPLE 3.2 (The tent map) The previous construction is exemplified for the
tentmap[T : [0, 1] — [0, 1], defined ag" (x) = min{2x, 2(1—x)}. Itis a Markov
map with basic partitiody = [xg, x1] = [0, 1/2] andl1 = [x1, x2] = [1/2, 1].
Figure 3.4shows the refinement of this partition as specified by words of length
n = 3, namelyl,, ., w,- At the lengthn = 3, the leftmost subintervals ify and/;
arelppo and/110, respectively. In the symbolic description, removing the intervals
Iooo and 110 corresponds to forbid the words By = {000, 11Q. The subshift
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A N N N N B B
000 'oo1 Tort Toro T110 111 T101 T100

Figure 3.4.

(£23, o) thus defined is specified by the graph showfrigure 3.5 This subshift

is not mixing. However, the subgraph spanned by the vertices enclosed in a box
(corresponding to words i@3) specifies a mixing subshift2s, o). Each word in

C3 corresponds to the interval Figure 3.4that is labeled by the same word. The
Cantor setA3 resulting of the generalized Moran construction is the image of the

subshift£23 under the semiconjugagy| $2s.

100

—_———————
00| 4 101

N\

001 011

Figure 3.5.
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3.2. Topological pressure and Hausdorff dimension

One of the main characteristics of invariant sets is the Hausdorff dimension. Let
us remind its definition.

3.2.1. Hausdorff and box dimensions

Let X be a metric space with a distangéx, y) between pointsx andy € X.
For any subsef C X let {U;} be a finite or countable collection of open sets of
diameter less thansuch that J U; > A; here

diamU; := sup{d(x, y): x,y € U;}.

For anya > 0 we introduce

m(a, &, A) = Inf diamU;)%, 3.12
( ) {UI_}ZZ( ) (3.12)

where infimum is taken over all covef&;} with diameter less than and
m(a, A) = lim m(a, &, A), (3.13)
e—0

the a-dimensional Hausdorff measure (the limit exists because of monotonic-
ity of m(a, e, A) as a function ofe). It is simple to see that (B, ¢, A) <
e#~%m(a, €, A), which implies that there exists a unique critical vatyeof «

such thatn(a, A) = 0if « > o, andm(a, A) = o if < a.. The quantity

o, =: dimg A is called the Hausdorff dimension.

ExamMpPLE 3.3. Forthe sef constructed irexample 3..we have that dimJ =
s0, Wheresg is the root of the equation

M+ =1 (3.14)

To make(3.14)evident, consider the cover dfby basic sets of the-th gener-
ation. Then the sury_, (diamU;)* in (3.12) up to a constant, becomes

n

-1
> A= (Ag+A9)" (3.15)

If « > s0, then(3.15)goes to zero a8 — oo, that shows us that digy <
so. To get the opposite inequality, people use the technique of so-called Moran
covers[97], see below.

Moran proved in[87] that for geometric constructions satisfying conditions
(M1)—(My) the Hausdorff dimension is dignF = sg, wheresg is the root of the



44 Chapter 3. Geometric Constructions

(Moran) equation

p—1
doa=1 (3.16)
i=0

Similar formulas could be obtained in the case when not all words are admissi-
ble, in particular, in the case of subshifts. In these cases Hausdorff dimensions of
invariant sets can be expressed in terms of topological pressure.

An important notion often people use is the box dimension. In the (Sub?2)
one may consider open sets of diameter eqedle.,

m(a, g, A) = Ng&%

whereN; is the number of such sets. The limit@f{«, €, A) ase goes to 0 may
not exist, therefore one defines

m(a, A) = limsupm(a, ¢, A)

e—0

and

m(a, A) = Iign_)igf m(a, g, A).
The upper box dimension

dimg A = sup{a: m(a, A) = oo}

is called in literature the fractal dimension of setThe lower box dimension is
defined as

dimzA = sup{a: m(a, A) = oo}.

If dimgpA = dimzA =: b thenb is called the box dimension. It is simple to see
that the box dimensioh can be defined as

B = lim 1297
e—~0 —loge
whereN, is the number of balls of radiusneeded to cover the sat The upper
and lower box dimensions are examples of upper and lower Carathéodory capac-
ities defines in SectioA.3.

Conditions (M)—(My) provide a more general geometric scenario than the one
presented if100]. The conditions (M)—(M3) can be seen as a particular case of
the subadditive formalism developed[itb]. In all these cases the Hausdorff and
box dimensions of the sdt coincide and are equal to the root of an equation of
the Bowen type.

However, we will not follow the way described [87,15] For our goal it is
more appropriate to impose conditiof®4) and (3.5and describe the results in
a more clear form.
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3.2.2. Bowen’s equation

Let us show now how the topological pressure is related to the Hausdorff di-
mension. Assume first that a sEtis modeled by a Moran construction and the
corresponding subshift is a topological Markov ch&ins24). Choose a cover of

F by basic sets of the-th generation. Then,

n—1

Z (diamAyy...w, )" = Z HAZ[)k

@Q...Wp—1 @Q...0p—1 k=0
n—1
= Z exp(a Z(p(@,))
wQ...0p_1 j=0
= Z,(ag, 24) (3.17)

wherep(wg, w1, ...) = 10gA4,. We know that

Zn(ag, 24) ~ exp(nPg, (ap)).

Hence,Z, (ag, 24) > 1if Po,(ap) > 0andZ,(ag, 24) < 1if Po, (ap) <
0. It follows that if g is the root of the (Bowen’s) equation

Pg,(ap) =0 (3.18)

then diny F < «g. The opposite inequality can be proven by using the technique
of Moran covers and the dimension-like definition of topological presfifg
see below.

The Bowen's equation holds not only for such a simple potential fungtias
the one considered i8.17) but also in the case of generalized Moran construc-
tions. To prove it we need the notion of the Moran covers.

3.2.3. Moran covers

We describe them in slightly different form than [87]. Given an open ball
B C R™, a basic setd, ., , is called B-related if Ayy. 0, , N B # 9,
diamAy, .., , = diamB, butdiamA,, ., , < diamB. Let R(B) be the collec-
tion of all B-related basic sets. It is known that if diald| <« 1then#R(B) < M
whereM is constant depending only an Therefore,

. 1 . N
o — J
(diamB)“ > m Z (diamA) (3.19)
Al eR(B)
for any non-negative. We consider now an arbitrary finite cover By balls B;
of diameterg; <¢, i =0,..., N—1.Then, collectiomR(B;), i =0, ..., N-1,
form a cover, sag, of F which is called the Moran cover. Itis a cover by cylinders
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but may be of different lengths. Because of the inequéBit§9) we have

N

-1 1 N-1
Zjo £ > ~ YY) diamAg,.w)” (3.20)

i i=0 A“’O---”)k €R(B;)

where the second sum is taken over@Hrelated basic sets. Given> 0, there
isn = n(e) such that for anyB;-related basic set\,, ., we havek > n(e).
Moreover,n(s) — oo ase — 0. By using(3.17) we obtain that the right hand
side 0f(3.20)is bounded from below by

1 n—1 1 n—1
- > T = ~ > exp(a > log i, (3.21)
@Q...0p—1 k=0 @Q...Wp—1 k=0

where the sum is taken over all wordsg . ..w,_1 corresponding taB;-related
basic sets, for all. We use(3.20) and (3.21}o prove the main result of this
subsection.

THEOREM 3.1. For a generalized Moran constructiatimy F = «., wherea,
is the root of the Bowen’s equation

Po(ag) =0,
with p(w) = log A (w).

Let us rewrite the statistical su(@.16)for this particular case:

lw|—1
Z(B,«l0giy. C.2) = > exp(—ﬁ|g| toa Y. Iogkwk). (3.22)
k=0

ApeC

Assume thatr < 8. = Pg(alogig), then, for anyk > 0, there isig = no(K)
such thatZ (8., alogi,, C, §2) > K provided thai(e) > ng. It follows that

lo|-1
Z eXp<(x Z Iogkwk> > KePor® (3.23)
k=0

AyeC

i.e., the inequalitie$3.20) and (3.21)mply that
N-1
K
D ey = —efer®, (3.24)
= M

This implies that ding F > Pg, (« logig). The opposite inequality has been al-
ready obtained in Sectio®.2.2 Thus, we proved that dipF = «g, the root of
the Bowen equatio(B3.18)
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ExXAMPLE 3.4. Let us come back texample 3.1In this case

11
(1Y)
0 < 20,1 < 1 are rates of contraction,

Y(wo, w1, ...) = alogry, = ap(wo, w1, .. .).
Thus,p; =A%, i =0,1,

AL A8
o= (3§ )
andPgq, () = log(rg +A%). The Bowen's equatio(8.18)becomes the Moran’s
equation(3.14)

ExampPLE 3.5. Consider now the “golden mean” topological Markov chain with
the transition matrix

e

Assume that O< 101 < 1 are rates of contraction. Here again= 1Y but the
matrix B has the form

A NS
o= 5)
The characteristic equation of the matixis 2 — urg — (Aor1)* = 0 and
spectral radius is

1
r= E( §+ 15 + 4horn)e ).

Thus, the Hausdorff dimension of the corresponding Bes the root of the
Bowen’s equation

l o
log E(AO + /A% 4(onl)a) —0.

If .0 = A1 = A then the equation becomesogx + log((1+ v/5)/2), i.e.,

_ log((1++5)/2)

dimg F = ag “logh

If you take into account that ldgl + v/5)/2) = hop, the topological entropy of
the topological Markov chairo, £24), then we obtain the relatiof57])

htop
—logx’

dimHF =
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3.3. Strong Moran construction

For calculations of dimensions for Poincaré recurrences below, we need to de-
fine Moran constructions satisfying some additional conditions. A subclass of
Moran constructions, satisfying @y~(Ms), is defined by adding the following
“gap condition”. There is a (gap) constafit > 0 such that for all admissible

words(wo, . . ., wi—1, ;) and(wo, . .., w;_1, ®;) one has
dist(Awyg...c; 10> Awo._,wi_lwl/_) > GdiamA,,. o ;. (3.25)
diSt(Aug, Ayp) > G, (3.26)

if w; # o in (3.25)andwo # w; in (3.26) Moran constructions satisfying
condition (3.25) and (3.26)re said to be strong Moran constructions and the
corresponding fractal sefs are said to satisfy a gap condition.

3.4. Controlled packing of cylinders

The following notion is very close to the notion Bfrelated cylinders.

Given an openbalB € RY a cylindeffwo, w1, .. ., w,—1] is calledB-maximal
if and only if x ([wo, 1, ...,w,—1]) € F N B and x([wo, w1, ..., wy—2]) ¢
F N B. The set of allB-maximal cylinders is denoted by CM&). LetC be a
cover of F by sets out of3,. The collection of allB-maximal cylinders irC,

CMax(C) := U CMax(B),
BeC

is a cover ofS by cylinders. We say thaF c R? has controlled packing of
cylinders if there exist positive constantfg anda, independent of andC, such
that for every open balB € C, every O< p < 1 and every positive intege¥ one
has

#][w] € CMax(B): |x ([o])| € (p¥ . pN]} < CoN“. (3.27)

A fractal setF resulting from a Moran construction satisfyi(8.27)is said to
have the controlled-packing property.

We show next that for dimensiath = 1 fractal sets always satisfy the con-
trolled-packing condition(3.27) Consider a (non-strong) Moran construction
where the basia\-sets belong to an interval.

LEMMA 3.2. Let F be the limit set of a one-dimensional Moran construction.
ThenF has controlled packing of cylinders: for eveby< p < 1 there exists a
non-negative constarilp such that

#][w] € CMax(B): |x ([w])| € (p¥ T, pV]} < CoN. (3.28)



3.5. Sticky sets 49

PROOFE In the one-dimensional case for any admissible wasgl . . ., w,_1),
n € N, we have that

B(wo, ..., wy—1) = B(wo, ..., wp-1) = Alwo, . . ., 0p—1)

is an interval and = ¢ = 1. Thus, the setg([w],) are ordered along the line and
therefore every intervaB containing 2 — 1 sets of the formy ([w],) contains
also at least one set of the fornt[w],,—1). This implies that

#{[w] € CMax(B): |w| =n} <2p -2,
for anyn > 0. Using this result and the inequali{§.6), we obtain the following
estimate

#{lw] € CMax(B): [x ([2])] € (" p"]}

< @2p =2 #{n: (oML pN] N [dAin: Amax] # 9. (3.29)

whereimax := max,cs{A(w)}. Direct calculations show that if

(P o] 0 [dAfhins Ana] # ¥
then

Nlogp —logd Nlogp logp

=!Imin S 1 < Amax ‘=
|Og)km|n |Og )hmax |Og )\max

and
#{n: (0" o] 0 [dAin: Mnax] # 9}

< N( logp  logp ) log o logd _ (3.30)
logAmax 109 Amin logAmax 109 Amin
Thus, we obtair{3.28)with Co > Co + Bg Where
- log p logp
Co=@r- 2)(Iog max log kmin) (3:31)
and
Bo=(2p — 2)( logp , logd ) (3.32)
l0gAmax 109 Amin
O

3.5. Sticky sets

An area preserving map of the plane possessing an infinite hierarchy of islands-
around-islands structure has invariant sets of zero Lebesgue measure on which
it behaves similarly to multipermutative systefds11]. It was shown in Sec-

1 poincaré recurrences in the phase space of area preserving maps are analyzed inQleggH in
ter 15
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tion 2.3that every minimal multipermutative systgw2, T') is topologically con-
jugate to thep-adic adding machine. The mdpis not chaotic and its topological
entropy is zero. A sef on which f is topologically conjugate t@, nevertheless,
may appear as a result of a Moran type geometric construction.

Sticky sets are the sets of all limiting points of infinite hierarchy of islands-
around-islands. A closed topological digkis said to be an island of stability if
f™(Z) = T for some integer. We now give a definition of infinite hierarchy of
islands-around-islands structure (sticky riddle) for the general case when not all
wordsw = (wy, . . ., w,—1) Might be admissible.

A collectionR of islands{Z,,: w is $2-admissibl¢ is said to be a sticky riddle
if the setsZ,, are pairwise disjoint, are contained in a compact set, and

(i) for any islandZ,, € R there is an island, € R, |w| = |=|, such that
f@w) =1y,

(i) if f(Zn) = Zy then for any admissible wokgk thereiss € {0, 1,...,¢—1}
such thatf (Zwt) = Zws;

(iii) diam (Z,) — 0 as|w| — oo;

(iv) foranyw = (wo, w1, ...) € 2,if x, € Loy, 00,1, 7 > 0, then lim,_, o0 x,
exists;

) if x, € Z, yn € I, || = |&m| =n,n > 0, andw # w at least for one
value ofn then lim,— o0 x;, # liMy— 0 V1.

The following axioms reflect our understanding of an infinite islands-around-
islands hierarchy:

(i) Anisland of then-th generation is mapped into an island of the same gener-
ation.
(i) If anislandZ, lies in the vicinity of the island,, then its imag€ 4, lies in
a vicinity of Z, .
(iii) To be packed into a compact set, the islands ofrittegeneration should be

small ifn > 1.
(iv) there should be only one point of accumulation of islafigg .. »,_, for any
fixedw = (wo, ..., w1, ...);

(v) for different pointsw = (wo, w1, ...), ® = (wy, @}, ...) in 2 the corre-
sponding points of accumulation of islands should be different.

Let R be a sticky riddle. For any = (wo, w1,...) € §£2 and any sequence
Xn € Lopg.....0,_1» definex = x(w) = lim,_, » x,. The setd = {x(w) : v € 2}
is said to be a sticky set. It is well defined thanks to Axioms (iii)—(v).

The following theorem has been proverij.

THEOREM 3.2. The systeny| A is topologically conjugated to a multipermuta-
tive system.
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3.5.1. Geometric constructions of sticky sets

Some numerical observatid@1] show that sometimes every island of stability
7., together with all its satellite%,, belongs to a basic set,, of a geometric
construction. So, the set can be resulted from this construction. Axiomatically,
the conditions for that can be expressed as follows.

(1) There exists a collection of s€id,,: w is admissibl¢that are closed, and for
each admissible word, 7, C A,, for every admissible worgw .

(2) Zp, N Ay = 9 for every admissible andeww .

(3) Anj C Ay, for every admissible words andw; .

(4) diamAyy..0, , — 0asn — oo.

(5) Separation axiomd, N Ay NF =0 if w # @, |w| = |@|, where

00
F= ﬂ U Awo...wn,l

n=1_ ®0...0Wp—1
is admissible

Thus, if these axioms are satisfied, thén= F. To calculate the Hausdorff di-
mension of the sef we further assume conditiof3.4) and (3.5)Then we have
the following.

PROPOSITION3.1. dimy F = dimzF = dimgF = o, wheree, is solution of
the Bowen equatio®q () = 0 with p(@) = In A,.

If §2 is the full shift onp symbols, ther, is the root of Moran’s equation
A+ A, =1

Let us emphasize that an invariant set with nonchaotic dynamics is resulted
from a geometric construction, modeled by a subgl§ift o) with positive topo-
logical entropy In other words, we have a “contradiction” between temporal and
spatial behavior of a system. To describe such a situation, we need characteristics
which could take into account both temporal and spatial behavior. Such charac-
teristics are introduced the following chapters. Space-time behavior of sticky sets
is discussed iChapter 15

The examples of sticky sets and the construction for the Feigenbaum attractor
(see, for instancg116]) show us that, in general, we should apply a wider no-
tion than the Hausdorff dimension to describe simultaneously behavior of orbits
on invariant sets and their geometric origination. The generalized Carathéodory
construction allows us to do it.
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Chapter 4

The Spectrum of Dimensions for Poincaré
Recurrences

To study spatio-temporal behavior of orbits one needs to take into account
not only geometrical properties of an invariant sétbut also some temporal
characteristics of orbits. A way to “marry” these two features is based on the
Carathéodory—Hausdorff approdd®,64,97] For our exposition it is convenient

to represent definitions and main examples in the form of tables. The main object
is the quadrupléF, ¢, &, n), said to be a Carathéodory structure XorwhereF,

¥, € andn are defined imable 4.1

4.1. Generalized Carathéodory construction

Let X denote a set and let C X. Let us consider a finite or countable cover
G = {u;} of A by elements ofF, with ¥ (4;) < ¢ (seeTable 4.). Then, introduce
the sum

Me(a, 8, G, A) = Y E(ui)n(u;)"”

and consider its infimum

Me (. £, A) = inf Zé(ui)n(ui)“, 4.1)

over all coversG C F of A with ¥ (U;) < e. The quantityM (a, ¢, A) is a
monotone function ir; therefore, there exists the limit

meg (o, A) = lim Mg (o, €, A).
e—0
It was shown ir{97] that there exists a critical value € [—oo, co] such that
mg(e, A) =0, o>a, Iifa.#-+oo,

mg(a, A) =00, a <o, Iifo.7#—oo.

53
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Table 4.1

Generalized Carathéodory Construction

Example

X-space= set Metric Space

Open Subsets;

F-collection of subsets Balls B (x) = {y: dist(x, y) < &}

¥ : F — RT —afunction, s.t. ¥ (U) = diamU)
Axiom A: For anye > 0 there is a finite or diamU; < &
countable subcollectiofl; } with
w(U;) <& stlU; Ui D X.

&, n:F — RT are functions s.t. Hausdorff
§WU)=20, YUeF _
) ) §U)=1
AxiomB: { n(U) >0, VU # n(U) = diam(U)

hUeF
Axiom C: Carathéodory
For anys < 03¢ > 0 such thay(U) < § EU)=1
provided thaty (U) < ¢ (foranyU e F). n(U) = ¢(diamU)

The number, is said to be th&€arathéodory dimensioaf setA relative to the
structure(F, ¥, £, n) — seeTable 4.2

The foundation of the theory of fractal dimension, now known as Hausdorff
dimension, was established by Carathéodory and Hausdoff0]iCarathéodory
shows how to define pa-dimensional measure for setsgrdimensional spaces.
Then, in[64], Hausdorff adapts the definition so that it makes sense evelisif
not an integer. It is very interesting to see also a function of the diameter that is
included in the definition of Hausdorff’s measure.

4.1.1. Examples (s€ble 4.3

o If Fisthe collection of all open ballsB(x, ¢)} of all diameters > 0 centered
at all pointsx € X, £&(B(x,¢)) = 1, n(B(x, ¢)) = ¢, thena, = dimgA, the
Hausdorff dimension of set.

e A nontrivial example is the dimension-like definition of the topological en-
tropy [97]. Assume thatX is compact andf : X — X is a continuous map.
Givenn > 0, ¢ > 0, theBowen sets defined as

By(x,e0) = {y € X: p(f'x. f'y) <0, 0<i <nf.
Let F be the set of all Bowen sets. Let

£(Bn(x,€0)) = 1, ¥(Bu(x, €0)) = 1/n andn(B,(x, €0)) = €.
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Table 4.2
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Carathéodory dimension

ACX Example
Mo, 4) = inf [ > e nwp) igf{ D3 diamu |
vuH)<e UuidA diamu; <e
uieG
W (u)<e or
Mg(a,e,A) S ifeN = igf{d_ Z< ¢>(diamui)"‘}
3 lim Mg (o, 6, A) = JA iamu; <e
Jm, g, 6, A) =mg(a, A)
Properties of m¢ as a function of A
() Ay C Ap = mg(a, Ap) < mg(Ag, @) my (A, a)

(i) mg Uy Ak o) < Yo me (o, Ag)

If mg (a, ¥) = 0 thenmg is outer measure.

outer Hausdorff measure

meg (e, A) as a function of o
& (

o0

Carathéodory dimension of A
o = Sup{oz: mg (o, A) = oo}
= inf{a: mg(a, A) = 0}

=dimg (A)

dimg (A)
Hausdorff dimension

Then theso-topological entropy off on A, hwp(f|A, €0), is the Carathéodory

dimensionx, and

htop(f1A) := lim suphiop(f 1A, £0).

g0—0

It was shown in97] that this entropy coincides with the standard topological
entropy if A is a compact ang-invariant set.

If we consider the set function

E(Bu(x, ) = exp( sup

YEB, (x,8) k=0

n—1

(4.2)
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Table 4.3

Examples
F & 4 n Result
Open
setsU 1 diamU diamU dimg (A)
(or balls
Bowen htop
sets 1 1 o1 if AC Xisinv.and
By (x, ¢) compact

P(¢) —top pressure

same Eq.(4.2) same same if Ac Xisinv.and

compact

dimg () (if 1 is regular)
Balls w(Be(x))? P & includingHP, (1) and

Be (x) Correlation dimension
Open
. ) Dimension for
sets et ) diamU diamU nension fo
U Poincaré recurrences

Y (B, (x,€)) = 1/n, n(B,(x, g)) = exp(—n), whereg : X — R is continuous,
then we obtain the Carathéodory dimensign= P (¢) which is called the
Carathéodory topological pressure of the “potentigallt was shown inf97]
that if A is invariant and compact thexy coincides with the standard topolog-
ical pressure.

One can study dimension-like characteristics of a megsung using the gen-
eralized Carathéodory construction. For example, if one chooses

£(Be(x)) = n(B:(x))? and ¢ (B.(x)) =n(B:(x)) =&,

then one arrives to a characteristic ¢im) of the measurg that is very similar
to so called Hentschel-Procaccia spectidR), (1), see[97]. One can show
also that the Billingsley dimensioj24,25] can be expressed in terms of the
Carathéodory dimension.

We define below the Poincaré recurrenad/) of the setU. If we choose
exp(—qt(U)) in the capacity of the “gauge functiog’, and

Y (U) = n(U) = diamU

we obtain the Carathéodory dimension which we call the spectrum of dimen-
sions for Poincaré recurrences. In fact, the book is devoted to the study of this
dimension.



4.2. The spectrum of dimensions for recurrences 57
4.2. The spectrum of dimensions for recurrences

Typical orbits in Hamiltonian systems and orbits in attractors in dissipative sys-
tems repeat their behavior in time. This repetition can be expressed in terms of
Poincaré recurrences.

Consider a dynamical syste(X, f) whereX is a metric space and the map-
ping f: X — X is continuous. LetA C X be a f-invariant subset. In the
framework of the general Carathéodory construction we consider covers by open
balls. For eackt C X, denote by, (A) the class of all finite or countable covers
of A by balls of diameter less than or equaktd-or an open balB C X let the
Poincaré recurrencée defined as

7(B) = inf{z(x, B): x € B},

wheret (x, B) = min{r > 1. f'(x) € B} is the first return time of € B. Given
G € B.(A) anda, g € R, consider the sum

Mg(a,q,¢,G, A) = ) &(x(B))'diamB, (4.3)
BeG

where the real non-negative gauge functiark — R is such that(z) — 0 as
t — oo. Below we will consider the functions(r) = ¢~! and&(r) = 1/t.
Next we define

Me(a, q, ¢, A) =inf{Me(a, g, ¢, G, A): G € B(A)}. (4.4)

For fixedq the limitmg (o, ¢, A) = lim._.0 Me(a, q, €, A) has an abrupt change
from infinity to zero as one varias from minus infinity to infinity. There is a
unique critical value

ac(g, &, A) = Sup{a: me (o, q, A) = oo} (4.5)

such thaing (o, g, A) = oo if & < a.(g, &, A), provided thatr.(q, &, A) # —oo,
andme (a, g, A) = 0if @ > a.(g, &, A), provided thatr.(q, &, A) # oo.

The functiona,(q) := a.(q, &, A) is said to be thepectrum of dimensions for
Poincaré recurrencespecified by the functioé. The quantity

go = supq: a.(q) > 0}

has been introduced [#,10] and[11]. It is said to be th&imension for Poincaré
recurrencesof set A C X specified by the gauge functioh. In the case
&(t) = exp(—t), a quantity similar tago was introduced irf95] and was called
the AP-dimension. Roughly speaking, is the smallest solution of the equation
ac(q. £, A) = 0.

Not many specific examples are known where the dimension for Poincaré re-
currences has been explicitly computed or estimdf®] {6,78).
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4.3. Dimension and capacities

We proceed in a slightly different way than in Sect@to introduce the dimen-
sion for Poincaré recurrences.

Fix an arbitrary monotonically decreasing functém), ¢ > 0, lim,;_, - £(¢) =
0 and introduce the following structurg: is the collection of all open sets iXj;
7(u) is the Poincaré recurrence for the se¢ F. Then, for a compact C X,
consider the quantities

M:(0.q.¢, A) = ings(r(u,-))q,
1
where infimum is taken over all covets= {u;}, diamu; < ¢, and
R:(0.q.6, A) = iQfZE(r(u;))",
1
where infimum is taken over all covefs = {u;}, diamu; = ¢.

DEFINITION 4.1. Sincer(u;) is nondecreasing as— 0 andé&(¢) is monotone,
then there exists the limit

“mOME(O’ q.&,A) =1mg(q, A).
E—>
Since¢ o t(u;) — 0ass — 0 then

mg(q, A) =00 ifg <O.
Let

qx = Sup{q: mg(q, A) = oo}

The critical valuey, is said to be the dimension for Poincaré recurrences of set
specified by the functioa.
Consider next

mg(q, A) =limsupR(0,¢,¢, A) and me(q, A) = liminf R(O, g, &, A).

e—0 e—0
Again, ing (g, A) = oo if g < 0. Letgo = suplg: ne(q, A)}. The uppeizo and
lowerg 0 capacities are said to be the upper and lower capacities af specified

by the functions. We denote them as followg,. = dim; (A), go = dimg(A),
g, = dim, (A).

The following result was established[®5].

LEMMA 4.1. Assumer.(q) > Oforg € [0, g,). Assume thdtm, »,, o.(q) = O.
Thengg = gs.
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It follows from the general theorf@7—99]that
dimg (A) < dlm (A) < dlmg(A)

for any admissible functiof(z).
In order to understand the meaning of these notions, let us imagine a nice situ-
ation for which

dim; (A) = dim; (A) = dim, (A) = g0, 0 < go < o,

and_dimy A = dimg A = b. Then, we have the following estimate for the average

(E(x))™) = Z$ (tn))? ~el, e,

over a coverH = {u,-} Wlth diamu; = &. This estimation tells us that we can
expect the average value ofu;) to behave as follows:

(zui)) ~ &1 (e"/%0).
For a gauge functio(z) ~ 1/t we have

(tup) ~ e/, e« 1. (4.6)
Similarly, if £(r) ~ e™*, then

(run) ~ —% loge, &<«1, (4.7)

and so forth. In a general case we may obtain some estimates (from above and
from below) for Poincaré recurrences with the help of the quantiiies(X) and
dim, (X) provided that they are finite nonzero numbers.

4.4. The appropriate gauge functions

It is possible to assume that the vaIueLfg(M) (or ﬁg(X)) is equal to zero

(or infinity). If so, we should change the functignand find a suitable one. The
existence of such suitable gauge functions can be proved under the assumption
that the lowest upper bound for recurrences

T(¢e) = supf{t(B(x,8)): x € X}

is finite, T(¢) < oo. This is a very general assumption that implies that every
point in X is non-wandering. Minimal sets are examples of such a situation, i.e.,
the quantityt (¢) is finite for minimal X . Otherwise, due to compactnessXfwe
could find a sequence of points — x, asn — oo with

T(B(xn, ) > n. (4.8)
However, consider the following remarks.
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1. The discreteness of time implies that for any paipte X there is a point
y € B(xs4, €) such that

r(B(x*, 8)) = t(y, B(x,, 8)).
2. The openness & (x,, ¢) implies that

p(y.x) <& and p(fFPEDy ) <e (4.9)
3. The assumption that lign, o o (x5, x+) = 0 together with the inequaliti€d.9)

imply that the pointy and f*-8(=.€)y belong to the balB(x,, ) for every
sufficiently largen, say,n > no.

Thus,

T(B(xy, 8)) = inf )r(z, B(xn, €)) < T(y, B(xs, €)).

z€B(x,,¢e

This inequality contradicté4.8), soT(¢) < oo for minimal X.
The following statement tells us that an appropriate gauge function exists.

THEOREM 4.1. Assume that(¢) < oo in X. Then the following statements
hold.

(1) If dimg X < oo then there exists a functidn(r), t > 1o, lim,_ o0 £1(t) = 0O,
such thadimg, (X) < dimg X.

(2) If dimz X > O then, forr > 1o, there exists a functiorf2(¢), with
lim;_ » &(¢) = 0 and such thadi_msz(X) > dimg X.

PROOF First, we prove statement (2). Lef > &2 so thatt(B(x,e1)) <
t(B(x, £2)) for every pointx € X. ThereforeT(e1) < T(e2).

Assume first that(¢) — oo ase — 0. Hencez(¢) has a countable number of
points of jump discontinuity on any intervéD, eg], eo > 0. Let A C (0, go] be
the set of points of jump discontinuity of the functidre).

Define a functiortx(¢) as follows. For values of

tet(A):={t1,....th, thy1, ...} C 24+
we set
£2(T(e0) =64, Ex€ A, (1) =suple ¢ A, T(e) =1}.
For values of € (1, t,+1), wheren is an integer, sefx(tr) = At + B where

_ E2(tn+l) - gZ(tn) ’ and B = tn-‘rlEZ(tn) - [nEZ(tn+l) )

41—ty iyl — 1ty
The constructed functiogz(¢) is continuous and has the desired properties:
lim; o0 &2(t) = 0;&2(2) < &2(t') if t <1t/ E2(T(e)) < &.

A
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Givene > 0 consider a finite cove6 of X by open ballsB(x;, ¢), i =
1,...,N(e). Sincet(B(x;, &) < T(e), then&a(t(B(x;, ¢))) = &2(T(e)) > e.
Therefore, for any > 0 we have

Re,(0,q —b,e, &) = Zgz (B(xi, ))) by Net?, (4.10)

whereq = dimy X. It follows from the definition of the lower box dimension

that for an arbitrary large consta@tthere iseg > 0 such thatNel ™" > C if
0 < e < go. Thus R(g—b,e,&)>C if £ is small enough and d|;rp(X) > q—b.
Thanks to the arbitrariness bf we obtain the desired resuilt.

The proof of statement (1) of the theorem is the same. We substiete=
inf{z(B(x, ¢)): x € X} instead ofr(¢) and omit the first part of the proof since
17(¢) < oo by definition. In a way identical to the one féi(¢), we show that
1(¢) is a monotone function. Moreover, it follows from the definition k)
that lim._,p7(¢) = oco. We denote byAd C (0, go] the set of points of jump
discontinuity of the functiort (¢) and defing1(r), t € 7(A) C Z4, by setting:

1. £1(t(84)) = 4,84 € A, 8,(t) = infle ¢ A, 1(e) =1}.
2. £1(¢) is defined in the same way &5(r) for other values of.

It follows from the definition thag1(z(¢)) < . Moreover,

&1(1) < &2(1). (4.11)

Letg = dimgX < oo. Then, givere > 0 consider a finite covat of X by open
ballsB(x;,¢),i =1,..., N = N(¢). By definition of&1(7), we have that

£1(t(B(xi, 0))) < &1(z(e) < ¢
Hence, for any > 0

Zsl t(Bxi, )" < Nl < 1 (4.12)

(by definition of the upper box dimensia(e)e?™ < 1, ¢ <K 1). Therefore
dimg, (X) < g + b. Sinceb is chosen to be arbitrary small, thdim;, (X) < g. O

Remark that ifX contains wandering points, then the conditit@) < oo in
Theorem 4.1could not be satisfied. In this situation we can restrict ourselves to
the center set of the dynamical systems, which contains no wandering points.

The domain of definition of the gauge functions constructed in the proof of
Theorem 4.1is [0, co) whenevert(¢) — oo ase — 0. This would not be the
case if for every point € X and everyg > 0 the ballB(x, ) contains a periodic
point of period at mos¥' < oo since then lim_o7(¢) - T < oo ase — 0.
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However, in this situation the proof dheorem 4.1s valid if the gauge function
is defined, e.g., asexp(T —¢t) for ¢t € [T, 00), with ¢ :=inf{e: T(¢) < T}.

We note that the functions andé, (constructed above) satisfy the inequality
£1(1) < &2(1),t > 11 (see Eq(4.11)). Therefore, dirg (X) < dimg,(X). Itis not
enough to claim the existence of just one function servicing both lower and upper
capacities. We need an additional condition for that.

COROLLARY 4.1. Under the conditions oﬂ'heoEnM, there exists a function
E(1), lim;_ o0 () =0, such thaD < di_ms(X) <dimg (X) < oo if
lim —520) < 00
t—00 £1(1)
where&; » are functions constructed in the proof dheoremd. 1

(4.13)

PrROOF The inequality4.13)implies that

&1(t) = C&a(1) (4.14)

if t > 11 > 0, andC is constant. Defin&(r) = &1(¢)&2(r) whereé&q, & are

functions constructed in the proof ®heorem 4.1Givene > 0, consider a finite
coverG by ballsB(x;, ¢),i = 1,...,N. The condition4.14)implies (fore « 1)

that

N
1
Z C1657 (v (B(xi. £))) qu (Bxi. ) < Zl Zat (r(B. #)).
and the desired result follows from Eq4.10) and (4.12) d

The assumptior(4.13) can be represented in another form. The inequali-
ties(4.11) and (4.14)i.e.,

Cé2(1) <&1(t) < &2(), 12T >0, (4.15)

indicate the requirement to have similar asymptotic behaviar-as co. In the
proof of Theorem 4..we introduced the quantities

7(¢e) = Iinf r(B(x,s)) and 7T(e) = Supr(B(x,s)),
xeM xeM

so thaté1(z(e)) < &, &(T(e)) > ¢, for almost everye € (0, go]. The condi-
tion (4.15)can thus be reflected in some properties @f), T(¢). For example, if
£1(t) ~ A/tP, &(1) ~ B/tP,t > 1 (A, B, andp are constants), then
= log7(e) -
0 logz(e)
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if £0(t) ~ Ae P!, &x(t) ~ Be P!, > 1, then

etc. Thus, the maximal and minimal Poincaré recurrences for any fixed small
should be of the same order (in a corresponding scale).

4.5. General properties of the dimension for recurrences

Specific properties ofp are sensible to the kind of gauge functipibeing used.
Originally the dimension for Poincaré recurrences was introduced to deal with
irrational rotations on the circl@®]. By using the gauge function(z) = 1/¢ the
dimensiongg happened to be related to the rate of Diophantine approximation of
the rotation number. These results are discussed in SekcBd2below. Generally,

for systems with zero topological entropy a good choice of gauge function is
&(t) = 1/t, while for positive entropy systems a good choicé(s = exp(—1).

The dimension for Poincaré recurrences, when defined over covers by open sets
shares with the topological entropy the property of being a topological invariant.
If the dynamical systeniX, f), on compactX, is generated by a continuous
map f, then the dimension for Poincaré recurrenggss preserved by uniform
homeomorphisms.

Let (X, d) and(X’, d’) be two metric spaces. A homeomorphismX — X’

is said to be uniform if for every > 0 there existgs (which goesto 0 a8 —
0) such that for any pair of points, y € X with distanced(x,y) < g5, the
inequalityd’ (h(x), h(y)) < & holds. Two dynamical systeni&, f) and(X’, f’)
are uniformly homeomorphic if there exists a uniform homeomorptisiki —
X' suchthatf’oh =ho f.

THEOREM4.2. Let(X, f) and(X’, f") be uniformly homeomorphic with home-
omorphismh:X — X’. Then, for eachA ¢ X and A’ = h(A) Cc X/,

qo(A) = go(A").

PROOF. LetB;(A’) be the family of all coverings’ of subsetd” with open sets
of diameter not greater thah > 0. Letes be such thati(x, y) < &5 implies
d'(h(x), h(y)) < 8. Let h(B.;(A)) be the set of coverings of of diameter not
greater thars pushed forward t&X’, with elementd:(G) = {h(u): u € G}, for
eachG € Bg;(A). ThusBj(A") D h(B,(A)) and then

M:(0,q,es5, A) = inf 4
:(0, . €5, A) GeB£5<A>u;5(’(“))

> inf £(t'w))! = ML(0,q,8, A)
GeBg(A/)ug ( ) §
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wherer’ = 7 o h~1 is the Poincaré recurrence for the primed system. By inter-
changing the roles of systeniX, /) and(X’, /') in the preceding argument we
conclude that

M¢(0, q, &5, A) = M;(0,q, 8, A").

So,qo is a topological invariant. O

Further similarities of entropy with thgy dimension are thajo(X) coincides
with the dimension of the non-wandering set (whérs restricted to it) and that
the set of periodic points of systef, /) provide an essential contribution to the
dimension of Poincaré recurrences. This is mainly due to the fact thatifX
is periodic with smallest period, thent(u) < n for anyu > x, irrespective of
its diameter. Thus, periodic points put a natural lower bound to the dimension for
Poincaré recurrences.

THEOREM4.3. (Sed95].) The dimension for Poincaré recurrences has the fol-
lowing properties.

(1) go(X, f) = gqo(NW, ) = qo(NW, fINW), whereNW denotes the set of
non-wandering points.

(2) If £(t) = exp(—t), and if the number of periodic points of smallest period
is finite for every, then

qo > lim sup} log#{x: f"(x) = x}.
n—oo N
(3) If £(r) = exp(—t), then for anyk > 0, we have thayo(X, f*) < kqo(X, f).
(4) If £(t) = 1/t, then for anyk > 0, we have thago(X, f*) < qo(X, f).

In many systems the limit in the statement (2)Téfeorem 4.3 oincides with
the topological entrop¥ip(X) and the equality sign holds. For theimp(£2) =
qo(£2), and the dimension for Poincaré recurrences is not a new topological in-
variant. Subshifts of finite type are examples of such systems.

THEOREM 4.4. Let (£2, o) be a subshift of finite type, with finite or infinite al-
phabet and such that{x: f"(x) = x} < oo for everyn. Then

: 1 .
qo($2) = lim sup;#{x: () = x}.

n—oo

PrROOFE Consider the particular cover &f by n-cylinders. In this cover the num-
ber of cylinders with first return time is at most the number of periodic points
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with periodk. Thus,

M:(0.q. e, 2) < Y _#Perk) exp(—qk)
k

whereé(r) = exp(—t). The upper bound remains true in the— 0 limit. The
lower bound is provided by statement 2Tdfeorem 4.3 a

In [36] minimal subshifts of positive entropy are constructed for whick: 0
go < htop(£2) with gauge functiorf (r) = exp(—1).

THEOREM4.5. (Sed36].) For each subshiff2 C £2;, go(£2) < hiop(£2). There
exist subshifts2 C 2> for whichgo(£2) # hiop(£2).

4.6. Dimension for Poincaré recurrences for minimal sets

Let X be a metric space with metricand letf : X — X be a continuous map.
For example X is an invariant torus (circle) or cantorus in the phase space of a
conservative system generated by a m@afs the restriction of the map t&, and

p is the restriction of a distance in the phase space to the poirks the setX

is said to be minimal if it is closed, invariant and does not contain another closed
invariant subset. Minimal sets have the following nice properties:

1. For anye > 0O there is an integer numbafr = N (¢) such that

N-1
U B(f*x,¢) > X foranyx € X.
k=0

Here B(y, ¢) is the ball of diametet centered at poing. Thus, the minimal
setX can be approximated by the finite piece of any orbit with an arbitrary
accuracy.

2. For anyx € X, the orbitl ;2 f*x is everywhere dense iK, i.e., X is the
closure of any (recurrent) orbit in it.

Of course, a periodic orbit is a (trivial) minimal set. From now on, we will
consider nontrivial compact minimal sets.

A Birkhoff theorem tells us that the closure of a recurrent orbit contains un-
countably many recurrent orbits (see, e.g., R&9]), so nontrivial minimal sets
are formed by many orbits with nontrivial behavior. Let us also remark that from
the ergodic theory viewpoint minimal sets and ergodic systems are very similar
subjects: a Jewett—Krieger theorem implies that every ergodic invertible map of a
Lebesgue space is measurably isomorphic to a minimal uniquely ergodic homeo-
morphism of a zero-dimensional compact metric space (see, e.g[1R&}.
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4.6.1. The gauge functignz) = 1/¢

For some minimal sets a good choice of gauge functiof(dis = 1/¢ (see the
examples in the following sections). In this case, Kac’s theoremGbapter 1Y
puts a lower bound for the dimension for Poincaré recurrences.

THEOREM4.6. (Sed95].) Let (X, f) be a minimal dynamical system, having a
Borel ergodic measurg. Let A C X have positive measurg,(A) > 0. Then

dim(]_/;) (A) > 1.

Remark that the theorem implies that ¢ipp (X) > 1. (4.16)

PROOF By Kac's theorem we have that

1 p(dx)
e 1) _/r(x’u) p(u)

Then, for an arbitrary covat of A C X with open sets of diameter less thasn
we may write

1
M 0,1,¢G,A) = — > > n(A) > 0.
/(0,16 G, A) o D) = pu(A) >
ueG ueG
Since the system is assumed to be minimal (it has no periodic points), this proves
that diml/,)(A) > 1. O

In the following sections we consider several examples of minimal sets.
4.6.2. Rotations of the circle

The simplest minimal set is the circl* = {x (mod 1)} = R/Z and the sim-
plest recurrent orbits are the orbits generated by the rigid rotgtienf, : x

x + o (mod 1) wherea is an irrational number. It is well known thatcan be
approximated by rational numbers/n (m andn are relatively prime) such that

‘a — T‘ <nl (4.17)
n

for some valuer and some pairén, n). Letv(a) = sugv} where the supremum
is taken over alb for which the inequality4.17) has infinitely many solutions
(m, n) with n > 0. In other words, ifv(«) is finite, then for positivéd « 1 the
inequality

m

‘a _ _‘ > pv@-1-0 (4.18)
n
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holds except (possibly) for a finite number of relatively prime péirsn).

We establish a relationship between dimensions for recurrences for rotations
on the circle and the rate(e) of Diophantine approximations of the (rotation)
numberq.

PrROPOSITION4.1.

(i) If v(@) < oo thendim ) (S1) < v(@) < dime/y(Sh).
(ii) Furthermore, if the representation afin the form of the continued fraction

[alaaZa'-'aaia"']

has bounded elemen< a; < Kg < o00,i =1, ..., then
dim; ;) (1) = v(e) = dim,)(SY).

PROOF (i) Let ¢ > 0 and letn be the least positive integer number such that
dist(x, f"x) < ¢, x € SL. It means that (I,) = n wherel, is the interval of the
length 2 centered ak. If we letv = v(a) — 8, with § > 0 an arbitrary small
number, then the inequalit.17) has an infinite sequence of solutiogs, n),
with the positive value ofi. Thus, let us consider the sequence: ¢, = n™",
with n being such a solution fq@.17) Then, foré(r) = 1/¢

N(n)

R:(0, g, &n, Sl) = Z —~ +0(n™9),
i=1

whereN (n) = [n"/2], thus

R: (0, q, &n, Sl) = n_q+”(“)_5(% + O(n_zv)) + O(n_q).

Since

lim R¢ (0, g, e, 1) < lim Re(0.q. en, 8) < Iim Re (0., ¢, s1)

it follows thatM(Sl) < v(e) — 8 < dimg(S1) and, due to the arbitrariness of
3, statementi{ follows.

(ii) Let us order the solutiongny, nx) of Eq.(4.17)in such a way thai;41 >
nk, k € Z. The second assumption of the proposition implies that there exists a
positive constanK such thati;1/ny < K < oo, k > 1. Let us consider now
that for every sufficiently smalt > 0 there exists an integér= k(¢) such that
ce [n,;‘r’l, n;"1. Thus,t(I;) € [ng, ng41] and

N (ng)

1 vers (1
Re(0.q.6.8) > 3 ——>nf v 5<§+0(";?+25)>-
i=1 Tk+l
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Sincee is arbitrary and — oo ase — 0, it follows that dlng(Sl) v(a). This,
together with statement (i), allows us to conclude th_atéajﬂ’ﬁ) = v(®).

Setu = v(x) + § and let(myg, ny) be as in the previous paragraph. Then by
definition ofv(x) we have

|ngo — my| > n;“ (4.19)

for everyk > ko, wherekg is some positive number. Inequalif¢.19) means
that distx, f*x) > nk_". For everye > 0 there existsk = k(¢) such that
e € [n, 1. n"]. Then, by inequality4.19)we have that (I;) > ny, wherel, is
the interval of length 2 centered at point. Therefore

fl/(2£)1 [”k+1/2]

R: (0,4, ¢, S%) Z £(t(1))? Z ny

Sinces is arbitrary andk — oo ase — 0, we getdim; (S) < v and, due to the
arbitrariness 08 > 0, dim; (S1) < v(a). O

The proposition tells us that (u)) ~ ¢ Y@ ¢ « 1, diamu = ¢, that is
completely consistent with E¢4.6).

Consider now a case of the anomalously fast approximatian lof rational
numbers. For example, assume taas chosen in such a way that the inequality

1
‘a L (4.20)
n n
holds for infinitely many relatively prime pair®:, n), n > 0, provided thab <

bg, and

1
‘a _m e bm (4.21)

n n

WV

if b > bgandn > ng > 0.

PROPOSITION4.2. For the gauge functiog(¢) = e,

dim (5%) < bo < dimg (s%).
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PROOF. The scheme of the proof is the same as aboves,Sete ", b = by —$,
8§ > 0. Then

Na(n)
T(B(x,&)) =n, Re(0,q,¢n, Sl) = Z e " 4 (’)(e_BN),
i=1

whereNz(q) = |e?"/2], i.e.,

R: (0, q, e*bn’ Sl) = ebqn(% + O(eZb")>_

Therefore dim(S*) < bo — 8 < dimg (S1). O

As a corollary of the proposition we obtain that if giml) = an,g(Sl) then
(t(u)) ~ —loge/bo, diamu = ¢ <« 1 (compare with Eq(4.7)).

In the same way, we can show that if
ﬂ‘ ~ e—bng’

‘a_
n

then CWL;(Sl) = by, if the gauge function i€ () = e—’z, i.e., (t(u)) ~
/—Tloge/bg, diamu = ¢, ¢ « 1, etc.

These examples show that the gauge functignshave to be chosen according
to the rate of approximation of the rotation numhbdby rational numbers, other-
wise the dimensionmg(sl) = oo or 0. For example, itx satisfies Eq(4.20)
but&(r) = 1/t thenM(Sl) = o00. But, since Diophantine numbers (numbers
satisfying Eq(4.18)with v(a) < oo) form a set of full measure on any interval,
then the function Ar is presumably the most appropriate function for minimal
sets on the circlg28].

4.6.3. Denjoy example

It consists of aC1-smooth diffeomorphism, say, of the circles® = {x (mod 1)}
which generates a dynamical system with a non-trivial minimal Cantor-like set,
say X (see, e.g., Ref4§73,90,48). The idea of the construction is to start with

a rigid rotation f,, on the circle, with the rotation number, and replace points

of one orbit by suitably chosen intervals. Lief,} be an orbit, i.e.x, = f7(x0).

n € Z, and letL, be the length of thath interval, sayl,. Fix a value ofy,
0<y <1, andletL, = (Jn] + C)~Y7, whereC is a constant which will be
chosen below. According to the Denjoy construction (see H&f) we have to
choose the constantin such a way that

Y Ly<1 (4.22)

nezZ
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(the length ofst equals 1). Note that

o0
dLy=cMr42y N+ o)
nez n=1

o0

<c Wy Zf(x +O)" Y7 dx

0

2
- c—l/V(1+ —”c) <1
1-y

C > Cu(y), (4.23)
whereC,(y) is the unique root of the equation

2y c=c.
1-y
Let us remark thay is the Holder exponent of” (see Ref[73]).
SetL = ) ,., L,. Now, we have to blow up the orhit, to the intervalsl,
so that they are ordered in the same way as the peingsd so that the distance
between any two intervalg, andl, is exactly

(11— L) disteon, xa) + Y Lk (4.24)
Xk €(Xm,Xn)

It can be seen from Ed4.24)that not only rotation number and the num-
berv(a), reflecting the rate of decreasing dist, x,,), but also the numbey,
reflecting the rate of decreasing of the lenfith has to be essential for Poincaré
recurrences. Roughly speaking ifid is large enough, we may neglect the dy-
namics inside the intervalg and treat them as points.

1+

PROPOSITION4.3. If v(a) < 00, £(f) = 1/t andy < (v(a) + 1)~1 then

v(@) dimy (X) < dimg (X) < v(e) dimp (X).

PROOF Leta = dimpX, a = dimyzX. Denote byy, < y/ the endpoints of the
interval I, and byy, eithery;, ory/.

(1) Letp = v(e) + 8, 0 < § <« 1. Then the inequality4.19) holds for any
sufficiently large integer number i.e.,

dist(x,, xm) = |m —n|™H*. (4.25)

Chooses(¢) = (1 — L)/¢*, £ > 1, and consider a finite covér = {u;} of X by
open intervalss;, diamu; = ¢. Then, thanks to Eq$4.24) and (4.25)we have
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for any endpoints,,, y, € u;

1
1- L)z_u = ¢&(€) > dist(yn, yu) = (1 — L) dist(x,;, x)
> |m—n|""1-L).
Thus,t* < |n — m|*. Thereforer (u;) > £. Consequently,

R(q.(0).§) < Z L < iN(s) < (consy giqg(e)—(ﬂa)

— T(u)?
< (consy ¢—9 @+,
Hence,R(q, ¢, &) K 1if ¢ > w(a + 8) and due to arbitrariness éf
dim: X < (v(e) + 8)(@ + 8).
Therefore,
dim: X < v(e)a.

(2) Letv = v(a) — 8. Then there is a sequencer, ny)i>1 Of solutions
to (4.17) such that

dist(x,,, xm+nk) < n]:U

for any k andm. Furthermore, we may assume without loss of generality that
the pointx,,+,, lies on the right ofx,, for anyk, m and the sequence, ., is
monotone (see, e.g., Ref80] and[48]). Consider a finite coveu; }, diamu; =

e, Wheres = 2(1— L)/n}. Then for every; there exist an endpoint,, such that

dist(y,, a;) < E(1— L)iv (4.26)
2 ny

whereg; is the left endpoint of the interval;. Moreover, if the pointx,, €
(Xns Xp4n,) then
|m| > K}’lnka

wherek,, is some constant. We have

dist(y,. f"yn) < (1= L) distGn. Xngn,) + Y Lnm

Xm €(Xp axn+nk)

o
<a-ont +2/ dx
b n! (x +C)y
Knng

1 1\ 1-1/r
<A-D)— ~|—K2<—) )
I’lk nk
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whereK> is a constant. Therefore, if 1/y > v, i.e.y < (1+v)~1, then

1
dist(y,,, f"ky,,) < g(l— L)n—” <e (4.27)
k

provided thak >> 1. The inequalitie$4.27) and (4.26)mply that "y, € u; (as
well asy;,), thus

T(ui) < g, (4.28)

and

Z ! >N(8)i
T(u)d ~ ni’

i

Since{u;} is an arbitrary cover, then

1 1 *(M*(S)
R(g.&,8) = N(e)— = (consy — &=
Ny Ny

> (cons} n,:“”(g*‘s)

andR(g,e,&) > 1if g < v(a — 8). Therefore

dim: X > (v(e) + 8)(@ — 6). O
An immediate consequence Bfoposition 4.3s the following.

COROLLARY 4.2. Sincedimg(X) = dimp(X) = dimp(X) = 1, then

dimg (X) = v(a).

REMARK 4.1. We think that for linearly recurrent dynamical systdd®g] the
right gauge function is alsg(r) = 1/, but it not settled yet.

4.6.4. Multidimensional rotation

Consider the map
fi(x, .o x) > (X, .x)), xp=xk+o(modld, k=1,...,n,

of the n-dimensional torus$”, where all numbergs, ..., «, are irrational and
linearly independent over the field of rational numbers. Thus, the torus is a mini-
mal set for the mag and all orbits are recurrent.

Let

ol = inf lay —m|, k=1,...,n,
mez
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be the distance from the nearest integer, and introduce a rate of approximation of
the vecto@ = (a1, ..., ay) by integer vectors: set

V(@) = sup{v: mkax||£ak|| < £7Y has infinitely many integer solutioiws
The following proposition can be proved in the same walaposition 4.17
PROPOSITION4.4. If v(@) < oo thendim(1/,)(S") = v(&).

Thus, we can expect that
(e ™" @) ~ &t
ie.,
(r(ui)) ~ T IV@,

Here diamy; = ¢ « 1.
Let us remark that the vectosswith v(a@) < oo form a sufficiently large set.
For example, it is known that its Hausdorff dimension is positive,
n+1
p+1
whereJ (8) = {@: v(a) = B}, seg[69].

dimg J(B) =
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Chapter 5

Uniformly Hyperbolic Repellers

Let (F, f) be a dynamical systems over a Cantor et R¢ whose geometric
construction is described symbolicallyla Moran with a functions which is
uniformly contracting, i.e.Amax < 1. Such sets appear as hyperbolic repellers,
i.e., locally maximal invariants sets for which the stable set is just the repeller. In
other words, the set is repelling in every direction in phase space. Let us further
assume thaf has the specification property and has positive topological entropy
(for which we use (t) = e~ in (4.3)).

To apply the formalism we have to make sure that the set fungtigrie, g, -)
is an outer measure. Consider the distance defined by the property that the diam-
eter of anyn-cylinder is exg—n). The set functionM (o, g, -) iS not an outer
measure for the parameters range< 0 anda > —q. To see it, remark that
such systen{F, f) contains a subsysteitE, f|E) which is not minimal and
has arbitrarily small topological entropy, such thet: (¢, ¢, E) < oo. More-
over, since(E, f|E) is not minimal, then there exists an orbit} ¢ E such that
inf{d (xo, x,): n > 0} > 0. This implies thatM¢ (o, g, {x}) = oo. Forg < 0
anda < —q the measure of a specified systemds we always have-cylinders
with return time not greater than On the other hand it is an outer measure for
g > 0 and alle. But for ¢ < 0 the measure is infinite if the set contains a
periodic point. Thus, the only interesting parameter range to consider-is0
andg > 0.

THEOREMS5.1. Assume that sdf either has the controlled-packing property or
it satisfies the gap conditiaf3.25)—(3.26)Let the systerF, 1) be topologically
conjugate to a subshift2, o) with the specification property and positive topo-
logical entropy. Then, fof (1) = e~* and the parameter regiop > 0 anda > 0,
the spectruna.(¢) is the solution of the equation

Po(alogr) =gq. (5.1)

The dimension for Poincaré recurrences coincides with the topological entropy of
the subshif($2, o), i.e.,qo = hiop(c|£2).

7
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COROLLARY 5.1. Formula(5.1)is valid for every fractal sef resulting from a
one-dimensional Moran construction.

It is a direct consequence bémma 3.2

5.1. Connection with the multifractal spectrum of Lyapunov
exponents

When(F, f)in Theorem 5.1s ad-dimensional conformal repell§®7,15] there
exists a relation between the entropy spectrum of Lyapunov exponents and the
spectrum of dimensions for Poincaré recurrences.

Let us remind that a conformal repellEris an f-invariant set such that:

(i) Df(x) = L(x)Isom(x), x € F, whereL(x) > 1is a humber and Isofx) is
an isometry, and
(i) F is locally-maximal, i.e., there is a neighborho@d > F such that

Nisof'(U) =F.
Letx € F and denote byl (x) the expression
. 1 n—1 1
Jim - Z 7 l0g 1D ¢ flI,
j=0

whenever this limit exists, and call it the Lyapunov exponent. We denotetbg
set of pointst € F where the Lyapunov exponent does not exist. fFar R we
set

Eg:={x e F\ E: A(x) = B}.

We have that” = E U (g Ep-

Let us define theentropy spectrum of the Lyapunov expondnts;(8) :=
hiop(o | Eg). Here, hyop denotes the topological entropy for non-compact sets as
it is defined in the second example of Sectibh.1 [97,29] Following the proofs
of Theorem 1 and Theorem 2 j&7] one can show that in this case

n(B) = inf{ Pr(ag) + ap}

whereg (x) = —(1/d) log || D, f||. In view of Theorem 5.k (¢) fulfills the equa-
tiong = Pg (e, log(r(w))). Since

Po (e I0g(A(@))) = Pr (—"‘7 log ||Dxf||)
we get

n(B) = minfo (@) + ap}.
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- dimHF

A\

htop =4qo

Figure 5.1.

The spectruny(B) is strictly concave and defined on a closed interval. Hence, the
following result holds.

THEOREM 5.2. (Se€[2].) The entropy spectrum of Lyapunov exponeris)
and the inversez;l of the spectrum for Poincaré recurrences form a Legendre-
transform pair.

In this case the spectrum,. is strictly decreasing. It is strictly convex iff
¢(x) = —(1/d)log| D, f] is not cohomologous to a constant. In the latter case
the support of)(8) reduces to a point ang.(g) is linear:

q — hiop(o|$2)
log A '

For all the systems we consider we have thahop(f|F)) = 0 anda,.(0) =
dimg (F). Hence, for the quasi-conformal repellers considered in this para-
graph and for 0< g < htop(o|$2) the critical valuex.(q) lies in the interval
[0, dimg (F)]. Let us emphasize that f = O theno.(0) = —hyp/logr =
dimg 24, thus, the spectrum of dimensions can be treated as a family “joining”
the extreme values: the topological entropy and the Hausdorff dimension (see
Figure 5.).

ac(g) =

5.2. Spectra under the controlled-packing condition

The next two lemmas imply that, given> 0, a.(g) satisfies the equatiopn =
Ps(ac(g) log(1)) provideda.(g) > 0. This is the statement dheorem 5.1

LEMMA 5.1. For a fixedg > 0 the quantityM («, q) = 0 for everya > 0 such
that Ps(a log(h)) < gq.
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LEMMA 5.2. For afixedg > 0the quantityM («, ¢) = oo for everya > 0 such
that Ps(a log(2)) > g.

As we will see below, it is easy to prokemma 5.while Lemma 5. 2Zdemands
some extra work. The concept behind the proofs of each one of these lemmas is
the use of properties of the topological pressure.

5.2.1. Proof oLemma5.1

Givene > O letC € B, be a cover ofF by balls such that for any € C,
BN F = x[w] and|w| =: n, (independent oB). Trivially n, — oo ase — 0.
Because 0f3.6),

ne—1
M. q.e) <& Y exp(—qr(x([g]))+a > |ng(0ja))>. (5.2)
[wleS Jj=0
lwl=ng
Here and in the following for each cylindéw] C S we choose an arbitrary
w € [w]. Because of the specification property, the cylindelr has first return
time k if it contains a periodic sequeneg = wo, ..., w1, wg . .. Of periodk,
and any other periodic sequences in it has a greater period. Denotihg pyhe
set of cylinders of length, having first return timé, we conclude that fax > 0
andg € R

ng+no ne—1
M(a,q,e) < Z (exp( qk) Z exp<a Z IOgA(ajw)>)
k=1 [w]€ Py, j=0
ne+no
<éa Yy, Y exp( qk+a2logk (/o )
k=1 [@]€Py,
00 k-1
612 Z exp(—qk+aZlogA(ajw)>,
k=1 I%l]ii =0

where the sums in the series are defineRif)andc1 = ¢(Amin) ~*"0. Then

M, q,€) < clsz( q +aloghi, S). (5.3)
k=1

According to(2.10) and (2.11or ¢ > Ps(« log ) the expressions

Zi(—q + aloga, S)
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converge exponentially to zero &s—> oco. Hence, the series in the right hand side
of (5.3) converges, and the result follows. O

Before proceeding with the proof atEmma 5.2ve need the following techni-
cal result (let us remind that the length of a cylinflef is denoted byw|).

LEMMA 5.3. Let F ¢ R have controlled packing of cylinders with exponent
Let G be a finite or countable cover df by open balls. Thenfax > 0,¢ > 0
there is a positive constait such that

lw|—1

M@.q.G)=2C > exp(—qlel)lel™ [] re/w)* (5.4)
[w]eCMax(G) j=0

PROOF Let B € C. For an arbitrary O< p < 1 we denote bwjp the integer for
which the diameter

D := max{|x ([w])|: [w] € CMax(B)}

belongs to the intervalp¥8+1, pN8]. Then condition(3.27)implies that

Yo xUen|* < Co Y ok

[w]leCMax(B) k=Np
Do & k
<Co(=) D (0") g + ke
P =0
< C1|B|* N, (5.5)
where

C1=(Co/p®) Y_ P A+ h)".
k=0

Taking into account thaty ([w])| < o8 for every[w] € CMax(B), we obtain
from (5.5) that

IBI* > CPNg* Y [x (el
[w]eCMax(B)

|x ([w])|*
>C2 2 ToglehiF (5.6)
wlccmaxs) 109X (@Dl |

whereCy = C1_1| log pl@.
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In view of the specification property(B) < t([w]) < |w| + no for all [w] €

CMax(B). Inequality(3.6) implies that

llog| x ([wD)] | < Ilogd| + |l | 10g Aminl.
whereimin := min,es{A(w)}. Therefore,

IB|*exp(—qt(B)) > C3 Y exp(—glel)|x(eh|" el

[wleCMax(B)
where
C2

" (log Amin| + [logd))*
Finally, sinceg > 0

Yo > exp(—glel)|x ()| le ™

BeG [w]eCMax(B)

C3

lw|—1
>d* Y exp(—qlel)lel™ [ rc/w)*
[w]leCMax(G) j=0
and the result follows witlt = C3d“. O

5.2.2. Proof oLemma5.2

We fix ¢ small enough to ensure that inequali8/27)holds. LetG be a cover of
F by open balls of radius less than or equat td hus, byLemma 5.3

M(@.q.G)>C > exp<_@|(q+a|og@|/@|)
[w]eCMax(G)

lwl-1
+a Z |ng(o-iw)>, (5.7)
j=0

where CMaxG) is the cover ofS by all B-maximal cylindersB € G. Let us
remark that x ((w])| < e for any cylinder{w] € CMax(G). Let

ne = min{|ol: [w] € CMax(G)}.

Since

aloglw|/|lw| < alogng/n,
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we have that for allw] € CMax(G)

M(@.q.G)=>C > eXp<—|g|(q +alog(ns)/ne)
[w]eCMax(G)

lw|—1
+o Z |ng(ojw))

j=0
= CZ(q +alogng/ne, ¢, CMax(G), S), (5.8)

where Z is defined in(2.16)and¢ (w) = @ logi(w). Sincen, — oo ase — 0
we see that for ad > 0

lim inf ,q,C) =2 C lim inf 2 8, ¢, CMax(G), S), 5.9
s»OGeBsM(aq ) n—00 GeG, (6]+ ¢ (G) ) ( )

whereG,, is the class of all covers & by cylinders with lengths greater than
Hence, for al > 0 the inequalityy + § < Ps(a logi) implies
lim inf M(a,q, G) = oco. (5.10)

e—~>0GeBB,

Theorem 5.1under the controlled-packing condition follows from the two previ-
ous lemmas. O

5.3. Spectra under the gap condition

The strategy is to prove that fat = 1 all fractal sets resulting from a Moran
construction satisfy the gap condition. Then, we prove that every fractal set
resulting from a strong Moran construction is equivalent to a fractal Set.n

LEMMA 5.4, Let(F, f) be a system topologically conjugate to a substdifto)

and F c RY a fractal set satisfying the gap condition. Then there exists a
one-dimensional conformal repeller with the same spectrum of dimensions for
Poincaré recurrences a&, f).

PrROOF We define a one-dimensional expanding niég g) as follows. Let/;,

i =0,...,p—1, beacollection of pairwise disjoint closed interval&RinCon-
sider a piecewise expanding mng{:Ol I; — R with branchesg;:I; — R
such that for each, g(I;) D Ui.’;é 1;. The system "~ I;, g) has a conformal
repeller

o0
J= U %o ©8ay 0 0855, (10 L),

n=1wes2,
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which results from a Moran-like construction satisfying the conditions (M1)—
(M3). The coding functiory’: § — J is a topological conjugacy of the full shift
(82, 0) with (J, g). Such a repeller exists for any mappiggwith expanding
brancheg;. In particular, we choosg such that

1
Mo)=—"— <1
18; (X' ()]
for everyw € S C £2,, wherei andS correspond to the construction 6f We
also assume that for every waid= (wo, .. ., w;—1) the A-sets

Awpooy = &g 00 g5 (10, L])

satisfy the extra condition§3.25) and (3.26)pf a strong-Moran construction,
namely

diSt(A; o, 4y ) > GdiamA(wo, ..., w; 1), (5.11)

where dist is the usual absolute value metri®inThe resulting one-dimensional
system is denoted bys, g|Js), whereJs = x'(S).

The coding function corresponding to the constructioa$ x : S — F. By
construction, the system{#, f) and(Js, g|Js) are topologically conjugate and
the conjugacy is given by

X ox t=1k:F— Js.
Since the rates of contraction in the Moran constructionsiand Jg are the
same, the systent#’, f) and(Js, g|Js) have the same spectra of Poincaré recur-

rences. We consider the pushed-forward metrin Jg

n(x,y) = disty (k). k1)), (5.12)

where dist is the Euclidean metric of. The conjugacy is by definition an
isometry between the sét with the Euclidean metric and the sé&§ with the
metricn. This proves thatF, 1) and(Js, g|Js) with the pushed-forward metric

n have the same spectra. Finally, the equivalence of the usual metric dist and the
metricn on Jg is implied by inequality(5.11)and the fact that any two points
andx’in Jg C R, satisfy

n—1 n—1
G H A(oiw) L dist(x, x") < ¢ 1_[ A(Giw). (5.13)
i=0 i=0 0

REMARK 5.1. Since the two systems are topologically conjugated the proof of
Lemma 5.4is independent of the functiagn(z) in the definition of the outer mea-
sureMe (o, g, -).
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REMARK 5.2. We believe that the developed here machinery can be used to study
Poincaré recurrences for, not only repellers, but other hyperbolic invariant sets of
dynamical systems. In this direction the ideas and resul{2@jf will be very
essential.
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Chapter 6

Non-Uniformly Hyperbolic Repellers

If a repeller is hyperbolic then it can be obtained as the result of a geometric
construction with rates of contraction uniformly smaller than 1. In this situations
the Hausdorff dimension of the invariant set is the root of the Bowen’s equation,
and it was shown imheorem 5.1hat the spectrum of dimensions for Poincaré
recurrences satisfies the non-homogeneous Bowen’s equation. Such a representa-
tion provides us a new possibility to study multifractal features of invariant sets.
Moreover,Theorem 5.Xtates that in the case of conformal repellers the entropy
spectrum of Lyapunov exponents and the inverse function for the spectrum of
dimensions for Poincaré recurrences form a Legendre-transform pair.

But if a repeller is non-hyperbolic or non-uniformly hyperbolic then there can
be a point in it that belongs to an infinite sequence of balls accumulating to this
point “with sub-exponential speed”, and the corresponding rates of contraction
are not disjoint from 1. In this Section we extend the previous results valid for
hyperbolic systems to the case where the inductive geometric procedure is still
governed by a specified subshift but rates of contraction contains 1 as a point of
accumulation. Such a kind of problems was proposdé]in

Usually, for non-hyperbolic and non-uniformly-hyperbolic systems there is no
finite Markov partition, and we cannot describe our system in terms of topological
Markov chains (TMC) with finitely many states. The problem thus arises to cal-
culate the topological pressure, and so, the Hausdorff dimension and dimensions
for Poincaré recurrences in those cases.

The goal in the present chapter is to extend the validityteforem 5.1to the
case whereémax = 1. So, letA, .= {w € 2 | A(w) = 1} andF, := x(A;) C F
be called critical sets. They are closed sets which we assume non-empty. There
are two logical possibilities: eithdr, contains or does not contain an orbit.

The validity of Theorem 5.1for the case when the critical séf does not
contain an orbit is proved in the next section. The extension is a direct conse-
guence of the fact that cylinder sets form, in this case, a basis. When the critical
set F, does contain orbits we cannot usemma 6.1below. Nevertheless, we
identify situations where one can approximate an invariant set by a sequence of
topological Markov chains. Since it is well known how to calculate the topo-
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logical pressure for TMCs, the approximation scheme allows one to calculate
or/and estimate the topological pressure of the original system. This is done in
Section6.2

6.1. The critical set does not contain an orbit

The extension offheorem 5.1follows almost straightforwardly. We only need
to ensure that covers by cylinder sets form a basis. This follows from the next
result.

LEMMA 6.1. Assume thatA. does not contain an orbit. Then there exist con-
stantsO < 4 < 1andC > 1, and a positive integer numbe¥., such that

n
max{nk(ajw): w e S} <Cu" form > N..
j=0

PROOF SinceA. does not contain an orbit, for eaghe 2 there exists a mini-
maln, € N such thab (w) ¢ A.. For eachk € N let

AW =(we A ng, = k).
We may writeA, as the disjoint uniom, = ({2 AE"). Note that

n o
o= | a®
k=0

k=n+1
is closed, therefore its complementq is relatively open. Thus,

{U AW e N}
k=1

is an open cover for the compact set, implying thatA, = Uﬁ:’;l Af.") for some
N. e N.
Now, beingA. anda(Aﬁl)) disjoint compact sets, anda continuous function,
for eache > 0 sufficiently small there exists= §(¢) > 0 such that
d(a), Agl)) <5 = d(a(a)), AC) > e.
Fore > 0 sufficiently small, define; = maxi(w): d(w, A;) > &}, which is
smaller than one. For eaéhe {0, 1, ..., N. — 1} let

Up =0 oe 2 dw, AD) <8},
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andU = Uff;gl Uy. This is an open set containing., then

A2 =max{i(®): o ¢ U}
is smaller than one.

Finally, for eachw € £ and every: > N, + 1 we have
n . _n
[[r(c7w) <™,
j=0
1

by taking,, = maxi1, A2}, and the lemma follows withk = A,,°"* andC =
—1
wr O

COROLLARY 6.1. Foreache > 0, there exista, € N such thatdiam(x[e]) < ¢
for all w such thafw| > n,.

Thus, if the critical set does not contain an orbit, then the cylinder sets form

a basis. This result makes valiémma 3.landTheorem 5.%o the present case
(word by word, proofs are the same).

EXAMPLE 6.1. The mapping is inspired in the Manneville—-Pomeau example

(see[117]) and its critical set does not contain an orbit.

Foré € (0,1/2) definelp = [0,1/2 — §]andIl; = [1/2 + §, 1]. Let a map
f:IogU I1 — [0, 1] be such that

(E1) 1 is strictly increasing and twice continuously differentiable in the interior

of Ip and /1, and it is such thaf (Ip) = f (1) = [0, 1].

Figure 6.1.
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(E2) f'(x) > 1forallx € IpU (I1\{1/2+6}), f'(1/2+8) =Landf"(x) > 0
forallx € IyU I.

See, for instance, the sketchhigure 6.1 The repeller
F:={xelUl: f"(x) e UL Vn e N}

associated to the map is a Cantor set that can be obtained by a Moran construction,
modeled by the full shift in two symbols as follows. The inverse functions of the
two branches off, go := (f|5,) " andg1 := (f|) "%, are contractions. Then,

for eachw € Z§T andn € N, let us consider

Awo, w1, ..., wy) = 8wy © 8w1 © " 0 8w, (10, 1D
to be the basic sets of a Moran constructionfowith conjugacyy :zz§ — F,

X(@) = (") 8wp ©** © 8, (10, 1]).
n=0

By Taylor’s theorem, and applying the chain rule, there exists[(wg, w1, - . -,
wy)] such that

n
diamA(wg, w1, ..., w,) = l_[ A(ij),
=0

wherer(w) := 1/| f'(x (w))|.

It is easily verified thatA. is the singletor{100000Q ..}, which is not a fixed
point. So,A. does not contain an orbit and conditionsL@émma 6.1and Theo-
rem 5.1are satisfied. Thus,

Pz§ (aclogir) =gq. O

6.2. The critical set contains an orbit

In this caseLemma 6.1is not valid andTheorem 5.1cannot be extended so
straightforwardly as above. The alternative is to compute the spectra for Poincaré
recurrences for a sequence of subgétsc F, modeled by subshift®, c 2
that do not contain any critical point. Then, under reasonable assumptions, we
will prove thata. (g, F,) — a.(g, F) asn — oo.

The approximating set$;, C F are defined as follows. For eaghe N let

G, = {Q is 2-admissible:|w| = n, [w]N A = @}.

Let £2,, be a specified subshifg,, c 2, such tha{wo, w1, ..., w,—1) € G, for
all w € £2,. Itis easy to verify that2, c £2,41 for all n € N. We will also
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consider, for each € N, the sets

6n+1 = {(wOa w1, ..., 0,) € Guy1! (wo, w1, ..., 05-1) ¢ Gn}-
For eachn € N, the nth level approximatiorto (F, f) is the sub-system
(Fu, f), with Fy, := x(§2,).
For eachn € N let
AW = max{r ()" © € 2,},
5p :=max{k < n: 7([@]) >n — kYo € G,}.

The quantitys,, measures the delay in the Poincaré recurrence for cylinders of the
nth level approximation. The sequenfdd;,, f)},en IS a good approximatiorif
the following conditions hold.

(H1) The critical sefF, has zero Hausdorff dimension.

(H2) For eachw ¢ A, there exists: > N such that(wg, w1, ..., w,—1) IS £2,-
admissible.

(H3) Foreachy, n > 0,

> exp(gs, + nlogr™) < oco.
n

Condition (H3) establishes a relation between the speed of convergence of
maxg, A(w) and the Poincaré recurrence time of &gt\ £2,_1.

THEOREM6.1. Assume that sef either has the controlled-packing property or
it satisfies the gap conditiaf3.25)—(3.26)Let the systerF, f) be topologically
conjugate to a subshift2, o) with the specification property and positive topo-
logical entropy. Le{(F,, f)},en be a good approximation fatF, f). Then, for
£ty =e™,

ac(q,§, F) = Sypac»(qs £, Fn)

in the parameter regiog > O anda > 0.

PROOF SinceF D F, for eachn € N, we only have to prove that
oc(q, 8, F) < S,L,jp%(q’ £, Fn)

for eachg > 0. Note thaty — «.(q, &, A) is a non-increasing function and,
because of (H1y.(q, &, F,) = 0 for allg > 0. Therefore,

ac(q, &, F)=ac(q,§, F\ F)
forallg > 0.
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For eachn € N let

Gy = {B(Q): we G, U U 5"}1

n>m

where B(w) is an open ball such th&(w) N F = x([w]). Sincex :S — Fis

a homeomorphism, hypothesis (M3) allows us to choose such open ball for each
£2-admissible word. Hypothesis (H2) ensures #igtis a cover forF \ F,, while

(H3) and (M2) imply

diam(G,,) < ¢ max Hk(oja)): w€eES, n= m}

<éemaxi® - 0 a&sm — .
n=>m

Then, for eacln € N we have

Me g, (a,q, F\ F,) = Z exp(—qt(B))diam(B)”
BeGy,

<é Y. exp(—qr(B(Q)) +ozmizllog)h(gfw))

weGy j=1

+é Z Z( qt(B(w)) +a’1zllogka a)))

n=m+14eG, j=1

wherew is any point inside the respective cylinder]. Now, using specification
and the definition of the delay,, we obtain

m+ng
Me G, (o, q, F\ Fo) < EOmin) ™ Y Zm(—q + e logh, 2m)
k=1
o0
+& ) expgd) Zu(—q + alogi, 2,).
n=m+1

whereimin ;= min{A(w): w € 2}, andZ, is the “partition function” defined in
Section2.4.
It is a general result that
Zn(wa .Q/) < p enP_Q/((ﬁ)’

for any Holder continuous potentiglh: 2, — R and each specified subshift
2" C £2,. On the other hand, for each> 0 anda = n + sup, a.(q, &, F,), we
have

Po,(—q +alogi) < nlog(maxk)
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With this, and hypothesis (H3) we obtain that

p

M ,q, F\ F.) <cOmin) ¢ ——
é,Gm(a q \ F¢) < ¢(Amin) 1—maXQm I

o
+cp Zexp(gSn +7 |OgA(")) < 00,
n=1

for everym € N. This implies that, for each > 0 anda = n+sup, a.(q, &, Fy),
Me(a, q, F\ F) < oo, from which we deduce

ac(qv ‘i:» F \ Fc) < Supac(qv %‘9 Fn)
In this way, the proof of the theorem is finished. O

EXAMPLE 6.2. A minor change irExample 6.1that makes the critical set to
contain an orbit makes impossible to appymma 6.1
Consider the mapping : Ip U I1 — [0, 1] such that

(F1) f is strictly increasing and twice continuously differentiable in each branch
Ip andIy, and it is such thaf (Ip) = f(I1) = [0, 1].

(F2) f'(x) > Lforallx € Iy U (Io\ {O}), f'(0) = 1, and f"(x) > O for all
x € Ip U I1.

See the sketch iRigure 6.2 The repeller associated to this map is the set
F={xelUL f"(x) eloUlL1¥neN}.

Let éo = (flr,) "t andg1 = (f|,) . These are the inverses of the branches
of f , which are contractions. We repeating all the arguments of the previous ex-

Figure 6.2.
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ample, we can defining the corresponding conjugacgnd potentiah. In this
case, the critical sei, := {00000...} is an orbit. To compute the spectrum of
dimensions for Poincaré recurrences farwe will use the approximation from
below.

For this specific example consider the following approximating sets

Sy = {w € Zy: (k, W41, - - -, Dpsn) # (0,0,...,0) Yk € N},

defining specified subshifts, o) approachings, o). Since the critical Sef, =

% (A.) contains only a point, its Hausdorff dimension is zero. Hence, hypothesis
(H1) is satisfied. On the other hand, it is clear that any sequenge00000. . .

is such tha{wo, w1, ..., w,—-1) is S,-admissible for some € N, therefore (H2)
also holds. In this example, for eaehe N, G, = Z5 \ {(0,0,...,0)} and

5”+1 ={(0,0,...,0,1)}. Itis straightforward to verify that, = 0. Sincef isa
convex function on each branch, then

M = (g o x ((0"71)%))"
for everyn sufficiently large. Hence, the condition (H3) becomes
o
> nlog(go o %((0" 1)) < oo.
n=1
Letag > 1/2+ 8 be such tha]f(ao) 0, and for each € N leta, = g(ao).
It is easy to see thgt 1(a,) = 0"10°. In this example, the conjugagy maps

lexicographic order |riZN to the real-line order inF. Since f’ is increasing in
each one of the branché@andll, then

Z n |0g(§0/(an)) < 00.

n=1

Itis enough to ensure condition (H3). For that we assumefttay,) > exp(n ),
for eachn € N and for somes > 0.



Chapter 7

The Spectrum for a Sticky Set

Let us adopt the assumptions of Sect®b, i.e., a sticky sef’, the phase space

of the dynamical systert¥, f), is a result of a strong Moran geometric construc-
tion, so that inequalitie63.4) and (3.5)are satisfied andF, f) is topologically
conjugate to a multipermutative systg £2,,). Every minimal multipermutative
system is topologically conjugate to the adding mackii?g, 7). Theorem 2.1

tells us about universality of sticky sets in the case when the sticky riddle requires
the same number of symbols for every level.

7.1. The spectrum of dimensions for Poincaré recurrences

Sincehiop(T) = 0, then the gauge functigr(z) should be different from€. We
know that if a multipermutative system is minimal, the time needed to come back
to a cylinder of the length is exactlyp”. It allows us to guess that the right gauge
function is&(r) = 1/t. So, we find the spectrum.(q, &, A) for £(¢) = 1/t.

THEOREM 7.1. Assume thaF is modeled by the full shift2,,, o) and satisfies

the gap condition. Let the systdifi, /) be topologically conjugate to a minimal
multipermutative systeqs2,, 7). Then, forg (1) = 1/t and the parameter region
g > 0anda > 0, the spectruna,(q, &) is the solution of the equation

Pg,(alogi) = g log p. (7.2)
The dimension for Poincaré recurrencgsis equal tol.
Thus, we see that again fgr= 0, (0, £, A) = dimy F, the Hausdorff dimen-
sion of setF. Moreover, ifa = 0, the equation becomekiop(v|F) = ¢ log p,

wherev = £ 00 0 €71, and, sincéiop(v| F) = log p, thengo(§) = 1. This result
is completely consistent with the observation thdtug, . . ., w,—1]) = p".

PROOFE For an arbitrary minimal multipermutative system the proof is, in fact,
the same as for its conjugate systesfm,, 7). For the sake of definiteness, we
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prove the theorem for the syste®,, 7). Therefore, we will proceed as in the
proof of Theorem 5.1under the assumption of a gap condition. The first step in
the proof is the technicdlemma 5.3hat is adapted for multipermutative systems,
using the gauge functiof(z) = 1/¢, as follows. O

LEMMA 7.1. Let F ¢ R? have controlled packing of cylinders with exponent
Let G be a finite or countable cover @& by open balls. Then there is a positive
constantCq such that

lwl—1
Me(e,9.G)=Co Y exp(—glellog(p))lel™ [] ro/w)* (7.2)
[w]eCMax(G) j=0

provided thatx > Oandg > 0

PrROOFE The proof is similar to the one fdremma 5.3 The inequality(5.6) is
valid. Moreover, for allw] € CMax(B) we haver (B) < 1([w]). By minimality
t([w]) = p'?. Inequality(3.6) implies that

llog|x ([wD)| | < [logd| + || |10 Aminl-
Therefore,

IBI*€(x(B))" > C3 > exp(—qlellog(p))|x ([h| el ™,

[w]eCMax(B)

whereCs = C2/(|log Amin| + | logd])¢. Finally, sinceg > 0

Y exp(—glellog(p))|x (@) |wl

BeG [w]eCMax(B)

lw|—1
>d* Y exp(—qlollog(p))lel ﬂ Mol w)®
[w]eCMax(G)
and the result follows witlt = C3d*“. O

Now we obtain estimates from above and from below. Let us remind that we
are in the casé(t) = 1/t.

LEMMA 7.2. For a fixedg > 0 the set functionM¢ («, ¢) = O for everya such
that Po, (a log(»)) < g logp.

PROOF As in the proof ofLemma 5.1 for a givene > 0 letC € B, be a cover
of F by balls with the property that for any € C, BN F = x[w] and|w| =: n,
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(independent oB). Trivially n, — oo ase — 0. Again

ne—1
Me(oq.e) < ) eXP(—qng logp +a ) Iog,\(a-/w)>

[wles Jj=0
lwl=n
< ¢Zp,(—qlog(p) +alog(), £2,). (7.3)
It follows that M («, ¢) = O providedPg,(xlogi) < g log p. O

LEMMA 7.3. For afixedg > 0 the set functionM («, ¢) = oo for everya > 0
such thatPg, (e log(2)) > ¢ log p.

PROOF Let G be a cover ofF by open balls of radius less or equalgpwith
¢ small enough to ensure that the inequa(®y27) holds. Thus, bytemma 7.1
(¢ = 1in our case, because bémma 3.2

Me(e,,.G)>Co Y eXp(—qIQI log p + log |w|
[w]eCMax(G)

lwl—1
+a Z |ng(0jw)>. (7.4)

j=0
Letn, = min{|w|: [@] € CMax(G)}. Since
1 1
—log|w| < — logn,
|| Ng
for all [w] € CMax(G) we get

M(@.q.G)>C > eXp(—IQI(WOg(p)+|Og(ns)/ng)
[w]eCMax(G)

lw|—1
ta Y. Iogk(o%))

j=0
= CZ(qlog(p) + logn,/ne, ¢, CMax(G)), (7.5)
where Z is the “statistical sum” in the dimensional definition (Sectid.l) of

the topological pressure for the potentiellv) = o log A(w). From this point on,
the proof is the same as the one f@mma 5.2 |

We prove inChapter 8a generalization of the theorem to the case of a multi-
permutative minimal system.
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It is amazing how just the change of the gauge function allowed one to adjust
the proof for hyperbolic repeller to this non-chaotic case here. In fact, this change
means that we are calculating the return times in a special scale in which they
behave in a similar way to the ones for hyperbolic repellers. Such a similarity be-
tween a purely chaotic and a completely non-chaotic system could have a deeper
nature than we observed in this chapter. For the moment it is just a guess, so we
will not speculate about it (some results of such a type for a very specific case can
be found in[125]).



Chapter 8

Rhythmical Dynamics

We consider a dynamical systei#, T), whereX is compact metric space with

a distanced and T is a continuous map. In a dynamical system with discrete
time a pointx in phase space changes its position at integer moments of time,
i =1,2,3,.... Butit can be easily imagined that the generating map acts at not
necessarily integer moments, 2, . .. t; . .., which depend on the position of the
point x; and maybe on integer time Simple examples of such a situation are
Poincaré maps for some flow, induced maps, etc. We provide below another non-
trivial example of such a case. In these examples we take into account not only
the position of the point in phase space, but also the temporal interval between
two successive occurrences of the generating map. In other words, we deal with
rhythmical dynamicsSuch a dynamics is much more rich that the familiar one,
since a large amount of the information can be hidden in return times. It was sup-
posed[105] that neural networks take into account not only spatial but temporal
information as well. If86] a symbolic dynamics for a stochastic layer has been
suggested, but intervals of time for different states were not justified. IN&&gt,
deals with rhythmical dynamics.

It is then natural to study Poincaré recurrences for rhythmical dynamical sys-
tems. The present chapter considers rhythmical dynamical systems modeled by
some symbolic systems. We study spectra of dimensions for Poincaré recurrences
and derive some general formulas for two models. One of them describes a sit-
uation for Poincaré maps, another one deals with multipermutative systems and
sticky sets. In the first case the temporal interval between two successive iterations
depends only on the position of the painf in the second one it depends only on
the integer time. Thus, we study two extreme cases of rhythmical dynamics.

8.1. Set-up

Assume that there exist a continuous nonnegative funetioki x N — R that
is responsible for the rhythm, i.e., for any paint= T'xo, the temporal interval
betweenx; andx;.1 is ¢ (x;, i). Generally, the functio could depend on the
past of the poink; as well, but we consider here the simplest situation.
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Assume that there exists a finite invariant partitfoof X and denote by, the
dynamical refinement df, that is:&, := \/”.;é T—/&, wheregg := &£. The atom

of the refined partitior§,, that contains is denoted by, (x) and will be referred
to as thez-cylinder aboutc. We assume the following hypothesis are satisfied:

(H1) atoms ofg, are pairwise disjoint;
(H2) the intersectior[ﬂn20 &,(x) = x for everyx € X;
(Hs3) the distance can be represented as follows: there exists a continuous func-

tionu: X — (0, o) such thati(x, y) = e *& ) whenevew € &,(x) and

y & &nv1(x), where

(£ (x)) == sup sup (u(z) +u(Tz) +--- +u(T"1z)),
k<n ze€&, (x)
n=12,....

The case of symbolic systems was described in Seetibalready. Quite sim-
ilarly, here we choosa(x) = —logi(x) which is a constant on every atom
of & and is bounded, i.e., there are positive constants 1 < 1 such that
A < A(x) < A, foreveryx € X. Then

n—1 n—1
dx.y)=[[»(T"x) and diang,(x) = []A(T%). (8.1)
=0 =0

wheren = max{i: y € &(x)}.
It is not difficult to see that every open ball is a cylindgtx) for somen and
x. Remind that a ball of radiuscentered ay is by definition
Bo(y) :={z € X: d(z,y) <¢}.
For details, see Sectichl

8.2. Dimensions for Poincaré recurrences
8.2.1. The case of an autonomous rhythm funation

We consider here a special situation whexe;, i) = ¢(x;). We will follow the
scheme of the work3] and take into account that the first return time in the ball
B (x) is notk := min{t > 1: T'(x) € B.(x)} but Y5-5 ¢ (TVx).

For an open balB C X let the Poincaré recurrence be defined by

7(B) = inf{rB(x): X € B},
where

kp(x)—1

tp(x) = Z ¢(zj)
j=0
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is the first continuous return time ofe B and

kg(x) :=min{t > 1: T'(x) € B},

the first discrete return time afe B. The discrete recurrence time Bfis defined
tobek(B) := inf{kg(x): x € B}. We assume that the rhythm functigris Holder
continuous or¥X, with exponenfs > 0, i.e., there iX > 0 such that

lp(x) — ()| < Kd(x, y)” (8.2)

for everyx, y € X. We further assume thatis strictly positive and bounded on
X, i.e., there exist positive constaisy > 0 such thaty < ¢(x) < @ for every
x € X.
For eachA C X, denote byB.(A) the class of all finite or countable cov-
ers of A by balls of diameter less than or equal¢oGiven G € B.(A) and
o,q € R, in the general Carathéodory construction, consider the statistical
sumM,(a, g, ¢, G, A) with a real nonnegative function:R — R such that
n() — 0 ast — oo. Below we will consider the functiong(z) = ¢! and
n() =1/t.
Let us recall that for a fixed the limit

mr](aa q5 A) = llm Mﬂ,é‘(a5 5]7 &, A)
e—0

has an abrupt change from infinity to zero as one vari&@®m minus infinity to
infinity and that the unique critical value

ac(g, n) :=ac(q,n, A) :Sup{a: my(a, g, A) = oo} (8.3)

is the spectrum of dimensions for Poincaré recurrences, specified by the function

n.
We consider a dynamical systei®i, 7), whereX ¢ R is a Cantor set whose

geometric construction is described symbolicallla Moran andrl” has the spec-
ification property and positive topological entropy (for which we née = ¢!

in (4.3)). Details are given in Sectio®3.1

8.2.2. The case of non-autonomous rhythm funegion

We assume that there exists a functipty;, i) = ¢; such that for any:-cylinder

B, t(B) = Y7~} ¢:. Such an exotic situation occurs when we deal with multiper-
mutative minimal systems (for which we ugé&) = 1/t in (4.3)). The spectrum

is defined in the same way as in Sect2 of Chapter 4 Details are given in
Section8.3.2
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8.3. The spectrum of dimensions
8.3.1. Autonomoug

It follows from the conjectures (B and (H) that the mapr’ is topologically
conjugate to a subshift2?, o) (see Sectior2.1). In our situation the number of
symbolsp coincides with the number of atoms &. Let us label atoms ofy
by symbols{0, 1, ..., p — 1}: & = {&J, &2, ...,gé’_l}. Then by definitiony =
wow1 ... wp_1... € $2 iff there existsx € X such thatT/x e ég)j for every
Jj = 0. The conjugacy is the coding map 2 — X, x(w) = ﬂj>o T‘f'ég)’.

The subshift2 is assumed to have the specification property. Therefore, there
exists an integetg such that for alk-cylinder[w] the “standard” first-return time
k([w]) = infyepw ik > 1t o*w’ € [0]} satisfies thak ([w]) < |w| + no.

THEOREM 8.1. Let the systeniX, T') be topologically conjugate to a subshift
(£2, o) with the specification property and positive topological entropy. Then, for
n(t) = e~ " and the parameter regiop > 0 anda > 0, the spectruna.(q) is the
solution of the equation

Po(—q¢ +alogr) =0 (8.4)
where P, (—g¢ + alogi) is the topological pressure of the functiery¢ +

a log A on the sef2 with respect tar. The dimensiogg for Poincaré recurrences
coincides with the root of Bowen equati®g (g¢) = 0.

Let us remark that the standard dynamics is recoveredpfae 1. In this
case, because ¢2.11) o.(g) is the root of nonhomogeneous Bowen equation
Ps(alogi) = ¢. This formula was obtained iiheorem 5.1

PrROOF. First we prove thaiM,(«, ¢, X) = oo, wheneverr < a.(g). For an
arbitrary cover ofX, C € B, (X), we write

My gla, g, X) = 3 ¢ 0B ta ik logr(r o (8.5)
BeG
wherex,(B) € B is such that (B) = 15 (x«(B)). ForeachB € C, letxg € B be
periodic with minimal periodp. It is clear thatg (x5) > t5(x«(B)). Then,
M, cla, q, X) > Z e d Zl;ial¢(T.ix3)+a Z’;_io—llog)»(foB). (8.6)
BeG
Due to the specification property @f, we have thaky < np + ng, for every
B € C. Thus,
np—1

My.G(@,q. X) = 7m0 3 ohi=o (—g¢(T/xp)+erlogi(T/xp)) (8.7)
BeG
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Leta < a.(g). Then, for any choice of € B.(X) the right hand side of8.7)
diverges ag — 0.

The proof of theorem is completed by proving tiett, («, ¢, X) < oo, when-
evera > a.(q). Consider a finite covel = C, € B, such that eaclB < C, has
symbolic lengthu. Ase — 0,n — oo. For this particular cover we have that

n—1 j
Mye@,q.X) < Y e 7B jglono, (8.8)
BeG

Denote byP;, C C the subcollection of balls i@ having first discrete return time
k. Then, by the specification property Bfwe have that

M, e(@, q, X)
n+ng

Z Z e—qr(3)+a21>0 Iogk(fo)

k=1 BePy
n+ng

_ k=1 J
<A™ noa Z Z qr(B)-l-aZ ologA(T x)
k=1 BeP;
For cylinderB € Py, let the integerk,p and the pointc,p € B be such that
T(B) = Zk*" Yo (Tix.p). Then, sincé,p > k,

Mn,e(a’ Q5 X)

n—+ng

< S N —q Y3256 (Txep)+a Y5 l0g (T x)
k=1 BeP;

Z ) o5 26(—a9 (T x.B)+alog (T x, ) (8.9)
k=1 BeCy

where(y is a cover ofX by all nonempty cylinders of length Fora > a.(g)
the upper bound i{B.9)remains finite in the limit — 0. Indeed, in this limit the
first sum in(8.9) behaves as expPs(—q¢ + o« log 1)) with topological pressure
Ps(—q¢ + alogi) < 0 such that the second sumirtonverges. O

8.3.2. Non-autonomous

Let ps := (po, p1,--., pi, - ..) beasequence of integefs,> 2,i = 0,1, 2, ....

Let
F:[1Zn - []Zn

i>0 i>0
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be a multipermutative map for which the sequence of integens “regular”
enough so that the following limit exists,

n
(logp) := lim 1 > "log pi. (8.10)
n—-oon ot

An example of a multipermutative system is theadic adding machine, de-
scribed in Sectio2.3. In that case the symbolic system is minimal.

THEOREM 8.2. Let the systeniX, T') be topologically conjugate to a minimal
multipermutative systeq?,, , F). Then, for& (1) = 1/t and the parameter region
g > 0anda > 0, the spectruna,(q, &) is the solution of the equation

Pg,(alogh) = g(log p), (8.11)

wherePg, («logl) is the topological pressure of the functiariog A on the set
£2,, with respect tas. In this case the dimension for Poincaré recurrencgs,
specified by () = 1/t, is equal tohep/(l0g p), Wherehiop is the topological
entropy ofc on the(generally non-invariantset (2, (see Sectior.1 for the
definitior).

The formula(8.11)was proved imTheorem 7.%Xor the casep; = constant= p.
COROLLARY 8.1. go = 1.

PROOF OFTHEOREM8.2. We consider covers @2, C,, by cylinders of diam-
etere > 0 sufficiently small such that for evesy> 0

n—1
1
= "log pi — (log p)| < 8. (8.12)
n

i=1

for anyn > n.. Notice that: — 0 as§ — 0.
First we prove thai\1, («, g, £22),) < oo wheneveg (log p) > Pg, («logh).
For any$ > 0 and the class of covers considered we have that

|B|-1 |B|-1

— ; J
Moo, g, 2,) < Y e 9 2i=0 09tz logole)
BeC,
|B|-1

< Y emeIBIoap)-dta s log(ro /) (8.13)
BeC,
where we are using the gauge functipm) = 1/¢. The inequality(8.13)follows

from (8.12)since|B| > n. for everyB € C.. The sum in(8.13)has the form of
the statistical sum in the dimension-like definition of topological presglder)
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Then, M, ¢(a, g, £2,) < oo whenever

q((logp) — 8) > Pq, (alogh).

Sinces is arbitrary we let it vanish to get the announced result.

Finally we prove that\1,,(«, g, £2,,) = oo wheneveg(log p) < Pg, (alogh).
For anys > 0, letC, be a cover of2,,, such tha{(8.12)is satisfied wittm = |B|
for everyB € C.. For any such cover we have that

_ |B\ 1 j
Mye(eq. 2,) > Y e IPI0aPIEI e S log0o e) (8.14)
BeC.

As § — 0 the sum in(8.14)diverges for every, (recall thate — 0 ass§ — 0)
Wheneverq((log P) + 8) < PQP* (06 |Og)\), i.e.,./\/ln(ot, q, .Qp*) = oo whenever
q(logp) < Pg,, (alogh). a

PROOF OFCOROLLARY 8.1. The topological entropiyp is the threshold value
Bo in the statistic sun})_, . e #1581, whereC, is a cover of@2,, by cylinders of
length greater than,, n, — oo ase — 0 (see Sectiod.1). Direct calculations
show that if| B| = constant= n, then)_p . ¢ Il — 0, provided thap >
(log p). It means thaBy < (log p). Assume thag < (log p). Then

ne—

Ze—5\3|>zel3ne> l_[p’ —Bre _y ~o

BeC, BeC;

ase — 0. Thus,8p > (log p). O
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Chapter 9

Markov Maps of the Interval

The formula inTheorem 5.%or zero-dimensional systems holds for Markov maps
of the interval,T : I — I (see[52]). They were defined in Sectidhl.2 An im-
portant feature of Markov maps is that they have a finite Markov part{ﬁgtf;g
by means of which a map: 24 — I is constructed such th@to x = x oo.
The subshift24 is determined by a transition matrix: {0, ..., p —1} x {0, ...,
p — 1} — {0, 1} with entriesA; ; = 1 wheneverT'(I;) D I; andA;; = 0
otherwise. To better follow this chapter, the reader will find convenient to review
Section2.2and Sectior8.1.2 The graph of a Markov map, with = 3, is shown
in Figure 9.1to highlight main facts. Remark that there are no gaps between the
basic intervaldg—I1 and I1—I>. We will see that the disconnectedness condition
in Theorem 5.Xkan be relaxed in the case of uniformly hyperbolic systems.

The main result in this chapter heorem 9.1the proof of which has its own
interest. Indeed, it shows that the construction of mixing subsiifzs, o)},>w.
for someN, of a given Markov chairi$24, o) discussed in Sectio®.2 provides
us with a method for approximating a Markov m@h 1) by a sequence of maps
restricted on invariant Cantor sefs,, 7| A,, that are conjugated to mixing sub-
shifts of finite type($2,,, o). The mapy |2, provides the conjugacy.

~
I K
o
7/
7/
4
Il 4
//
%
7
e
7/
Iy L7
o
e
Iy I I

Figure 9.1.
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The interest of the method is that it could be used for other situations. It can,
for instance, be used to compute the pressure of some non-uniformly hyperbolic
Markov maps of the interval, although in this case the conditionghebrem 9.1
are not sufficient. However, if further conditions on the diameter of cylinders are
provided the method of approximations applies.

The main steps in the proof dfheorem 9.lare to applyTheorem 5.1o the
zero-dimensional approximations and then prove the convergence of the pressure
of the sequence of approximations to the pressure of the full Markov Rrapg-
sition 2.5. We should point out that convergence to the full pressure does not
follow from the well-known continuity of the pressure with respect to the poten-
tial function[108].

9.1. The spectrum of dimensions

THEOREM9.1. LetT be a Markov map on an intervdlsuch that the associated
topological Markov chain(£24, o) is mixing. Then, in the domaim, ¢ € R,
the spectrum of dimension for Poincaré recurrenggg, /) is the solution of the
equationPg, («logi) = q.

Hence, the Poincaré spectrum for mixing Markov maps is again the solution of
a nonhomogeneous Bowen equation. In the case of piecewise affine maps whose
topological Markov chain is the full shift op symbols, it is a simple exercise to
show that the pressure is given by

p—1
Pg,(alogh) =log A2,
i=0

where the numbei&i‘1 is the inverse of the modulus df’|Int(Z;) and I; are
intervals of continuity. For these maps, the spectrum then satisfies the nonho-
mogeneous Bowen equation

p—1
log } 3V = .
i=0

PROOF OFTHEOREM9.1. We compute the spectrum@f, T) by taking cover-
ings by images of cylinders @f2,4, o) (which we also call cylinders) rather than
balls. We denote the outer measWw&«, ¢, Y, B) and the spectrura.(q, Y, B)
when using covers by balls, and denote ther¥, ¢, Y, C) and bya.(g, Y, C)
when using covers by cylinders. In the case of a map on a Cantdr seR con-
jugated to a specified subshift, it was proveddhthat

Olc(CZa A) = Olc(Qa Av B) - ac(‘]» Av C)
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The corresponding statement in our framework is the following.

PrRoPOSITION9.1. If the topological Markov chain associated to a Markov map
is mixing, then in the domaiw, g € R™, we have

ac|q. U A,,C ) = supac(q, An, C) = (g, I, B) =: ac(g, I)
n>N
n=N

where the invariant subsets, are the Cantor sets constructed in Sectibbf

The monotonicity of the pressure implies that, for each N, we have

Po, (ce(g, Dlogh) > g

and then byProposition 2.5ve havePg, (a.(¢, I)logi) > g. On the other hand,
if « < ac(q, I), then there exists,, such thatP, («logi) < g, n > ny, and
thus Pg, (e logi) < ¢. Finally, the continuity ofPg, (o logi) with o implies
that Po, (ac(g, I)logi) < ¢, and the theorem follows. O

REMARK 9.1. If we consider a measure with support the full interval, we observe
that the se 2, A, does not contain any typical point. Howewerpposition 9.1
states that this set has full dimensi@n(g, 1) for everyg > 0. In particular, this

set has full Hausdorff dimensiow,.(¢ = 0, I'), and full topological entropy,
ac(hiop, 1) = 0.

PROOF OFPROPOSITIONS.1. We divide the proof in two parts. First we prove
acl g, U A,,C | = supac(q, An, ). (9.1)
n=N n>N

For anyn > N, we haveA, C |, yAx. SinceM(a, g, -, C) is an outer
measure, the condition

o0
o > occ(q, U A,,,C)

n=N
implies thatr > «.(¢q, A, C) and then

ac(q, Ay, C) < ac(Qa U An’c>

n=N
Consequently

o
supac(g, 4,C) < aclq, | J 4. C).
nzN n=N
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To prove the converse inequality, let> 0 and letk, € Z* be such that
for anyk > k. and for any cylindefwg . . . wi], we have dianty [wp ... w]) <
¢. Consider the finite covering ofi,, by cylinders of lengthk, + 1. From this
covering, we construct another covering, denoted’hy, using the following
procedure.

If the Poincaré recurrenad[wyg . . . wi,]) of a given cylindefwy . . . wx, ], is not
greater thark,, then its imagey ([wo . . . wx, 1) belongs toC, .. Otherwise, con-
sider all the cylinder$wo . . . wi, +1] contained iMwg . . . wy, 1. For each cylinder,
if t([wo...wk+1]) < ke + 1, theny([wo...wk,+1]) € Cy. Otherwise repeat
the process.

Because of mixing, there exists an integersuch that for every cylinder
[wo...wx] C £, we havet([wg...wr]) < k + m. Therefore, the process
ends after a finite number of iterations, i.€, . is a finite covering. The set
C: = U2y Cn.e is a countable covering ¢f],> , A, by cylinders. We compute
the value ofM («, ¢, | Ay, C) for this covering.

Since all the terms in the sum & (o, ¢, | A,, C) are non-negative, the se-
ries can be computed first by summing over the Poincaré recurrences and then
by summing over the cylinders with given Poincaré recurrence. Any cylinder
xlwo ... w¢]l € Ce belongs tox [wo . . . W1 ((wy...0e)) ]- Therefore we have that

o
M(a,q, UA,I,CS)

n=1

= i Z efqt(diamx ([a)o ... a)g]))a

t=1 x([wo...w¢])€Cs: T([wo...00])=t

o
< Z Z efq’(diamx([a)o. . .wt]))a.
t=1 x(lwo...w¢)€Ce: T([wp...0¢])=t
Let C; be the set of cylinderg[wo . . . w;] € A; suchthatvg = w;. If a cylinder

of C, with Poincaré recurrence > N belongs toA;, then it belongs taC;.
Moreover,Proposition 2.%ells us that the number of periodic orbits of period
not belonging taA,, is bounded by a constamt, for everyn > N. Therefore, the
number of cylinders of’; with return timer > N not belonging taA; is bounded
by m. Accordingly, we decompose the last sum into three sums

]

> > e~ (diamy ([wo . .. wy1))" = D1+ T2 + Za.

t=1 x([wo...w¢])€C¢: T([wp...w0¢])=t
The first sum
N-1

1= Z Z e_q’(diam)( ([a)o. . .a),]))a,

=1 x(lwo...w¢)€Ce: T([wo...0¢])=t



9.1. The spectrum of dimensions 113

can be bounded from above by a number depending only because

#{X([a)o...a)g]) e Cg: t([a)o...a)g]) < N}
<H#lwo... o] € 241t < NJ.

Using the upper bound in conditidi8.11) the second sum can be bounded as
follows

Xy = % Z e“”(diamx ([wo .. a)l]))a

t=N x([wo..0)€C\Ct: T([wo...0e )=t

o0
< ) me 4! (diaml)“ Al

max

whereimax = max,ee, A(w) < 1. ConsequentlyYs is bounded by a number
independent of if max{«, g} > 0. The third sum is

o]

Y3 = Z Z e_q’(diamx ([a)o ... w,]))a

t=N x(lwo...w¢)€Cs: x([wo...0x])€C;
o0
< et Z Z e 9U+D (diamx ([wo ... w,]))a.
t=N x(lwo...0xD€C;

Using again the upper bound (#.11) the conditiong; > 0 and O< A < 1, one
can write

Z 90+ (diamx ([a)o e a)t]))a

X (lwo...r ) €Cy

< p? Z Z ﬁe_q(k(o’w *

i=0 weli]: o'w=w j=0
< p” Z(Ciqﬂx Iogk,tl[i])(wi)’
i=0
for anyp—tuple{w"};”:—o1 with o € [i]. Here
LoH@)= Y explp@))f@)

w'eo~L(w)

is the Ruelle—Perron—Frobenius operator on the continuous fungtiof®s — R
and ;) is the characteristic function of the geéf.

Becaus€$2;, o) is mixing and the potentiatq +« log A is Holder continuous,
the Perron—Frobenius Theorem ensures the existence of an eigenfunctioh
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such that

L_gtalogi: by = eXp(Psz,(—q +alog )V))ht
where Py, (—q + alogi) is the topological pressure associated to the potential
—q + alog A [108].
Foreach € {0, ..., p—1} we normalizé:; such that mifyi; (w): w € [i]} =1
and we denote the normalized eigenfunctiombyWe haveii > 1;;; and, since
the Ruelle operator is positive, it results tl@,,lm < explk Po, (¢))hi for all

k > 1. Hence, choosing for ea¢he’ € [i] such thati (o) = 1, we obtain
p—1

> (£ dn) (@) < pexplt Po,(9)), 9.2)

i=0
and then

o0
3 < ppoteq Z etPg,(fq+ot |Og)\‘).
t=N
Now assume that = sup y a.(¢, A;, C) + & for somes > 0. Then, for each
t > N,wehave—g + alogir < —q + ac(g, A, C)log A + 8 l0g Amax. It follows
from the definition of the pressure that

Pq,(—q +alogi) < PSZ,(_q +ac(q, A, C) |ng) + 8109 Amax-

Since A, and £2, are topologically conjugated and relati¢®.11) holds, then
each setA, satisfies the assumptions ©heorem 5.11t results thatPg, (—g +
alogi) < §logimax and consequently

o
Y3 < ppel Z(}‘?nax)t’
t=N
i.e., X3 is bounded by a number independentofSincex > 0, the sumX> is
also bounded by a number independert.@inces is arbitrary, we conclude that
the conditionx > sup,> y (g, An, C) implies that

o0
o> occ<q, U An,C>

n=N

which proves the equalit{9.1).
Let us now prove the equality

Supac(q’ Al‘lac) Zac(‘blv B) (93)
n>N
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Since A, C I, we haveu.(q, A,, B) < ac(q, I, B). FromTheorem 5.land
Proposition 9.1it follows that

o
aC Q’ U A”l?C = Supaé(Q? AI’HC) g ac(CL I) B)s
>N
n=N nz

and one inequality is proved.
To prove the converse inequality we consider the set

[e¢]

A=1\{ 3 y...cn
n=N [wg...w,]C24

where intervald,,,. ., are thenth dynamical refinement of the basic intervalg
(see Sectior8.1.2. Sincel and A, only differ by a countable set of points, we
havea,(q, I) = ac(q, Ae)-

Lete > 0 and letk, > N be such that the diameter of theimage of any
cylinder of lengthk, + 1 is at mosk. Consider the collection

By = {INt(Iug..0, )i [0 .. 0n,]1 C 24}

The setB; is a cover ofA,. ComputingM for this cover, we obtain using the
relation(3.11)

k
M@, q, A, B <p* Y e Tk (0w))"
[wo...0x, 1C824 i=0

<o kilfo Zcm eXP(i w(ﬂ"w)>

t=1 [wg...0] i=0
o0
< p” ZCetP‘?A(‘p), (9.4)
=1
wherep = —q + alogi andkg is the mixing time of(£24, o), i.e., kg is the

smallest integer number such that the ma#ig is positive.
Moreover, as follows from the proof éfroposition 9.1the condition

00
o >QC(Qv U AmC) +4

n=N
for somes > 0 implies thatPg, (¢) < §logAimaxfor alln > N. UsingProposi-
tion 2.5 the previous condition then implig%;, (¢) < § logimaxand then

M((X, qvAL’a BS) < Ma

andM does not depend an Since the result holds for any> 0, equality(9.3)
follows. O
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REMARK 9.2. In the proof we used essentially the theory of ordered topologi-
cal Markov chains, described in Secti@gr?, and the assumption that the map is
Markov. Nevertheless, we believe that for any piece-wise expanding map of the
interval the Bowen equation is still valid. At least we know that the technique
used above can be extended to the maps semi-conjugated with sophic symbolic
systems satisfying the specification condition.



Chapter 10

Suspended Flows

10.1. Suspended flows over specified subshifts

This chapter is devoted to a special flow over a specified mixing subshift. It inher-
its, of course, all chaotic properties of the subshift but the behavior of Poincaré
recurrences can be very different (see, for instajé, To expose the fact that it
still satisfies the Bowen-type equation we exploit essentially the Bowen—Walters’
distance and, as the reader will see, it is a nontrivial task.

Let (X, o) be a subshift of2y, o). For the sake of simplicity of notations, in
this section we denote by a subshift and by, y, z, . .. points inX. Denote; the
partition of X into 1-cylinders, ang” = \/’};éa*f; the dynamical refinements
of this partition. Finally, let us denot&® the trivial partition{ X, #}.

We assume thatX, o) is weakly specified, i.e., there exists an integer number
no > 0 such that for any two cylindeese ¢" andc’ € ¢™, and for each integer
number? > n + m + 2ng, there exists a periodic point of periéduch thate € ¢
ando"t"0x € ¢'.

For eachx € X let ¢ (x) be the atom ot” containingx. We now remind the
definition of the metric orX generating the product topology, introduced in Sec-
tion2.1.1 Letu : X — (0, oo) be a continuous function, and define the distance
dx(x,y) = exp(—u(¢"(x))), wheren = max{k € N: ¢¥(x) = ¢%(y)} and

n—1

u(;”(x)) = Zg{]?();) u(ojz).
. =

In the sequel we will assume thais Holder continuous.

We have already proved i@hapter 2thatdy is an ultrametric. We have seen
that open balls coincides with cylinder sets, i.e., for each X ande > O there
exists a unique, . € Z* such thatB(x, ¢) = ¢"+(x). And vice versa, for each
x € X andn € N there exists, , > 0 such that”(x) = B(x, &, ), thought this
&x.n IS NOt UNiqUe.

117
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10.1.1. Poincaré recurrences

Let us remind that
7o(U) = min{k e N: 6*(U) N U # 0}
is the Poincaré recurrence of the getc X. Note thatr, (U) = 1, (6 ~1U) for
eachU c X, and thatr, (A) < 7, (B) wheneverA C B.
10.1.2. Suspended flow

Let p: X — (0,00) be a Holder continuous function. Consider the interval
[0, co) with the usual topology, and endo} x [0, oo) with the product topol-
ogy. Define now the equivalence relatior, in X x [0, co) as follows. For
(x,1) € X x [0, 00), let

n
n(x,t) :=max{n e N: Zd)(okx) <ty
k=0
ands(x,t) =1 — ZZS(’)’) ¢(c*x). Then let
(x. 1) ~p (0"CDx, 1 —5(x, 1)),

and extend this relation by symmetry and transitivity. The suspended space is the
quotientX? := X x [0, 00)/~¢. To simplify notation, let us identify each class
in X? with its representative if(x, 1): x € X, 0< 1 < ¢(x)}.

In the suspended spa&¢ we define the suspended flow

@:X? xRt - x?
such that
®((x, 1), 1) = (6"t 41! —s(x, 1 +1))

with n(-, -) ands(-, -) as before.

10.2. Bowen—Walters’ distance

For¢ = 1 there exists a natural metric compatible with the quotient topology on
X1, which was first introduced if81]. This definition can be readily adapted for
the general case.

Denote(x, t¢ (x)) by x;, and consider the-horizontal sections

X, = {(x.1¢(x)) e X?: x € X}, te[01).
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Supply thes-horizontal section with the distance

pr (X, yr) = (1 —0)dx(x,y) +tdx(ox,0y).
A path p betweent; andy, is a finite sequence

1 1)
pP= {x, _xto ’xt(l)"' xf(nnl ’xt(nn) yf’}’

such that for each & i < n, eitherx+D e (x® ox®} ory; = 1;,,1. The length
of the pathp is given by|p| = Y"1~ |{x(’) x,(le)}l. with
H @ (H—DH —t + i1 if ox@ = x(+D
M (’) x,ll+1))+ ltiv1 —t;| otherwise

Finally, the distance in the suspended space is given by

dxe(xe, yr) = inf{|P|: pElx — yl"]},
where[x; — y,/] denotes the set of all paths fromto y,.

10.3. Spectrum of dimensions

In the computation of the Poincaré spectrumdgrwe will use covers o ? by
suspended open sets we call rectangles.

Givene > 0 andx;, € X%, define ther-horizontal open ball of radius,
S(xs,e) = {y € X¢: pr(xr, y1) < e}. Let us remind that, := (y, t¢(y)).
The rectangle with basg(x,, ¢) and of height > 0 is the set

Raxne)= | U 205 ¢0s).

yi€S(xs,e) O<s<d8

These sets are of course operxifi.
10.3.1. The Poincaré recurrence

The Poincaré recurrenag (B), for a setB C X?, is the minimal time that an
orbit starting inB spends inX? \ B before it reenters. In the particular case of

a rectangler(x;, ¢, 8), the Poincaré recurrence can be computed as follows. For
eachy; € S(x;, ¢) let

ch()’u R(xl" 878)) = Il’lf{s 2 ¢()’)5 ¢(yl‘7s) € R(xtvs’ 8)}7
then

o (R(x;, €,8)) = inf{re (yr, R(x,€,8)): y € R(xs,€,8)}.
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10.3.2. The spectrum

Let R be a finite cover ofx? by rectanglesk; = R(x,(ii), €,8),a,q € R, and
Z C X?. Define

M(Z,0,q.R) = Y exp(—qte(R))(diamR;).
RiER

Monotonicity implies that the limit

z =i inf V4
M(Z,a.q) = im( ot M(Z,oq.R)

exists. Here, by diarfiR) we mean the maximum of the diameters of rectangles
in R, and the infimum is taken over all finite coversX# by rectangles satisfying

the condition dianiR) < ¢. Note that for each fixegd € R, M(«, g) = oo for

a small enough. We can now define the spectrum for Poincaré recurrences for
Z c X? as

a(Z,q) = Sup{a eR: M(a,q) = oo}
10.3.3. Main results

THEOREM10.1. For @« > 1andg > O, the spectrum for Poincaré recurrences
o = a(X?, g) satisfies the equation

Px((1—oa*u —q¢lo) =0.
The validity of the equation follows from two inequalities.

CLAIM 10.1.If ¢ andg € R are such thatPy ((1 — @)u — g¢lo) < 0, then
o> a*= a(X"’, q).

CLAIM 10.2. If « > 1andg > 0 are such thatPx (1 — o)u — g¢p|o) > 0, then
a <af=a(X?,q).

The first inequality can be proven by exhibiting a sequen@égg;,” ; of covers

by rectangles such that lim o, M(X?, a, g, R,) < oo, for all o satisfying the
inequality Px ((1—a)u —g¢|o) < 0. The second statement requires a variational
reasoning. In both cases we will need the following results.

LEMMA 10.1. Letx;, y» € X%, with ¢1(x) = ¢1(y), be such thap; (x;, y) +
2|t — '] < 1, wheres = min(z, ¢'). Thendys (x;, yi) = ps(xs, ys) + |t — ¢].
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PrRoOOF We will say that the path

0 _a -1
p= {zﬁo), Z,(l), ..-,Zl(:il ), ;(,:1)} € [xr — yr]

. . sng(k) k+1) _ k i
is traversing at the poing,,” if 5D = 570 On the contrary, the path is
non-traversing i) = z(*+1 whenever; # £;,1.

Traversing paths Note that for a non-traversing pajhe [z(o) — z,('")] we have
that

m m

lal > Z P (20, 20D) It — 1) =) Mt — 11l = |t — fo.-

i=1
Now suppose that

0 @ -1 0
p={ag ay oz Y e [ay) = x = 2 =]
traverses only ai,(kk), so that bothpg := {zt(;)), . z,k)} andpg : {zt(fj:l), ey

2™} are non-traversing. In this case

Ipl = Ipol + |p1l + 1 — tx + trg1 = 110 — tel + |tkr — tm| + 1 — tx + trt1.

Taking into account thag, 1 — fx < |t — to|l + |fo — tm| + |tk+1 — tm| @nd the
hypothesiso (xy, ys) + 2|t — t'| < 1, we readily obtain

Ipl =1~ lto — tw] = ps(xs, y5) + 1t = 1|

If p ez := x, — 2 := y,] traverses at different points, then we can
write
_ { ©) .__ (ko) (k1) (k2) (ke) .__ (m)}
P={2ly =Ty reeen Ty e By e Dy =2y b
where for eacty = 0, 1,. — 1 we have that the sectiom; := {z(k ), cee
/+1)

} traverses only at one point, and = 7. For this it is enough to add, if
necessary, intermediate points to the original path. Hence, according to the in-
equality we just obtained,

-1

-1
Pl =) 1pjl = €= ey — ti;] = € — |tw — 10,
Jj=1

j=1

from which we derive p| > ps (x5, ys) + |t — ']
Therefore, for each traversing pathe [x;, — y,/] we havelp| > p,(xs, vs) +
|t — ¢'| as far as the hypothesig(x;, ys) + 2|t —¢’| < 1 holds.
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Non-traversing paths First consider

0 _@ 1
p=1{z2, 2P 2 e [x =2y =2

such that1(z") = ¢1(z@) fori = 0,1, ..., m, that is to say, the&-projection
of p is completely contained in the 1-cylindet(x). For p of this kind we have
dx(oz®,oz0tD)y > dy(z®, z0+D)y fori = 0,1,...,m — 1. In this case, for
s <t we have

O (Z,(l), Zl(l+1)) =(1- t)dx(z(i), Z(i+1)) + tdx(az(i) o (i+1))
= (1 —5)dx (2", 20) + sdx (027, 020
+ @ - s)(dx(crz(i), UZ(’+1)) —dy (z(’), z(’“)))
> (2, 20D

foreachi = 0,1,...,m — 1. Lets’ = min; ; ands = min(z, ,,,), then (see
illustration inFigure 10.}, then

m—1

Pl =Y (o (et 2 ™0) + It — 1))
i=0

m—1 m—1
1
> E o ( z(l,),z(l,Jr) )+ E [tiy1 —t;
i=0 i=0

> g (20, 287) + 1w — 1ol + 25 — 5)

= ps(x@, xI™) + Jt0 + tm] + (s — s (2= 8(y©, y™))
> ps (1 ™) + 110 — t]-

Therefore, each non-traversing patre [x, — y;] whoseX projection belongs
to the a single 1-cylinder satisfies the inequaljy > p; (xs, ys) + |t — /|

For a general non-traversing path, each one of its segments wittXthe
projection entirely contained in a single 1-cylinder can be replace by a minimal
path with the same end points. In this way the length of a general non-traversing
pathp € [x; — y,] can be bounded from below by the length of a concatenation

9= {Zt(o)}aO/BO,l : "ﬁm—l,mam{zz(zrfrl)} € [x; = yrl

whereforj = 0,1,...,m,the pathw; = {z(zf) zsjﬁl)} withs; = min(t;, t,41)
and¢1(z@)) = ¢ (Z(ZJ“)), replaces a section gf whose X-projections is
completely included a 1-cylinder; for = 0,1,...,m — 1, the path8; ;11 =

{ szifl) ,(jszz)}, with ¢1(z%+D) % ¢1(z2/42), corresponds to the section
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210 712 7H4) (60 7(8) X

)

Figure 10.1. The broken line represents a non-traversing path whgsejection is entirely con-
tained in the 1-cylindet1(z(®). The continuous curve represents the corresponding path having a
shorter length.

of p whose X-projection joints consecutive 1-cylinders (see illustratiorrig-
ure 10.3. Since

dx(z,Z) =1 whenever'(z) # ¢1(2),

then|B; j11l = 1—t; +tjdx(0z% D, 672Dy for j =0,1,...,m — 1.

2(0) Z0) ) 703 X

¢z ) ¢'z) ¢(z)

Figure 10.2. The broken line represents a non-traversing path whgsejection intersects three
1-cylinders. The continuous curve represents the corresponding path intersecting only the first and last
1-cylinders, and having a shorter length.
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The number of different 1-cylinders intersecting tigrojection of the patly
may be reduced as follows. For

_ N @ 2 3 3 ¢4
Bo.ro1f12 = {Zt(l)’ Zz(l)’ Z§1), Z§1), Zl(z)’ Zt(g)}’

we have that

[Bo.101B1,2| = psl(zgf), zg‘:’)) +ih—t+1l—n+1—10

+ 11dy (UZ(l), GZ(Z)) + tody (01(3), az(4))
> 0y (2P d ) i -2l +1-n+1-1
+ rdx (oz(l), O'Z(z)) + todx (oz(?’), 01(4))
+51(dx (02?,02®) — dx (02, 52?))
+ (150 (dx(z?, 02®) — dx (02, 0z?)).
Taking into account that, #> > s1, and using the triangle inequality, we obtain

|Bo,101B1,2| = ps; (zﬁ), ZYP

) + |1 — t2] + 1 — max(ta, t2)

+s51(dx (022, 02®) + dy (020, 02?)

+dx(0z2®,02%) —dx (02, 0z?))

+ (1 -sD(1+dx(z?,02%) —dx(0z?, 0z?))
> p (2D, 2P) + |11 — 2] + 1 — max(ey, 12)
>

(e 27 20 22 -

Hence,q| > |q’| where

0 @4 @ 2ty
{z,(o)}ao{z,(l), z,(l), z,(z)}az x -otm{Z,(mHJr ) ifn <t

- 0 H D) 4 2m+D)y
{zt(o)}ao{zt(l), zt(z), zt(z)}az Ce Oy {Z,(m+1 YV if > 1o

This can be further reduce, so that| > |¢”| with

0 H @ @ 5 G ontl),
eaolzy 20, 20,20 2B amlz"Y) i < 1o,
. 0 1 100%s) %) 3 m+1
q =
0 0 1 1 4 2m+1 i
(el - 2y 2y Shg 2y Yoz el ) it 11> 12

In this way we obtain a path” € [x; — y;] whoseX-projection intersects one

less 1-cylinder tham, and such thalip| > |¢”|. By repeating this reduction, we
finally obtain

©® O @ ,@n ,@2m+l) _(2m+l)
Pl >z s 2y 255 ze 2 1|

> s P Slmyl
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wheresg = min{t;: i = 1,2, ..., m}. Since theX-projection of the path

0 0 1 2m 2m+1 2m+1
{ZT(O)’ Zﬁﬂ)’ZAgﬂ)’ZAgﬂ )’Zgﬁ * )’ Zt(mﬂ_ )} € [xt - yt’]

is completely contained ia(x), then|p| > ps(xs, y5) + |t — ).
To conclude the proof, note that the path, x;, ys, y} reaches the minimum
length. a

REMARK 10.1. Note that for arbitrary;, y;,

dxe (x;, i) < ps(xg, ys) + 1t — 1],
sincep = {x;, x5, ys, ¥} has lengtho, (x5, ys) + |t — ¢’|. Therefore,

diamR(x;, &, 8) < 8§ + max diamS(x;1,, €).
O<n<$
If s +8 < 1, then we have that

max diamS (x;1,, ) <8 max (dx(oz,07)) —dx(z,2))
O<17<8 Z,Z/ES(Xmé‘)

+ diamS(xy, ) < € + 6.
If §+s5 > 1then

max diamS(x;+y, &) < max  ps((02)s, (02)s)
0<n<$ 2,2/ €S(xs,€)

< M diamS (xg, €) < Mg,
In both cases diaR (x;, ¢, §) < Mg 4 26,
For each rectangl® (x;, ¢, §) let Rx(x,¢) :={y € X: y, € S(xs,¢€)} be its

X-projection, which does not depend &nFurthermore, as we prove below, it is
a cylinder sets.

PROPOSITION10.1. For eachx; € X% ande > Othere existsn (xy, ¢) € N such
that Ry (x,, &) = "8 (x).

PROOF For everyy € X \ {x}, the values of the distances(x;, ys;) belong to
the countable set
Dy := {dx,m = (L — s5)e 4E" () —i—se*“(;"—l(”)): ne N},

with no accumulation points other than zero. Furthermore, since 0, then
dysn = dy s, ifand only ifm = n. Clearlyd, s, decreases with, so that the
elements inD, ; form a sequencé, s 0 > dx 5,1 > - - - converging to zero. Since
Yy € Rx(xs,€) &= ps(x5, y5) = dx,s,m < ¢ with

m=max{n € N: {"(x) =" (»)},
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then the result follows with

m(xs, &) =min{n € N: dy ., < €}. U

LEMMA 10.2. There exists a constaat > 0 such that for any, € X and
0<d,e <1,

8)Z¢ 0lz) —a < 1o (R(xs,8,8)) < maxs)Z¢ (072)

ZERX(xr ZERx (x5

wheret := 1, (Rx (x;, €)).

PROOF Lett = 1, (Rx(xs, €)). Foreachy € Rx(x;, &) No~ " (Rx(xs, €)), and
eachn € (0, min(8, 1 — s)), if

s(¢(07(2) — (@) — np(2)
-1
<t=Y $(07@) < s +m(#(c7 ) - $(2)),
j=0
then bothz,, and® (z,4,, 1) belong toR (x, ¢, §). Therefore

0 (R(xs, 6,8)) < max Z¢> (072) +2maxg.

z€Rx (xs, 5)

In this way we prove one of the inequalities. Now, for eack Rx(xs,¢) let
7(z) := min{k € N: o%(2) € Rx(x,, &)}. Sincer = Min,ep, (x,.¢) T(z), then

10 (R(x5, €,8)) = —(s +8) maxg + min Z ¢(o'z)

ZE€Rx (x5,8) iz

> — 8) max min I7),
(s +6) ¢+Z€RX(XS’8)§¢(U 2)
regardless the value &f € (0, 1). Furthermore, since is a Holder continu-
ous function, then there exists a constéint- 0 such thatl¢(z) — ¢(y)| <
exp(—0u(L"(z))), with n = maxk € N: ¢X(y) = ¢¥(z)}. Therefore

o (R(xs, g, 8))

>  max qb(ojz)
ZERx (x5,€) =0

1
— ((S +¢+ 1) maxe + 1— exp(—0 min¢)>
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with max¢ = maxcx ¢(z) and similarly for ming. Finally, the result follows
with @ = 3max¢ + (1 — exp(—0 ming)) L. O

10.3.4. Proof ofclaim 10.1

For eachn > 2 let X, = (xM,x®@, ... x?™} c X be such thag" =
{¢"(xD): x e X,}. For eachi € {1,2,..., p(n)} defines(i,0) = 0, and
recursively
&i,j = supfe > O: RX(xi’&j), e) = " (x)},
S(i, ] + 1) = s(i’ ]) +‘9i,j(1— e—nmaxM)’

for everyj > 1. Note thats; o = ¢, , and boths(i, j) ande; ; increase withyj.
Finally, for eachi € {1,2,..., p(n)} letn(i) = max;j > 0: s(i, j) < 1}. The
collection

R, = {R,',j = R(Xs(ig,j)»fi,jssi,j)i x@D e X, j € {0, 1, ...,n(i)}},

is a cover ofX? by (squared) rectangles. We use this particular cover to compute
an upper bound for the spectra. ApplyiRgmark 10.1Lemma 10.2and taking
into account the definition ak; ;, we obtain

p(n) n@i)
M(X¢, a,q, Rn) = Z Z eXp(—qr¢(Ri)j))diale‘.’fj
i=1 j=0
p() n(i) _
<183 e 9RO (o4 mann),, Y
i=1 j=0
pn) n(i) _
G CEL I DD BRI
i=1 j=0

with 7; = 7, (¢" (x)). Furthermore, since

—u@"Hox D) pru@ ) +2man

gij<e
we have
p(n) . .
M(X?, @, g, Ry) < ¥ (33M4)* 37 (i) 4 1)e 99T ) —auc ),
i=1

On the other hand, sineg“¢" =) < e j and

n@i)—1
1> s(i,n()) = (1 - exp(—n maXu))< Z ei,j>
=0
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we deduce the inequality(i) < expu(z™(x®)))(1 — exp(—n maxu))~L, and
from this we obtain

M(X¢,a,q,72n)

— e maxu

P o qugn @)
e T (x @) n (D)
LA —q¢ (¢ () —au(c" (xO))
< Co E . <1 + 1>e
1=

i pn) . _
_ Co(L+ "™ 3 @O )
=1 e~ maxu ’

i=1
with Co := 3% exp(ga + 3a maxu). Next, defineP, y = {1 <i < p(n): 7, = k}.
Since(X, o) is specified, therP, , = ¢ for all k > n 4+ ng. We have,

n—+nop ) )
M(X,a,q, Ry) < Cpelom Z Z e~ 90 DN +A—0u )
k=1 ieP,

with C1 := Co(1 + e "™Minuy(1 — ¢ "Maxiy~1 Now, o, g € R such thats +
Px(—q¢ + (1 — a)u|o)) < 0 there exists > 0 andks € N such that

3 et @A) ¢ o=3/2,

ceck

for all k > k5. Then, sincdc*(x®): i € P, 4} c ¢¥, we obtain

00
M(X, a,q, Rn) < Cleno maxu Z Z efq¢(c)+(lfa)u(c)

k=1 cG{k
e—kg x8/2
with
k+6
Ty =30 3 et @t
k=1ceck

Now, C1 = C1(n) tends toCg asn goes to infinity, therefore

M(X¢,a,q) < lim M(X¢,a,q,7€,,)
n—0oo

—ksx§/2
< Cpelomaxu [ s +i < 00
~X 0 kg 1—6_8/2

as far asPx(—q¢ + (1 — @)u|o) < —§. With this the proof is done. (I
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10.3.5. Proof ofClaim 10.2

Vertical dimension Given a coverR = {R(x,, €, 8)} of X? by rectangles, to

each rectangle®(x,, ¢, §) € R we associate the integelx,, ¢,8) = [§ x
et (Rx (xs.))7,

For eachR(x,, ¢,8) € R suchthatt +8 < 1 ande + 2§ < 1, Lemma 10.1
implies that

diamR(x;,, &, 8) = diamS(xg, &) + 6
=&+
>e+ e_”(RX("S'S))(n(xS, ,8) —1).
Taking into account that > exp(—u(Rx (xy, €))), we obtain
diamR(xs, &, 8) = e "Ry (x e 8).
Therefore, forx > 1 we have
{[diamR(xy, &, §)}* > e @ Rx e (x &, 8).
Now, sincen(x;, ¢, 8) > de*(Rx(5:€) \we obtain that
[diamR (x,, &, 8)}* > se~ T DuRx(xs.e))
for eachR(x;, ¢,8) € Rwiths + 6 < 1 ande + 25 < 1.

Horizontal dimension Fix N € N and foreach &< j < N let
Syji=1{x eX? xeXandj/N <t < (j +1)/N}

be thejth horizontal slice. Thegth slice is properly covered by if the collection
Ry,j = {R(x;,6,8) eRis < j/N <(j+1/N <s5+3}

is a cover forSy ;. If Sy, ; is properly covered bR, then the projection
Cn,j == {Rx (x5, 8)! R(x5,€,8) € Ry}

is a cover forX.
The number of cover& y ; containing a given rectanglB(x,, ¢, 8) € R is
bounded. Indeed, giveR(xy, ¢, §) € R we have

#HO< j <N: R(xs,6,8) € Ry,j} <3 xN.

For N sufficiently large, the majority of the horizontal slices are properly cov-
ered by rectangles iR. Indeed, ifSy ; is not properly covered, then it intersects
at least one of the two horizontal bordeféx;, €) or {y,+s5: ¥y € S(xs, €)}, of a
rectangler (xy, ¢, §) € R. Hence,

#0 < j < N: Sy,; is not properly covered byR} < 2#R.
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Projecting the statistical sum According toLemma 10.2 and taking into ac-
count the specification property, we have

o (R(xs,8,8)) < max Z¢> (072)

zeRX(x; 5)

< o(Rx (xs, 8)) + a + no maxu.

Let us assume th& is such that

max diam(R (x;, ¢, 8)) := &0 < 1/3.

Sincee, § < diam(R(x;, €, 8)) thene + 26 < 1 for eachR(x;, ¢, 8) € R. Now,
let R := {R(x5,¢6,8) € R: s < 1— go}. With all the previous estimates we
obtain,

M(X¢, a, q, R) > Z {diam(R(xs, g, 5))}ae_qf¢(RX(x5’8))
R(x;,6,8)eR/
5 x o—(@FDu(Rx(¥.£)~qd (Rx (x;.6))

>Co), ) N
JePu R o8 eR #HO< j < N: R(xg,¢,8) € Ry, j}

> @ Z Z e—(ot+1)u(Rx(xs,S))—qtb(Rx(xs,S))’

jePn R(xs,a,é)e'RN,j

whereCyp := exp(—q (np maxu + a)) and

Py :={0< j < [N(1—¢0)]: S, is properly covered b }.

As was mentioned before, there are at mosR2#dicesj, 0 < j < N, such that
Sy,; is not properly covered bR, hence #y > N(1 — o) — 2#R — 1. From
this we obtain

M(X¢,a,q,R)

I @ o=,

ECN,_

2HR + 1
> C0<1—8o— 7+)

JEPN

LetCr := {Rx(xs, €): R(xy,¢,8) € R} the collection containing all the hori-
zontal projections of rectangles 7. Notice thatCr is a cover ofX by cylinder
sets, and thaly ; C Cr is a subcover for eacN andj € Py. With this we have,

2HR + 1
M(X?, @, q,R) > C0<1—80 = —NJF ) Ze*@”l)“(t) 49(©),

CCCR
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where the minimum is taken over all subcovers¥oby cylinder sets. This holds
for arbitrary N, hence, takingV > 2#R /go we obtain

M(X?, a,q,R) > Co(l—2¢0) min Y e~ @FDu@©—qe()
( 4, R) = Col o)CCCRZ

ceC

Relating it to the topological pressure Proposition 10.lensures that the-
projection of the rectangleR(x,, €, 8) is the cylinder setz”®s-¢)(x), with
m(xs, &) — oo ase — 0. Indeed, it is easy to derive from the computations
we did in the proof ofProposition 10.1hat if ¢ < &g, then, irrespectively of the
value ofs,

log(exp(minu) — 1) — lo

m(xs, €) > m(go) = ’7 gexp ”) ) 9(50)—"
minu

Therefore, as we consider covers)f by rectangles whose diameter decreases

to zero, we obtain
¢ U _ . .
M(X?, a.q) > Cox lim inf{Z(0, ((1 - eu —q¢).C. X): [C| > n},

with Z as defined ir(2.16) According to what was exposed therein, the limit in
the right hand side of the previous inequality diverges as longxa¢l — o)u —
golo) > 0,i.e.,Px((1 —a)u — gplo) > 0implies thatM (X?, a, g) = oo, and
with this we have proved the claim. |

As was mentioned abovdheorem 10.ifollows directly from Claims 10.1
and 10.2
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Chapter 11

Invariant Measures and Poincaré Recurrences

In this chapter we will make use of an ergodic invariant meagui@ne can

find main results about such measuref2#,45,49,104,106r other books). We
consider a pointwise dimension for Poincaré recurrences, similar to the pointwise
dimension for a measure introduced by L.-S. Yo{it@?4], and show that it exists
almost every where and is equal to a number independent of the point. Then we
show that this number is, in fact, the dimension for a measure. On the way to prove
this result we study local rates for Poincaré recurrences which were introduced
independently ii5] and[113]. Chapter 13s devoted to a proof of the variational
principle which is possible to fulfill mainly because of the validity of the Bowen-
type equation for the spectrum of dimensions for Poincaré recurrences.

11.1. Pointwise dimension and local rates

The framework will be the same as@hapter 10i.e.,(£2, o) is a specified sub-
shift of £2,,, endowed with the ultrametric

do(w, @) = " @ vg e "(w)\ " (w) (11.1)

which as we already mentioned, is compatible with the product topology,on
Let us just remind that : 2 — R™ is a Holder continuous function, and that

n—1

n — i), 11.2
u(E" (@) wgﬁ@)jzou(o ) (11.2)

As in Chapters 5 and,@he specified subshift will be used as the model for a
geometric construction as those introducedCimpter 3 Additionally, we con-
sider in$2 a Borel probability measurg, which we suppose to be ergodic with
respect to the shift. The-pointwise dimension (for Poincaré recurrences) of the
measurqu at the pointw € £2 is defined by

dg(@) = lim  inf log u(B(w, 8))+6]f(3(w,8))’
e—0t weB(w,e) Ioge

(11.3)

135
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whenever this limit exists. Below we will show that this limit exists and it is
constant in a set of full measure whenu has positive entropy with respect to
the shift. We already proved in Secti8ri.1that the open balB(w, ¢) is nothing
else but the cylinder set'»s (w), where

Nye = min{n e N: g #¢"@) 8}.

Furthermore, sincéy, is a ultrametric,B(w, ¢) = B(w, ¢) for eache > 0 and
everyw € B(w, ¢). Therefore

dﬂ»q(a)) = lim IOgM({nw.s (C())) + qt(g‘"w.s ((1))) ’

114
e—0F log ¢ ( )

whenever the limit exists.
The proof of the existence of a local spectrum of dimensions for Poincaré relies
essentially on two facts:

(a) the Shannon—-McMillan-Breiman theorem, and
(b) the existence of local rates of return times.

The first fact will be discussed in details @hapter 19vhere a proof, not based
on the martingale convergence theorem, will be provided. (Sed%1$9 Due to
its novelty and its relevance for the subject matter of this book we devote more
attention to the fact (b), and to some of its consequences. We will do this in Sec-
tions11.4-11.5

Giveng € R, theg-dimension of Poincaré recurrences of the meaglisggive

by
at(g) == infla(2’,q): 2’ C 2 andu(2') = 1}. (11.5)

In this way, the spectrum of dimensions for Poincaré recurrences of the mgasure
is the functiorny — «*(g). This definition applies directly to the general frame-
work of discrete dynamical systems supplied with a Borel probability measure.

Following the approach of Pesj@7] and Chazottes and Saus§g®], we will
prove in Sectiorl2 thata* (¢) coincides with the constant value @f , () in a
set of full measure:.

The nodal point of this chapter is that, at least in the framework we con-
sider here, the local dimensiaf), ,(w) may be computed. Indeed, thanks to
Theorem 11.3the Birkhoff’s individual ergodic theorem (stated and proved in
Chapter 18 and the Shannon—McMillan—-Breiman theore@hépter 19 we can
computed,, ,(w) and relate it to the metric entropy and to the Lyapunov exponent
of the measure. We will do it in Sectidirl.6
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11.2. The Shannon—-McMillan—Breiman theorem

Here we are considering to be an ergodic probability measure g¢n The en-
tropy of u with respect to the shift is the limit

1
h() = — lim = 3" u(¢"(w)logu(s" (@), (11.6)

n—>0o0
£ (@)L
whose existence is ensured by subadditivity (Ee0] for instance), and it is
always finite for a subshif2? c £2,,. The Shannon—McMillan—Breiman theorem
establishes that
. —lo n
/L{a) c R lim M
n

n—oo

= h(u)} =1 (11.7)

As usual when for a property we haveu{w € 2: P(w)} = 1, we will
alternatively use the phrase® (w) holds yu-almost everywhere”, or P (w) for
pn-almost allw € 227, or * P(w) for all w in a set of full measurg”.

11.3. Kolmogorov complexity and Brudno’s theorem

Let M be a Turing machine on the alphabetzo$ymbols. Letw be a finite word,
prefix of w € £2, of the lengthn = |w|. The Kolmogorov complexity 3 (w) of

w With respect taM is the length of the shortest program such that it yields the
outputw for the inputrn € N. For any universal Turing machirié there exists a
constaniC > 0 such that

Ky(w) < Ky (o) +C.

Forew € £2,, the average upper complexity is the upper limit
_ K
K (w) := limsup U@).

|@|— 00 |o]

(11.8)

Note that by the previous inequality the upper average complexity does not de-
pend on the choice of the universal Turing machine. The lower average complex-
ity K (x) is defined in a analogous way, replacind1d.8)lim sup by liminf. For
details, see for instand¢@9].

In [35] Brudno establishes the equality between the upper average complexity
and the metric entropy, which in our context may be paraphrased as follows.

THEOREM11.1. For w in a set of full measurg we have

K (w) = h(n).
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In his Ph.D. work White extended Brudno’s results. An adapted version of one of
White's results, which immediately follows from Proposition 2.9121], is the
following.

THEOREM11.2. For w in a set of full measurg we have

K(0w) = K(w) = h(n).

We will use this theorem in the second proofldfeorem 11.Below.

11.4. The local rate of return times

For a specified subshif2, o) such that:(c|§2) > 0, one has

im TE@) _
n—oo n
Below we will expose two alternative proofs of this result. The first one is based
on the SMB theorem and inspired on the proof present§d irDur second proof
is taken, almost unchanged, frdai 3]. It is based on Brudno’s theorem relating
the Kolmogorov complexity to the metric entropy.

1. (11.9)

THEOREM11.3. Let(£2, o) be a specified subshift of the full shift preymbols,
and letu be a Borel probability measure a2, dg;). Suppose that is o -ergodic
and such that(u) > 0, then

im TN @)
n—00 n

for u-almost every € £2.

1

As an example of calculating local rates $é@|.
11.4.1. Proof offheorem 11.®ased on the SMB Theorem

Since(£2, o) is specified, it immediately follows that(¢" (w)) < n + ng, where
no is the specification length. Then limsyp(¢"(w))/n < 1 for all w € £2,
which in particular implies that

u{w € £2: IimsupM < 1} =1
n— 00 n
With this we conclude thémsup-partof the proof.
The Egorov theorem ensures that for each O there is a Borel seX,; C 2
with measurei(X,) > 1—e, such that- log (2" (w))/n converges ta := h(u)
uniformly on X,.
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Fixe >0,0< 68 < handC = C(e, §) > 1 such that for each € X, and
eachn € N we have

C7lem M (g (w)) < Cem Mo, (11.10)

The constant is needed to ensure that these inequalities hold for small
The strategy of thBminf-part of the proof is the following. For eaoche N we
fix the set

X2, = {‘“6 Xer (@) < ZI§<”‘ 2203%}

and then prove that the serigs > 1M( ,») converges. According to the Borel—

Cantelli lemma (see for instan{26]) thls result implies thag (lim sup, g.,n) =
0, or equivalently

p(liminf (X, \ X2,)) = n(Xe) > 1—e.
This inequality implies then that forall> 0 and 0< § < &

e T (X)) _
M(a)es?. Ilnrwnf - h+6>>1 &.

Thus, to conclude the proof all we are left to do is to show gt ; (X2
converges. For eaghandk € N consider the collection of cylinder sets

&, n)

Rui:={cel" cnNX, #Pandr(c) = k}.

Using the inequalitie§l1.10)derived from the SMB theorem we obtain

— 2I
LAz8 (n— 229

(X< Y Y r©

k=1 ceRk
LA (n— 2000 |
ey T
ceRk
L5 (- 225
< CZ Z e—n(h—8)+k(h+8) <C—1 Z e_k(h+6))~
k=1 ceRk

Sincet(c) = k for eachc € R, then everyw € ¢ € R* satisfies; = w; 4 for
0<i <n—k—1 Thus, acylinder = [w] € R¥ is completely determined
by the prefixw of lengthk of any w € c. Furthermore, ifc N X, # @, then
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¢*(w) N X, # ¥ for anyw € ¢. Because of this, the last inequality implies

— 21
s (= 23255 |

n(x?,) < c? Z o~ (=KL (h=3) (C_l Z e—k(h+8)>’

k=1 Ce;k,s

wherec%¢ .= {c € ¢*: ¢ N X, # #}. Using once agaifil1.10)we obtain

L5 (=225
/L(Xg,,) < c? Z o~ (kK 1E) (h=5)
k=1
00 h—8 2
e"°C 1
< 2 e~ lh=b) < =,
;( ) 1-— e_(h+5) n2
=l

from which it follows that) 72, u(X2,) < oo. Thus, as mentioned above, for
eache > 0 and O< é < h we have

M(wGX: liminf 26" @) o h_5> >1—e.
LU PR

The result follows from the fact ands may be taken arbitrarily small.
11.4.2. Proof ofTheorem 11.®ased on Brudno’s Theorem

Thelimsup-partof the proof is exactly the same as in the previous proof. For the
liminf-part we have the following. Fix the universal Turing machibie read-

ing input sequence® € £2 on p symbols. For any poinkb € 2 such that
7(¢"(w)) = k} we have thaty; = w,;4; for each 0< k < n — k. Therefore

in order to output the prefiw(n) of lengthn it is enough to compute the prefix
w(k) of lengthk and then output this prefix repeatedly until a word of length
completed. Let us denote ljy] the finite word ofp-digits encoding the natural
numberm in the basep. Then, there is a consta@t > 0 such that

Ky(@m) < Ky(o®) + Ky(n) +C Vx € Ry,

HereC stands for the length of the section of the program which orders the repe-
tition of the prefix of lengthk andR’,j = {w € 2: 1(¢"(w)) = k}. On the other
handKy ([n]) < C' + Iog,,(n), which corresponds to the worst case of a pro-
gram (encoded in a sequence of lenGthoutputing directly the word], whose
length is bounded by lggn). Therefore, there is a positive constant > 0 such

that

Ky(om) < Ky(wk)) +log,(n) + C" VYwe R}
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From this it follows

K(w) < liminf Ky (o(z(£"()) — 1)) +log),(n)

n— 00 n
_liminf Ky(o(t(§" (@) — 1) 1({" (w))
n—00 (5" (w)) n
< lim Supw liminf (¢ (@)
n—> 00 n n—o00 n
= K (w) liminf M
n—oo n
By usingTheorem 11.2ve obtain
K(w) < K(w) I|m |nf (;”(w))’
n

for all w in a set of full measurg, which implies thdiminf-part, namely
(¢ () 51

n

)

for all w in a set of full measura.
We studied local rates for specified systems with positive entropy. The situation
is different for non-chaotic cases. We consider here one of simplest such systems.

11.4.3. Rotations of the circle

Consider a rotatiory, : x > x — v, mod 1 (i.e.,f;tx = x 4+ v, mod 1), on the
circle 1 = {x, mod1}, where O< v < 1 is an irrational number. The number
can be approximated by rational numberg; (p andg are relatively prime) in
such a way that

‘ P ‘ (11.11)

qﬂ+1
for some valugg and some pai(p, ¢). Let 8(v) := supB where the supremum is
taken over alg for which inequality(11.11)has infinitely many solutiongp, ¢)
with ¢ > 0. Assume thaB(v) < oo, i.e.,v is a Diophantine humber. Then for
everys € (0, 1) the inequality

p 1
’v - 5’ < o (11.12)
holds for infinitely many relatively prime paifp;, g;), with g; — oo, asi — oo.
Consider a partitiorg© of $1 made with two closed interval®, »] and [, 1],
and letg” :=\/1_; 1 £,77¢0. Denote by (x) an element of” containing a point
x (the definition is correct for alk except for a point belonging to the set of
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the endpoints of intervals ig"). The rotation is metrically isomorphic to the
subshift clogr ([0, 1))), where the coding map : [0, 1] — {0, 1} is defined in
the following way:m (x), = 0is ] (x) € [0, v) andz (x), = 1if f'(x) € [v, 1).
We now state the following.
THEOREM11.4. (5]) If B(v) > 3then
1
liminf =7(¢"(x)) =0 (11.13)
n—-oo n

for almost every: with respect to the Lebesgue measuresén

PrROOF Start by choosing to be so small that

Bv) —38 > 3. (11.14)
Without loss of generality we may assume that
‘v—& = inf V—E.
qi PEZ qi

Then because @fl1.12) we have

dist(x, fix) = ian lx +qiv—x—p|l=gqi|v (11.15)
pe

_ ﬁ‘ .-
qdi qu(v)_é

Now introduce a number > 1 such that 1+ 2o < 8(v) — 8. Letm; = [qll""“]
the integer part of - and let

. - ; 1
Ap; = #{g’”t (x): diamg™ (x) = —50 }
9

By, == #{{m" (x): diamg™ (x) < —5- }
q;
SinceA,,; + By, = 2m; thenA,,, + B, < 2qi1+°’. This inequality implies that
B, Zq”“ Moreover,

—(1+2
w(Bp,;) < 251,'1+a 4 (e Zq ’
where

Bmi = U mi(-x)a

diam¢™i (x)<g; ~(1+2a)

the union of the elements of the partitiofii of small diameter. In view of Borel—
Cantelli Lemma (recall that > 1) — see for instand@6], we have thaf.-almost
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every pointx belongs to the complement 8f,, provided thain; is large enough,
i.e., diamz™i (x) > g; M.
Now because ofl11.15)and the assumptiofi(v) > 3, we have

T(¢™(x)) < gi.
Therefore,
qi

Ita
i

=0

fffv(;“ (x)) < lim
n 1—>00 q

limin
Lebesgue-almost everywhere. O

11.5. Remarks on local rates

REMARK 11.1. Following exactly the same lines asTdreorem 11.2bove, one
can prove the following.

THEOREM 11.5. Given a discrete dynamical systéixi, T'), a finite Borel parti-
tion ¢, and an ergodic Borel probability measure Let the metric entropy df
with respect ta; (defined in exact analogy {d1.6) be positive. Then

Iiminfw >1

n— 00 n

for u almost allx.

In Sectionl1.4.3we considered rotations— x +«a (mod 1) in the unite circle
st We proved therein that, far := {[0, 1 — «), [1 — «, 1)}, it could happen that

limint 2679 _

n—00 n

0

for all x in a set of full Lebesgue measure. The positivity of the entropy is there-
fore a unavoidable condition for the lower local rate to be greater or equal to 1.
This fact suggests that the convers@beorem 11.5nay hold, however this was
disproved in38]. Instead it was proved the following partial converse.

THEOREM11.6. Given a discrete dynamical systém, T'), a finite Borel parti-
tion ¢, and an ergodic Borel probability measuge let

Iiminfw >1

n— 00 n

for 1 almost allx and every non-trivia{lmade of at least two atoms, all of them
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with positive measujemeasurable partition;. Thenu is weakly mixing with
respect tar , i.e.,

. 1 n—1 .
Jim = Xg)}u(A NT~'B) — u(Ap(B)| =0,
1=
for every pairA, B of Borel sets.

Relationships between mixing and the positiveness of entropy have been
widely studied, and the general situation here is that some property concerning
the entropy implies some kind of mixing. For instanéa, a discrete dynam-
ical system(X, T) and x an ergodic Borel probability measure, let the met-
ric entropy of T with respect to every non-trivial partition be positive(i.e.,

(X, T, ) is a K-systery) then (X, T) is strongly mixing with respect tp, i.e.,
liM,50o u(ANT"B) = n(A)u(B) for every pairA, B of Borel setsSee for
instancq120].

REMARK 11.2. In some special cases, by using the lower bound giverhby

orem 11.5it is possible to derive a relationship between the local rate of return
times and the Lyapunov exponent of an invariant measurfl18] such a rela-
tionship is established for a special class of piecewise monotonic transformations
including expanding Markov maps. In the particular case of a piecewise expand-
ing Markov mapT (which we already studied i€hapter 9 and 1« an ergodic
Borel probability measure with positive entropy, the equality

T(B(x,r)) _ 1

r—0 log(l/r) Ay
holds foru almost allx € X. Herex, := [|T'(x)|du(x) is the Lyapunov
exponent of the measuge In [114], the same authors generalize such kind of

relationship between local rates and Lyapunov exponents to higher dimensional
transformations.

REMARK 11.3. The local rate of return times has also appeared in the study of
statistics of return times. In the same framework, and keeping the same notations
as in the previous remarks, let

plx" € £"(x): T(x', £"(x) > t/u(g" (x))}
(™ (x)) '

The Kac's theorem justifies the chosen normalization. Indeed, this theorem states

thatfg,,(x) T(x’, "(x)) du(x’) = 1, so that the mean return timegt(x) diverges

like w1 (¢™(x))~1 asn goes to infinity. The asymptotic behavior of the 1@ ()

has been studied since the early 190@3,67] and it was found to be exponential

Fenoy(t) = (11.16)
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for mixing systems. To be more precise, one can be derive from Theorem 2.1 and
Lemma 2.4 in68] the following.

THEOREM11.7. Let(X, T) be a discrete dynamical systema finite or count-
able Borel partition, andu a Borel probability measure. If the partition is-
mixing, then

: ot
ILmoo,ngF“(")(Z) e'|=0

n
for any non-trivial finite or countable partition, and foru-almost allx € X.
Let us remind that the partitionis said to bex-mixing with respect tqu if the
function
picn T—(n+k)c/)

a(m):=sup sup |——— = —u()|—=0
k.l CE{k, L‘/E{@ M(C)
asn — 0. (11.17)

The supremum is taken over cylindersuch thafu(c) > 0.
The convergence rate {ft1.7)can be related to the local rate of return times in
the following way. Forx € X let

log(SUP-q | Fene) (1) — ")
log (5" (x))
and defingd(x) in the analogous way, by replacing liminf by lim sup. From The-

orem 2.1 and Lemma 2.4 [A8], and following the idea of the proof of Theorem 3
in [112], we can prove the following.

B(x) = liminf : (11.18)

THEOREM11.8. Let (X, T) be a discrete dynamical systema finite or count-
able Borel partition, andu an ergodic Borel probability measure. If the metric
entropy ofu with respect ta; is positive,¢ is a-mixing witha vanishing expo-
nentially fast, and X, T) satisfies the specification assumption, then

for u-almost every € X.
11.6. Theg-pointwise dimension for Poincaré recurrences
Let us come back to the basic framework of this part of the book. Remind that

we are dealing with a specified substiif2, o), supplied with an ultrametrid,,;
defined from a Holder continuous functian 2 — R™ (see Eqg.(11.1). We



146 Chapter 11. Invariant measures

are also dealing with an ergodic Borel probability meagumich that:(u), the
metric entropy we defined if11.6) is positive.

Associated to the ultrametrify; we define the Lyapunov exponent of the mea-
sureu,

A :=/u(w)du,(a)). (11.19)
Q

This definition is in agreement with the traditional notion of Lyapunov expo-
nent. To see this, think a2, o) as a model for a piecewise differentiable map
T:[0,1] — [0, 1]. Both systems would be related through a semiconjugacy
x : 82 — [0, 1] such thaf 7’ (x (w))| = exp(u(w)). Taking into account the Birk-
hoff’s individual ergodic theorem we obtain the relations

n—1
1 ’ 1 .
im = (n) — i _2 : Jop) =
nILmoo n Iog|T (X(w))| o nILmOO n /_OM(U 0)) N /u(w) ap(@).
j= Q

Therefore, by using the same notatigrfor both the original measure if? and
the one induced by in [0, 1], we may write

) 1
lim = Iog|T(”)/(x)| =,
—oon

n

for u-almost allx < [0, 1].

We have already all the tools needed to establish a formula fer-fra@ntwise
dimension for Poincaré recurrences for the meaguteet us put this in the form
of a theorem.

THEOREM11.9. Let(£2, 0), d, andu be as above. Then the limit

logu(B(w, €)) + gt (B(w, €))
loge

dyg(w) = lim
e—0

exists and it is such that

h(p) —q
)‘#
for all w in a set of full measura.

dyg(w) =

PROOFE As we already mention at the beginning of this section, the open
ball B(w, ¢) coincides with the cylinderg"»(w) with n, . := min{n €

N: e #¢"@) < ¢} On the other hand, sina#; is a ultrametric,B(w, &) =
B(w, ¢) for eache > 0 and everyw € B(w, ¢). Therefore

o logu(ges (w) + gt (" (w))
g (@) = sI—I>rQ+ log(e)

’
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whenever the limit existsSTheorem 11.3the Shannon—McMillan—Breiman theo-
rem, and the Birkhoff’s individual ergodic theorem ensures thapfalmost all
w€E 2

lim M =1,
n—00 n
n|i_)moo M - h(/”“)v and
1 n—1
lim = Zu(oja)) = /u(a)) du(w) = Ay.
n—oo n = J

Now, sincen,, ; := min{n € N: ¢ *¢"@) < ¢} then

Ne,e—1 Nw,e—2
—  sup Z u(o/w) <logle) < —  sup Z u(o’@).
we;?lw,s(w) ]=O ZD'E{nm'E_l((D) ]=0

Foru:$2 — R* a Holder continuous function, there exists a constant 0
such that

Ne,e—1 Nee—1
sup Z u(oj )< Z u(aj )+C,
wel"w.E (w) =0 =0
therefore
Ny.e—1 Ny e—1
—(Z u(aj )—C’)<|Og(8)<—<z u(ajw)—i-C/),
j=0 j=0

with C’ = max(C, max,cgp |u(w)|). From this we get
—logu (" (@) — qr(¢"* (@) _ —logu(" (@) —qr(¢"" (@)
> tueio) +C log(e)
_ —logu@™” (@) — g e ())
R S

Finally, sinces — 0" is equivalent toz,, . — oo, then we obtain

| n n
i 10gE" e @) +gr(eee @) P gl
e—0t log(e) > 00 SR
n
_ =g
o

for u-almost allw € £2, and the proof is done. O
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Chapter 12

Dimensions for Measures andy-Pointwise Dimension

12.1. Preliminaries and motivation

Theorems relating local dimensions and dimensions of measures have appeared
in the literature at least since early 1980s. As far as we know, it wi#] that

Young first introduced the notion of Hausdorff dimension of measure, and proved

a formula relating it to the Lyapunov exponents. More precisely, she proved the
following.

THEOREM12.1. Let F: M — M be aC? diffeomorphism of a compact surface
M, and letu be an ergodic Borel probability measure with Lyapunov exponents
A1 = Ao If A1 x A2 #£ O, then

di b 1 1
Img (1) = (M)(M Az)'
Itis worthwhile to remark that the idea behind the proof of this formula (already
implicit in [23]) is just the same one we continue to exploit. The right hand side
of the equation corresponds to a local dimension, which is proved to exist and to
be constant in a set of full measure. This local dimension, when it exists, has to

coincide with the dimension of the measure.
As a matter of motivation consider the following example. k&tC £2, be a
subshift. To each set’ c $2, we associate the Carathéodory dimension

hiop(X) 1= sup{ﬁ: lim (inf{Z(8,C, X'): [C| > n}) = oo],
where

Z(p.C.X") =) exp(—plel).
ceC
C is a finite or countable cover by cylinders, aj@§ > n means that all the
cylindersc in C have lengthc| not smaller tham. This definition correspond to
the dimension-like definition of topological pressure (Secfioh]) for the null
potential.

149
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Consider now a Borel probability measureand define

hiop() := inf{htop(X/): w(X') = 1}'

The following result is a consequence of the Shannon—McMillan—Breiman the-
orem, and we present it here to illustrate the ideas of the main theorem of this
section.

PrROPOSITION12.1. Let2 C 2, be a subshift ang:. a Borel probability mea-
sure, ergodic with respect to the shift. Then

htop(p) := hy (T'182).

Let us remark that, because of the Shannon—McMillan—Breiman theorem, the
local dimension

h(, ) := lim

n—oo

exists and takes the value, Jay), for u-almost allw.

n(&" (@)
n

PrROOFR LetX” C £2 be such that(X”) = 1. Leth := h(u) and define
gn == {a) €. h(u,w) = h}

Shannon—McMillan—Breiman theorem ensure tkat= X” N G, has full mea-
sure.

The Egorov theorem together with the Shannon—McMillan—Breiman theorem
implies that for eacts > 0 there existsX; C 2 such that for each > 0 there
existsn(8) € N such that

o~ (o < M(C"(w)) < e~ h=9n, (12.1)

foralln > n(8) andw € X.
Fix § > 0 and let8 < h — 3. Then, for each covef of X/ by cylinders of
lengthn > n(8§) we have

Z(B,C, Xé) — Ze—ﬂlc\ > Ze—(h—é)lc\’
ceC ceC
then, taking into accourffi2.1) we obtain that
Z(B.C.X) =Y ule) > mXy) > 1—e.
ceC
Since this is true for any covet of X/, by cylinders of length: > n(8), for all
3 > 0, then

lim (inf{Z(8.C. X)): IC| > n}) >1—-e,
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for B < h. From this it follows thatiop(X),) > h for all ¢ > 0. SinceX’ > X7,
thenhop(X’) > h as well.

For the converse inequality fex> 0 ands > 0 as before, and I8 > h + §.
Now, for eachn > n(8) letC, be the cover of(/, by cylinders of lengtt:. Since
this cover is at the same time a partition, then by ugir®y1)we obtain

Z(B.Cr X)) =) e e TN (o) < (X)) < L

ceCy, ceCy, ceCy
Therefore
(inf{Z(B,C. X}): IC| > n}) <limsupZ(B,C,. X,) < 1,

lim
n—00 n—00

forall B > h. Thereforehop(X;) > h for alle > 0. Let{e,}>° ; be any positive
sequence converging to zero, th&h = (2, Xgn. By a general property of

Carathéodory dimensions (sg]) we have

o
htop(X') = mop(U Xé,,> = SUPhiop(X7, ),
n=1 n
thereforehiop(X') > h.
We have proved that for eacti’” C X such thau(X") = 1 we havéip(X” N
Gr) = h(w), from what we readily derive the desired conclusion. O

A general approach, where the existence of pointwise dimension is not needed,
is developed if39]. However, since we are placed in a framework where the
pointwise dimension does exist, then for the sake of clearness, we have chosen
to present it not in that generality. However we will briefly discuss this general
approach at the end of this section.

12.2. A formula for the dimension for a measure

We place ourselves in the same context asTloeorem 11.9i.e., (£2,0) is a
specified subshift supplied with the ultrametidg (0, @) = exp(—u (" (w))),
and the Borel probability measureis ergodic and such that(x) > 0. Let us
remind that, for each € R

at(q) :=infla(g, X): X' c 2 andu(X) = 1},
and that
o =/u(w)du(w)

2

is the Lyapunov exponent of the measuravith respect to the ultrametrid,,.
We have the following.
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THEOREM12.2. Let(£2, o), u anddg, be as above, then for evegye R

ProOFE Theorem 11.®nsures that

logu@"(@) +qr¢" @) _ . _ hw) —q
nsoo log(diam¢”(w)) T Ay

for all g € R andu-almost allw € £2. Proceeding as in the previous proof, let
X" c £2 be such that.(X”) = 1 and define

Gy = {a) €R:dyy(w) = d}.

The setX’ := X” N G, has full measure.

Once again we invoke the Egorov theorem which, together Witorem 11.9
tells us that fore > 0 it existsX, C £ with u(X,) > 1 — ¢, such that for each
8 > 0 there exista(8) € N such that

e (¢" @) < (diamg” (@) e 71T @) < (e @), (12.2)

foralln > n(8) andw € X.. For each € N letr, := max,cp e “¢" @), Then,
for each covec€ of X by balls of diameter smaller than or equaligs), i.e., by
cylinders of length: > n(8), using(12.2)we obtain

Md.q.C.x0) =Y (diam(B)) e ™® > ¢ 3" 1(B) > e (X))
BeC BeC

Since this is true for any coveérof X by balls of diameten < 7,s), and for all
3 > 0, then we have

Iimo+(inf{M(d, q.C,X}): diam(C) < n}) > 1—-e.

r)—)
From this it follows thatx(¢, X,) > d. SinceX’ D X|, thena(q, X’) > d too.

For the converse inequality fix > 0 ands > 0 as before, and l&f, be the

cover of X, by cylinders of length: > n(5), which is also a particular cover by

balls of diameter smaller than or equaligs). Since this cover is at the same
time a partition, using12.2)we obtain

M. q.Co. Xp) = ) diam(B)?e™"® <&’y u(B) < ¢,
BGCH BGCu
which holds for alls > 0. Therefore

Iir2+(inf{M(d, q.C, X}): diam(C) < n}) < limsupM(d, g, Cy, X})
r)—)

n—0o0

gl’
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which implies the inequalitg (g, X,) < d forall ¢ > 0.
Following the lines of the proof dProposition 12.1let {¢,};° ; be any positive
sequence converging to zero. Theh= ;- ; X, ,and

o0
alg, X)) = a(q, U Xén> = supa(yg, Xgn),
n=1 n
thereforex (g, X’) < d.
We have proved that for eacti” C 2 such thaju(X”) = 1 we havex(g, X" N
Gq) = d. The conclusion follows. O

Thus,Theorems 12.2 and 11i®ply thate (¢) = d,. 4 (o) for all w in a set of
full measureu.

12.3. Theg-pointwise dimension for suspended flows

Theorem 12.hhas a direct extension for suspended flows over the specified sub-
shift (£2, o). To show it, we have to start with some definitions. For the suspended
flow (£2¢, @), consider a®-invariant ergodic probability measuge. Fubini’s
theorem allows us to decompogeinto a “horizontal projection’u, which is a
o-invariant ergodic measure ov&, and a “vertical projection” equivalent to the
Lebesgue measure on each fiber. Hepcks, such that the equality

¢ (w)
/Fdﬁ = JolJo ™ Fle, ) dt) dp()
0N
holds.

For a®-invariant probability measurg, and forg € R, let
al(q) :=infla(Y,q): ¥ € 27, a(¥) =1},
with a (Y, ¢) such as irChapter 10In what follows we will consider, in the defi-
nition of (Y, ¢), covers ofY by squared rectangle®(x;, ¢, €). In Chapter 1Qve
have proved that this spectrum coincides with the one defined by using covers by

rectanglesR (xy, ¢, 8), as long asx — 1 andg are non-negative.
The analogous dfheorem 12.2or suspended flows stands as follows.

THEOREM12.3. For g € R and forji a @-invariant ergodic probability measure
such thath(n) := h(ulo) > 0, the spectrum for Poincaré recurrences (q)
satisfies the equation

h(w) + /((1 — a"u(w) — q¢(®)) dj(w) = 0.

2
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Let us remind thaj is the horizontal projection of thé-invariant measure
i, which is ac-invariant probability measure a2, and the Hélder continuous
functionu : 2 — R is the function defining the ultrametrit, in $2.

The proof of Theorem 12.3elies on three elements we already have at our
disposal:

(a) Theorem 11.3which establishes that lign, o, (¢ (w))/n = 1, for w-almost
everyw € 2.

(b) The SMB-Theorem.

(c) Theorem 12.2whose proof can readily be adapted to derive the equality

iy PR, £.8) + 9T (R(%. £,8)) _ 5

I a’(q)

£—0 log(e)
for 1 almost every;.

PROOF OFTHEOREM12.3.
Step 1 First we prove that the limit

. log(iL(R(xs, €, €))) + qTa (R(xs, €, €))

dp,q = lim
e—0 Iog(s)

exits, and is constant in a set of fullmeasure.

As we proved inChapter 10the horizontal projectioRy (xs, €) of the open
rectangler (xy, €, ¢) coincides with a cylindeg s ¢ (w) with

my, ¢ :=minfn e N: (1— s)e "¢@) 4 seu@"How) _ e}.
Sinceg is a Holder continuous function, there is a constafiys> 1 such that
fg-m(xs,s)(w) ¢(ZD—) d“(w_)
Jo ¢ (@) du(@)
Cylo (o)
fg ¢ (@) du(w)
HereA = C3'B is a shortcut foiCg ' B < A < CoB. Thus, the SBM theorem,
ensures that
. log(in(R(xy, €, i lo
lim (L (R(xs, &, €))) — _h(w) + lim g(e) ’
e—0 m(xg, €) e—~>0m(xg, €)
whenever the last limit exist.
Sinceu: 2 — R is also a Hoélder continuous function, and because of the

definition of m(x,, €) given above, there is a constafit > 1 such thatt =
Cil exp(—u (¢ (w))), therefore

ﬂ(R(xS, g, 8)) =¢

=& pu(¢" @)

m(xs,e)

loge = Y u(T/(@)+£C

j=0
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for a positive constant which depends on lqg’1) andu.
As we proved inrChapter 10there is a positive consta@p such that

My e—1

(R(xq,g) Z q) o’ a) :I:Cz

j=0

From all this, and taking into accouheorem 11.z&nd Birkhoff’s ergodic theo-
rem we obtain

im [0g(f(R (x5, €, €))) + gt (R(xs, €, €))

e—0 |Og(8)
gy Je9@dn@ —hw
Jo u(w)dp(w)

for 1 almost every e £29.

Step 2 Now we prove that th@ almost everywhere constant value of the pre-
vious limit coincides with the dimension of a measuré&(q). We proceed as in
the proofs ofTheorem 12.2bove. LetZ C £2 be such thaii(Z) = 1 and define

Ga = {w e Q! dj 4(w) =d}.

The setY := Z N G, has full measurg:. Let {¢,}7°; be a positive sequence
converging to zero. The Egorov theorem ensures thaj fer0 there existy;, C
2¢ with i(Yy) = 1 — n such that for each > 0 there exista(5) € N such that

() e RCEnen) — 2O (R (x;, 80, 80))

foralln > n(8) andx € Y,,. Then, for each coveR of Y, by squared rectangles
R(xs, &4, €n), Withn = n(5) we have

Md.q,R.Y,) =Y (diam(R)) e~ ®
ReR

> Ce™ Y AR) > Ce P u(Yy),
ReR

whereC = 2¢ or C = 27¢, depending on the sign @t Since this is true for any
coverR of Y, by squared rectangle®(xy, ,, €,), With n > n(8), then

lim (mf{M(d,q,R, Y,: diam(R) < &}) > 1—1.
e—0
Here the infimum is taken over all covers by squared rectangles of diameter
smaller than or equal te. Hence, we have(g, Y,) > d, and sincel’ D Y,,
thena(q, Y) > d too.
For the converse inequality fix > 0 and§ > O as before. For each € N
let R,, be a minimal cover of,, by squared rectanglé®(x,, &,, €,), all with the
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sameg,. Forn > n(§) we have

M(d.q. Ry, Yy) = ) diam(R)’e” 47"
ReR,
<cle )y AR <207
ReR,
with C as above. The factor 2 is added becallgds not a partition, but an open
cover. Nevertheless, since it is minimal, we can avoid horizontal overlaps, and we

only would have vertical overlaps which are one-dimensional.
Now, since this can be done for @lk> 0, then

Iir‘8+(inf{M(d, q.R.Yy): diam(R) < e})

< limsupM(d, g, Ry, Yy) < 2C7 1,

n—0o0

which impliesa(q, ¥;) < d for all n > 0.
Following the lines of the proof dProposition 12.1let {n,,}:° ; be any positive
sequence converging to zero, thér= | J>°_, ¥, , and

o0
a(% Y) = a<q’ U Y m) = Supa(q’ Y77m)’
m

m=1
thereforew(q, Y) < d.
We have proved that for each ¢ X? such thatu(Z) = 1 we havex(g, Z N
Ga) =d.
Last stepFrom the parts 1 and 2 of this proof it follows that

fg ¢w)dp(w) —h(n) i (q)
Jpu@du@)
which we can write also as

hw) + f (@) — V(@) - qé(@)) du() = O.
O
2

1+

12.4. Multifractal decomposition for sticky sets

In this section we consider some properties of an invariant measure for a polysym-
bolic system in the case when the system is minimal. Let us recall first that, the
unique measurg,, is defined on each cylindéwy, ..., w7 _1] by

1

g, = ————. (12.3)
90"+ qr-1
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Because oProposition 2.2the systemy| F is uniquely ergodic either, and the
corresponding measure is the pushed forward one by the conjugBenote the
measure by, .

From now on we restrict ourselves to the case of the full sBjft = £, =
{0, 1}N. We assume that our sticky set is of the planetary type (see S&cEidih
and that there exist numbersOig < A1 < 1 and constants, ¢ > 0 such that

n—1 n—1
c[[Po; < diama, < &[] o, (12.4)

j=0 j=0
whereA, D x(w), ® = [wo, ..., w,—1]. As it was shown in SectioB.5.], the

Hausdorff dimension of the sticky sétis the rootxg of the Moran’s equation
o+A =1 (12.5)

The measure,, in our case is just the Bernoulli measure, say(h Hw)) =
27"if w = [wo, ..., w,—1]. If we take into account that the Bernoulli measure
is an invariant with respect to the shift map @a, and remember that the sticky
setF is resulting from a Moran geometric construction (see Se@iérl), then
we may forget about dynamics dn and just make multifractal analysis of the
measurev in the same way as people do it for conformal repellers (see, for in-
stance[97] and[100]). In order to apply these results, we need to show that the
measure is not of full dimension. For that, we need to construct a set of arbitrary
large measure with “small” Hausdorff dimension. The idea is simple enough. The
density of appearance of zeros and ones in a typical sequence of symbols should
be 1/2. So, a desired set should be constructed by cylinders containing approxi-
mately equal numbers of zeros and ones. We prove the following.

THEOREM 12.4. Whenevehg # A1, the uniform(Bernoull) measurev on F is
not of full Hausdorff dimension.

PROOFE We prove, first, that the measugeis not of full Hausdorff dimension,
provided thats2, is endowed with the metrid,. The proof consists of three
lemmas. InLemma 12.1below, sets of arbitrary large measure are constructed. In
Lemma 12.2an upper bound for their Hausdorff dimensior,, is computed.
In Lemma 12.3we prove that the upper boumdis smaller than the Hausdorff
dimensionx of the set(2,, if Ag # A1.

ForL e Z*, consider the setB(8, L) = {w € £22: |no(w[L]) — n1(w[L])] <
8L} wherew[L] = wg...wp—1 andn;(w[L]) = #Hw; =i j=0,...,L -1},
i =0, 1. We are interested in the sé€t&, Lg) = ﬂL>LO B(, L), forLog> 1to
get an estimate of the Hausdorff dimensiondP7],

dimy = lim inf{dimy Z: p(Z) > 13},
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We will choose the set§ (8, L) in the capacity of the sefg in the formula above.
Every setB(§, L) is a union of cylinders defined by the words of lengtin the
setW (s, L) = {o[L] € {0, 1}X: |no(w[L]) — n1(w[L])| < 8L}. The measure of
each set igu(B(8, L)) = Nz /2L, whereN; = #W (8, L). To estimate the value

of Ny, for L > 1 we use Stirling’s approximation as follows

L4
27 (L " L
Np = =2"-2
L= 2 (k) 2, (k)
k=L 1] k<L
~ 2L (1 _ K§2_L(1_H((l_8)/2))_(1/2) In L) (126)
with K5 a positive number anff («) := —aInae — (1 — «) In(1 — o). Hence, we

are ready to prove the following result.

LEMMA 12.1. For arbitrary § > Oand Lo >> 1there existk > 0andK; > 0
such thatu(C(8, Lo)) > 1 — Kj 2~ kLo,

PROOF
1(C©, Lo) = u( () BG, L)) >1- ) u(BG, L))
L>Lg L>Lo
where
Ny _LK—(1/2)InL
ZM(B(a,L)C)zz(l—Z—L)NK522 @/2)ln
L>Lg L>Lg L=Lo
Ks —LoK
< 270
1-2°K
with K =1 — H((1 - 8)/2) > 0 for sufficiently smalb > 0. O
LEMMA 12.2.
In2

dimyCG, Lo) < ———= g
" —2(nxo+1Inky)

PROOFE To obtain an estimate from above, we can choose an arbitrary family
of covers of the se€ (8, Lp). Let us consider the se®®(s, L), L > Lo, in the
capacity of such a family. Consider the sum

> (L]"[_l,\wk)a (12.7)

@0,...,0op -1 \k=0
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with (wo, ..., wr_1) € W(6, L). Remark thafwo, ..., w;._1] C B(6, L) for
(wo, ..., wr—1) € W(S, L) and thatB(8, L), for L > Lg, coversC(é, L). As-
sume thak1 > Ag, then

L-1 (L)

Ao\ S (@) —L/2 A1\OL/2
[T e = Gorn™2(32) < Gor™2(2)
fliry A Ao

Thus

5 () <o 5.0

W0, L1

This expression remains finite ds goes to infinity for those values af for
which 240A1)%2 - (A1/20)%%/%2 < 1. It implies the validity of the inequality
2(1or1)%? < 1 and proves the lemma. O

Denote by, the dimension of the measuge
COROLLARY 12.1. o < @.

The proof follows directly fromLemma 12.2and equality (3.3) of the
book[97], p. 22.

LEMMA 12.3. For Ag # A1, o, < «, the Hausdorff dimension of the s@p.

PrROOE From(12.5)andLemma 12.2it follows that for every positive,
a(ro, A1) = ya(ry, 2]) and a@(ro, A1) = ya(ry, A)). (12.8)

Assume, first, that; = 1—Ao. Then, by Moran’s equatiofi2.5) a(ig, 1—Ag) =
1, and

2In2
&(h0.1- h0) < max n (12.9)

o —InXo(1—Xo) -
if X0 # 1/2. For arbitraryry and1’, due to property(12.8) there existy and
Ag such thathy = AL, 1) = (1 — x0)Y, a(rp, Ay = y~1 anda(ry, 1) =
y ~ta@(ro, 1—1o). Hence, after the inequalitit2.9)andCorollary 12.1 it follows
thate, < a(rg, 1)) < a(ry, A)), for arbitraryay # 17. d

To conclude the proof oTheorem 12.4we apply Proposition 4.1 and The-
orem 6.3 of the book97], which tells us that the Hausdorff dimension is an
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invariant with respect to a Lipschitz continuous homeomorphism with a Lipschitz
continuous inverse. O

REMARK 12.1. For the Markov map of the interval of Example 3.1the g-
invariant measuré is not of full dimension either. The maphas a conformal
repeller J that is the support of the measure and all assumptions of Theo-
rem 21.1 in the boofQ7] are satisfied. Thus, it has the multifractal decomposition
described in this theorem.

If the geometric constructions of the setsand F are modeled by the same
symbolic system then they are metrically equivalent @eposition 12.Delow).
Therefore, the multifractal decompositions igf/ andv|F are the same. This
means the following. Assume that the limit

logv(B(x, 1))

d, = lim
) rLO logr

exists. It is called the pointwise dimension at the paint F [124]. Let F, =

{x € F: d,(x) = o} and the Hausdorff dimension digF, =: f,(«), then the
function f, () is said to be the multifractal spectrumofsee, for instancg97]).

The representation af in the formF = | J, Fo U F, where the irregular pan‘f

is the set of points for which the pointwise dimension does not exist, is called the
multifractal decomposition of the sét. Now, let

loginfg, > peg, v(B)Y
r—0 logr

TU(Q) = -

where the infimum is taken over all finite cove¥s of F by open balls of radius
r. Remark that

Ty(g) = (1= q@)HP,(v)
whereHP, (v) is the Hentschel-Procaccia spectrum (provided that corresponding
limits exist, see, for instancfQ7]).

The following result holds.

THEOREM12.5.

() Tv(g) = Ts(q).
(i) fo(@) = fi(@), and Fy = x (X ~1(Ja)) whereJ, = {x € J: d;(x) = a}.

PROOF. Since the magy o ¥ 1 is Lipschitz continuous with a Lipschitz con-
tinuous inverse, then the statement (i) follows from Theorem 8.3 (p. 50), equal-
ity (18.1) (p. 182), and Statement 5 of Theorem 21.1 (p. 214) of the gk
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Proof of the statement (ii). Let € J,, i.e., lim._glogb(B(x,r))/logr = «.
Let L (correspondingly) be a Lipschitz constant of the map 5 ~* (correspond-
ingly ¥ o x Y andy = x(x 1(x)). Then

B(y, i) c x(3 X(B(x,r)) C B(y, Lr)
and

v(B(y, l_lr)) < v()( ()Z_l(B(x, r)))) = f)(B(x, r)) < v(B(y, Lr)).

Thereforep = d, (y). In the same way we show thatjife F, theny (x ~1(y)) €
Jy. This implies (together with Theorem 6.3[@7]) the statement (ii). O

COROLLARY 12.2. The theorem, Theorefiri.1, and Theoren21.1in [97] imply
that:

(i) The pointwise dimensiaf) (x) exists forv-almost every € F and
2log 2
—(logio+logiy)’
(ii) The functionf, («) is defined on the intervdly, a2] which is the range of
the functionx(g) (i.e.,0 < a1 < a2 < 00, @1 = a(o0) andar = a(—));
this function is real analytic and, («(q)) = T(q) + qa(q).

(iii) The functionsf, («) andT, (g) are strictly convex and form a Legendre trans-
form pair.

dy(x) =

REMARK 12.2. The results of this section tell us that a minimal multipermutative
system, being uniquely ergodic, nevertheless possesses a nontrivial multifractal
decomposition, provided that the rates of contraction are different. If rates of
contraction are the same, then multifractal decomposition is trivial (i.e., has the
only element plus the irregular part). This follows frdPnoposition 12.2elow
and[97].

12.5. Remarks on theg-pointwise dimension and the
dimension of a measure

REMARK 12.3 (Dimension of measuresNow come back to Sectioa.1 and
assume that is a Borel probability measure supported on theZet R™. The
guantity

dime := inflac(Y): w(¥) =1}

is said to be the Carathéodory dimension of the meagui@7]. In particular,
dimgu = inf{dimgY: w(¥Y) = 1} is called the Hausdorff dimension of the
measureu.
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In the case wheréd,, (x) exists, the quantity/y (1) can be estimated. Theo-
rem 7.1in[97] tells us that:

@) if d,(x)>d for u-a.e.x thendinyu > d,
(ii) if d,(x) < d for u-a.e.x then dimyu < d;
(iii) if d,(x) =d for u-a.e.x thendimyu =d.

It is clear that dimu < a.(Z) for any Carathéodory structure and any mea-
sureu. A measureug is said to be the measure of full dimensiomiifn, .o =
a.(Z). The measure of full dimension may not exist. For example, even for two-
dimensional Axiom-A diffeomorphisms, the measure of full dimension almost
never exist$82]. Nevertheless, there are interesting situations where it is so.

ExampLE 12.1 (Existence of the measure of full dimensiohgt us consider
the conformal repelley in Example 3.1We know that the Hausdorff dimension
a. = dimg J is the root of the Moran equation

O¢ (73
A A =1

For the sake of definiteness, assume tlgak Aq and letx := logA1/log g,
i.e.,A1 = Ag. Introduce a numbep > 0 satisfying the equation

p+p =1
We show thap = A3°. Indeed,

M+ () =g A =1,
by definition ofa,.. Consider thép, 1 — p)-Bernoulli measure: on §22 (in other
words, the measure of the cylindet[wo, ..., w,—1]) = ]‘[Z;é Dey, Wherep,,, =
pifwxy =0, py,, =p* =1-pif wx = 1). Denote byu the pushed-forward
measure o and show that is the measure of full dimension. We havg( f) =
plogp + (1 — p)log(1 - p), x,i = plogio + (1 — p)logr1. Furthermore, for
the conformal repelley one has
hy(f)

+ b
w

where X,j is the Lyapunov exponent with respect to measur@he proof is a
simplified version of the result iiL24] — se€[97]). Hence,
plogp + kp”*logp
plogio + p*logiri
1+ p*Llogri/logio
logio + p*~tlogiy

dy(x) =

dy(x) =

= log p

__logp
" loghig
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for u-a.a.x. Because of the mentioned Theorem 7.191], we have that
logp  aclogig
“logio  logio
This example is a particular manifestation of the general r¢s00] that says
that if m is an equilibrium measure on a subshift for the poteritigl w1, ...) —

o log i, andu is pushed-forward o, the result of the corresponding Moran
type construction with dim F = «,, thenu is a measure of full dimension and

e
[0 109, dm’
A similar theorem (Theorem 20.1 [87]) holds for conformal repellers.

o =

(12.10)

REMARK 12.4. In[39] the authors derive a relationship between a loyer
pointwise dimension of the measute and the spectrum of the measure. In that
paper the authors treat the problem in a general context, and their main motiva-
tion was to propose a local quantity always well defined (a lower limit in this
case), from which one could derive the spectrum of dimensions for a measure.
This approach applies to the spectra of dimensions of monotone functions of sets
other than Poincaré recurrences, but it is particularly adapted to the spectrum of
Poincaré recurrences.

The general context is the followin < R” is a Borel setyu is a Borel
probability measure, angt is a real-valued set function. Then, f®#r¢ € R and
Y C X let

My(a,q,Y) = lim inf e~V B (diamB)* {,
W( 4.7 e—0t B: diam(B)ge{ Z ( )

BeB
where the infimum is taken over all finite or countable cover¥ tfy open balls
of diameter smaller or equal The general theory of Carathéodory dimensions
ensures, for each € R, the existence of a unique number

ay(q.Y) = infla e Rt My(a,q,Y) =00}
The relationg — oy (¢, Y) defines the spectrum of dimensions fprof the set
Y. Finally,
06{2(61) = inf{ay (g, Y): u(¥) =1}
is the spectrum fotr of the measurg:.
Here it comes the main difference between this approach and the more tradi-

tional approach one can firf87]. Let 9 c [0, 1] be a countable set such that
0 € clos Q. The lowerg-pointwise dimension of atx € X is

dV (x):= liminf inf log”(B(y’g))‘*‘qlﬂ(B(y,e))'
w.q 03¢0t yeB(x,¢) |Og(8)
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This limit depends onQ, but for a well behaved function set functiah, a
countable set may be sufficient, i.e., liminfy+ and liminfy.,_, o+ coincide. For
instance, ifyy is monotonous with respect to the partial ordex B’ < B C B/,
thenQ := {1/n: n € N} is sufficient.

The result in39] is the following.

THEOREM12.6. Forall ¢ € R, ag(q) = esssupd,'ﬁq.

Let us remind the ess-syp:= inf{a: u{g(x) < a} = 1}. Theorem 12.@pplies

to our case, and it allows us to relate the spectrum for Poincaré dimensions of the
measure to the corresponding lowgpointwise dimension, in the general case
when the rate of return times does not exist.

REMARK 12.5. The symbolic setting we consider in this chapter is in per-
fect agreement with a generalized Moran construction satisfying the gap condi-
tions(3.25) and (3.26)In that case we have the following.

PROPOSITION12.2. Let x : X — F be the coding map associated to the gener-
alized Moran construction with modé&2, o). Let the construction satisfy the gap
conditions(3.25)and (3.26) Letd, be the ultrametric inX defined as in(11.1)

by the function:(w) = —log(w). Then, there exist constarfis< d < d such
that

d dist(x (w), x (@) < do (o, w) < d dist(x (), x(@)),

forall w, @ € £2.

PrROOF Sinceu is a Holder continuous function, there exists > 1 such that,

n—1 n—1
su Molw') < Cy inf ro'a'),
w’e;‘”?w) 11:!) ( ) S0 o'l () ’1:[ ( )

uniformly in» andw. Therefore

dist(x, x") < diam(Aug--w,)
n—1

<é sup [[r(e'w)
@'et"(w) ;o

< (Co &) e @) = (Cg &)dg (w, ),

wherex = x(w), x' = x(w) andw € {"(w). If the gap conditions are satisfied,
there is a constant (gap) > 0 such that for all, € £2 andw € " (w) \ " (W)
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we have

dist(x, x') = diSt(Awy...0, » Awg...,)

>
> G diam(Aguy..0,_1)
n—1
Glc inf T[rc'w’
<_ w/EC”(w)il;[) ( )>
= (G o) e " @ = (G o)do (0, ).

WV

Hence, the proposition holds when the gap conditions are satisfied. a

Let f: F — F be suchthaf o x = x oT andv a f-ergodic Borel probability
measure. The equivalence of distance distiand distancéy, in £2 implies the
following.

THEOREM 12.7. For a Moran construction of a fractal set satisfying the gap
conditions(3.25)and (3.26)let f: F — F be such thatf o x = x o T. Let

u be a f-invariant ergodic Borel probability measure with positive entropy, and
i o x = —logA. Then the limit

logu(B(x, €)) + qt(B(x, €))
loge

dyq(x):= lim
ma e—0F

exists foru-almost allx € F, and it coincides with

h(v) —q

a'(q) = .
9 Jpi(x)dv(x)

This result also holds for transformations satisfying some hyperbolicity condi-
tion like in [114], where for instance the following result is proved.

THEOREM 12.8. Let f be a surface diffeomorphism, apdand f-invariant er-
godic measure with(x) > 0 and Lyapunov exponentg > Ap. If suppp) is a
compact locally maximal hyperbolic set f@r then

1 1
at(q) = (h(w) —q)<)\—1 - A—2>
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Chapter 13

The Variational Principle

Let us remind that one say87,118,119khat the Carathéodory dimensiap(Z)
admits the variational principle (with respectAd) if sup, c (¢ dim.p = a.(Z),
where the supremum is taken over some #dtof measures (it could be
Borel probability measures, invariant measures with respect to a dynamical sys-
tem, etc.). We shall show that indeed the spectrum of dimensions for Poincaré
recurrences admits the variational principle.

13.1. Preliminaries and motivation

In the framework of this book a variational principle refers to a relationship be-
tween dimension-like quantities, so that a particular dimension coincides with the
extremal value of a collection of dimensions of other kind. In this sense, if we had
an alternative definition of the spectrum of a measure, then the definition we gave
above,

at(q) :=infla(g, X'): X' C X andu(X') =1},

could be understood as a variational principle, or more precisely, an inverse varia-
tional principle. Instead, in this chapter we deal with a direct variational principle
where a “topological dimension” is obtained as the supremum of a set of “mea-
sure theoretical dimensions”. In order to illustrate this, let us consider the example
we developed in the previous section.

Let us remind that for th&-invariant measurg on X,

htop(1) = inf{hop(X'): X' C X andu(X) = 1}.

We proved aboveRroposition 12.1thatop(i) = h(w), which can be seen as
an inverse variational principle. A direct variational principle also holds, indeed,

htop(T) = sup{hiop(w): p is T-invariang.

This equality is a direct consequence of the variational principle for the topo-
logical pressure, as it appears in the thermodynamical formgli€8j. A more

167
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general version of the variational principle for the topological pressure is pre-
sented97], and allows one to treat non-compact invariant sets. In our case, since
the fractal set resulting of a generalized Moran construction, the hyperbolic re-
pellers and other examples we are considering, are compact, we may be satisfied
with the particular version that follows.

THEOREM13.1. Let$2 be a specified subshift of the full shi#t,. Then for each
Holder continuous functiogy : 2 — R,

Po () =sup{h(u)+/wdu: n iSJ-invariant}.
2

Here Pq () is the topological pressure associated to the potewtials it was
defined by(2.10) or alternatively by(2.17) For the sake of completeness and also
for pedagogical reasons, we will give a proof of this result following the classical
lines (which can be found for instance][it09]).

PROOF Let u be ac-invariant probability measure. Singeis Holder continu-
ous, there exigt andC > 0 such that

max{ |y (w) — ¥ (@)|: o, @ € c} < COH"
for eachn € N andc € ¢". Then, for eaclw € N

n—1

/Iﬂ(a))d,u(a)) = —Z/w o’ a) du(a))
2

J= 0:2

co
/Wn (@) dp(w) £ = (1 9)

co
—an<c>u(c>i (1 9>

cegh

Here we employ the traditional notatiomg (¢) := max,e. Z’/’;(l)w(ofw), and
A = B £ C for the inequalitiess — C < A < B+ C. ‘
Now, for eachn € N let us define the quantities

1
Pa, 2) = Iog(Z exp(v/n<c>)>,

cegn

1
hn() 1= ==} p(e) log u(e),

cegn



13.1. Preliminaries and motivation 169

which, as we have already seen, are such®at, £2) = lim,_, - P, (¢, £2) and
h(p) = im0 hn ().
By concavity of the functionr — log(x), we have that

o <exp(wn(>>) (c><|og<zexp(%(c))>,

cern ceen

therefore

Cco
h (M)+/¢(w)du(w) Pa(y, 2)+ = (1 9)

for all n € N. Taking the limitn — oo we obtain

hw) +/w<w> di(@) < POV, 2),

for everyo-invariant Borel probability measure, and in this way we obtain a legal
proof of the inequality

Py, 2) > sup{h(u) +/¢(a)) du(w): u is(f—invariant}.
2

The converse inequality is less evident.
For eachn € N consider the atomie-invariant probability measure

exp(Yn (@)
Z ZwEPe;,(J) exp(yn (@) ©

Myrn =
wePey, (o)

wherey, (@) == Y "5 (0/w), Pep(0) := {0 € 2: 6”0 = o}, ands, is
the atomic probabilllty measure concentrated)aﬂ' he set ofo-invariant Borel
probability measures is convex and compact with respect to the weak topology
(see[49] for details). Let

Ey = {y,: w is a limit point of the sequenqew,,n};‘;l}.

Letng be the specification length &f, and for eacln € N let
Zn = Za(Y, 2) =Y expyn(c)).
cegh

For eachn € N, ¢ € ¢" andm > n + 2ng, the Hélder continuity and the specifi-
cation property imply that

(o]
Y @ = 7, g 7, 20 ),
wePer, (o)
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Yo @ = 7, g, V(@ F 20V Inot+£55)
wePer, (o)Nc

where ||| := maX,eo [¥(w)|, and A = Be*C stands for the inequalities
Be € < A < Be€. Then, for eacl € N andm > n + 2ng we have

Y weper (oyne € )

g‘/fm(w)

1
hn(ﬂlﬁ,m) = _; Z Ml//,m(c) |Og(

cegh
_ log(Z,)

n

E:UTEPEQAG)

1
== 1w (@ (Yn(©) £ co)

cegn
with cg := 4(||[¥|lno + CO(L —6)~1). Now, consider a subsequence; <
mp < --- such thatuw my — W € &y ask — oo. Then we have

log(Z
M)+ 3 (e = )

LE§”

for eachn € N. On the other hand, taking for eache ¢" an arbitrary point
* € ¢, we obtain,

n

1 co
;Zg () Yn(c) = —§u<c>2w (/o Py
n 1 Co
= _,ZOCEZUMCW ol w* v

R co
:_Z(/waf d,u(a)):I:CQ) nd—0)

Sinceu € &y is T-invariant, the inequalities above imply that
log(Z,) N (260
n

n

B (10) + / (ol w) dp(w) = ce")
2

for all n € N, and taking the limiz — oo we finally obtain

hw) +/W(w)du(w) — P(y. Q).

for everyu € &y . This concludes the proof. O

It is important to remark that in the particular case under consideration, the
set&y is composed by a single ergodic measuge with positive entropy. This
non-trivial result can be found, for instance [107].
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13.2. A variational principle for the spectrum

Theorem 12.2stablishes a relationship between the measure theoretical entropy
of a measure, and the spectrum of dimensions for Poincaré recurrences for the
same measure. On the other hand,Tineorem 5.1the spectrum of dimensions

for Poincaré recurrences is the solution of an equation written in terms of the
topological pressure of certain potential. In this subsection we will use the varia-
tional principle for the topological pressure that we have just presented, to deduce
the analogous principle for the spectrum of dimensions for Poincaré recurrences.

THEOREM13.2. For a generalized Moran construction of a fractal gesatisfy-
ing the gap condition&3.25)and(3.26)let f : F — F be suchthaffoy = xoo,
andii o x = —logA. Inthe region0 < g < htop(f) We have

ac(q) = supla’(g): vis f-ergodic withi(v) > 0}.

PrROOF First, Theorem 5.1states thatv.(¢g) is the unique solution of the equa-
tion P(xlogi) = ¢, which — thanks to the gap conditions and the topological
conjugacyy : 2 — F — corresponds to the equatidi—«it) = ¢g. Therefore,
for g € [0, hop(f)], ac(g) is the unique solution of the equatidh(—ai) = q.

On the other handfheorem 12.2Znsures that for eacfrergodic Borel proba-
bility measurev in F such that(v) > 0, the quantityr” (¢) is the unique solution
of the equation

q=h)— /ozit(x) dv(x).
F
The variational principle for the topological pressure tell us that

h(v) — /aﬁ(x) dv(x) < P(—an),
F

for every f-invariant Borel probability measure, and, in particular, for efetr-
godic Borel probability measure with positive entropy. Thus

P(~ac(q)it) = g = h(v) — /Otc(q)ﬁ(X)dv(x),

F

qg =h() — /a“(q)ﬁ(x) dv(x),
F
therefore

f (e(q) — & (@))ii () dv(x) > O,

F
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Sinceii(x) > 0 for eachxy € F, we obtain the inequality
ac(q) = supla’(q): vis f-ergodic withi(v) > 0}.

Associated to the Holder continuous functian — a.(¢) logA(w) in £2,
define £,,(¢)10g, as we did in the proof of the variational principle. As we
mentioned above, a result from Ruelle’s (Theorem 2.11i@7]) implies that
Eac@logr = {Hac(@)logr}, ANA L = g, (g)l0gs. IS o-ergodic with positive en-
tropy. The corresponding measure= u o x ~+ on F satisfies

h(v) — / e (@)i(x) dv(x) = P(—ai).
F

Sincey is a measure theoretical isomorphism, the induced meastrg o x 1
inherits ergodicity and has positive entropy as well. With this we conclude the
proof. O

13.3. The variational principle for suspended flows

In Chapter 1@ve computed the spectrum for Poincaré recurrences for a suspended
flow (X?, @) over a specified subshiff2, o). Let us rephrase the main result of
that chapter:

Fora > 1 andg > 0, the spectrum for Poincaré recurrenaés= o(X?, ¢)
satisfies the equation

Px((1—a*)u —q¢lo) =0.
With this andTheorem 12.3ve just proved, we obtain the following

THEOREM 13.3. Let M, be the set of all ergodi@-invariant probability mea-
sures inX?. Then, ifx(X?, ¢) > 1, ¢ > 0, we have

Ol(X¢, q) = Sup{a’_‘(q): e M., hn) > 0},

wherep is theo -invariant probability measure projected aa from .

The proof of this result follows the same lines as the prodft@forem 13.2bove,
substitutingr by o — 1.
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Chapter 14

Intuitive Explanation of Some Notions and Results
of this Book

In spite of sophisticated calculations and estimates in the proofs of theorems
of our book, the main ideas are simple and natural for people who are familiar

enough with statistical mechanics machinery. The goal of this chapter is to ex-

plain on a physical level of rigorousness (in the spirit of the artipi@s47,66),

why and how topological pressure, topological entropy, Lyapunov exponents and

spectra of dimensions for Poincaré recurrences fuse together to form Bowen-type
equations.

14.1. Topological entropy, Lyapunov exponents and Poincaré
recurrences for ergodic conformal repellers

The Hausdorff dimension reflects only geometrical features of a chaotic motion.
It does not expose characteristic dynamical behavior. Nevertheless, we know that,
for some systems, Hausdorff dimensions are determined by dynamical quantities.
This fact is illustrated in the following examples.

14.1.1. Entropy

Consider the simple situation wheéi, f, 1) is an ergodic conformal repeller
with X ¢ R™ andu a f-invariant, normalized and ergodic measure. Let us re-
mind that a smooth map: X — X is conformal if at every point € X we have
thatDf (x) = L(x)lsom,, whereL(x) is a number and Isojris an isometry. The
map f is expanding ak if |L(x)| > 1 and is contracting at if |L(x)| < 1.
A repeller for such a mag (i.e., an invariant locally maximal repelling set) is
called a conformal repeller.

LetG = {G1,...,Gp) be a cover ofX of diamG = &, where diang :=
max{diamGy, ..., diamG ,}. Then-itinerary of pointx relative togG is the word

wy(n) :=igiy...ij...ip—1, ij €{1,...,p}

175
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such thatf/(x) Gi; foreachj = 0,...,n — 1. A cylinder set of the length
is the collection of all points having the samétinerary:

tn(x) = {y € X! wx(n) = wv(”)}

Assume that the collection of all cylinder sets is a generating cover such that
for longer lengths:, G" = {¢,(x): x € X} provides a finer cover ok with
diamg" =: r(n,e) — 0 asn — oo. By Shannon’s theorem we know that there
exists a numbek,, (f) > 0 such that §" ~ ¢"«/) asn — 00.2 Thus,u is the
measure of maximal entropy and we have thatf) = hwp(f) =: h(f). Fur-
thermore, by assumption, the full measurgX) = 1 is shared equitably among
cylinder sets such that entropy yields the following estimate for the measure of a
cylinder set of the length

~ ().

//«(Cn (x)) = HGr

14.1.2. Lyapunov exponents

The diameter (n, ¢) of the coverG”, as a function of:, can be estimated by the
average expansiveness of the nyaplong the orbit. For a point € X let

1 n—1 .

n(x) == log|L(f7 (x))]. (14.1)

n j=0
The limit A(x) = lim,_ - A, (x) exists forx a u-typical point. Because of the
ergodicity assumption the limit above exists and is a constaimdependent on
the choice of typical point. Assuming the uniform contraction rate &xp.) for
cylinders, the diameter of the collectighf of cylinder sets is estimated to be

n—1
r(n,g) ~ ¢ l—[ |L(fj ()c))|_1 ~ ge " (14.2)
j=0
If, for a sufficiently longn, the orbits are distributed uniformly ik, the measure

of cylinders may be estimated by the measure of a ball of radigsr(n, €) as
follows

/L{y e X: d(ka, fky) <eg k=0,...,n— 1} ~ M(B(x,r)).
Thus,

NG
/L(B()C, r)) ~ e M) ~ (—) asr - 0
&

2 By f(n) ~ g(n) we mean here that there exist positive constghtnd C such thatCg(n) <
f () < Cg(n) for sufficiently largen.
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which tells us that

h
dimy = % = inf{dimy A: u(A) =1} =dimy X, (14.3)
since for the ergodic conformal repeller the local (pointwise) and the global di-
mensions ofx coincide. Thus, a geometric property of the ergodic meaguise

determined entirely by two dynamical quantities.
14.1.3. The spectrum of dimensions for Poincaré recurrences

Let us follow lines similar to those used in the computation of the Hausdorff
dimension. So, let us distinguish all the subsktsi = 1,2,..., N(n), of the
invariant subsek having the Poincaré recurrence equals,toe.,

©(B;)) :=min{r €N, x € B;: f"(x) € Bj} =n
fori=1,2,..., Nn). (14.4)

Recall that we are considering an ergodic conformal repeller. Thus, we expect
that N (n), the number of sets having Poincaré recurrence equalsgmws ex-
ponentially fast, while the diameters shrink exponentially fast to zero({ge2)).
Otherwise said, there should be constdnts- 0, and O< Amin < Amax < 1, for
which

N(@n) ~e™ and A < diam(B;) < Al
The exponentials have opposite behaviors. Thus, depending on the value of num-
bera, the suleNz(i’) (diam(B;))* may either diverge to infinity or converge to
zero exponentially fast. There are cases which we study in detail, where col-
lections{B;, i = 1,2,..., N(n)} of sets with Poincaré recurrence equals:to
essentially cover the attractor, so that

N (n)

Z(diam(Bi))“ ~1 fora = dimy(X).

i=1
Let us introduce a parameterin the role of a time scale to gauge the “impor-
tance” of different Poincaré recurrences. “The importance” will be a numeric
characteristic of the set, denotedvy.(g), of the same kind as its Hausdorff di-
mension, that is such that

N(n)

> diam(B,)*@e~17B) ~ 1. (14.5)

i=1
The spectrum of dimensions for Poincaré recurrences is the functional depen-
dencex(q) of the dimension-like characteristicwith respect to the time scade
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This spectrum can be seen as a relation between scale transformations in time
and scale transformations in space. These changes are to be made in the logarith-
mic scale for the space, while they could be linear or logarithmic for the time,
depending on the recurrence properties of the system.

For an ergodic conformal repelléf the diameter of set8; in (14.5)is esti-
mated in(14.2) and each set has Poincaré recurremc&hus, the spectrum of
dimensions for Poincaré recurrences is determined by the following relation,

Zen(qura(q)An(xi)) ~1 n>1, (14.6)
Bi
wherex; € B;. The number of sets;, with Poincaré recurrenog may be esti-
mated by the number of periodic points of the periodror the repelleX of the
conformal mapf we take

#Pey, (f) ~ e,

where Per(f) is the set of all periodic points of minimal periadand# is the
topological entropy. Thus, relatiqi4.6)becomes

St @D L 1

which holds for

h _
a(q) = T‘f (14.7)

Recall that, by assumption, the systém, f) is ergodic and then, (x) ~ A,

n > 1, independent of a typical poirt The spectrum for Poincaré recurrences
is then related to the Hausdorff dimension of the ergodic conformal repélbsr
substituting relatiorf14.3)into (14.7) we obtain

a(q) = dimy (X) (1 —_ %) (14.8)

14.2. (Non-ergodic) Conformal repellers

The results in the previous section are not valid in general. In relétié:3) for
instance, the limit. := lim 1, (x) is not independent of point € X when the
repeller is not ergodic. If we want to follow as before the same arguments in more
general situations then we must perform a multifractal analysis by decomposing
the setX into level subsets, collecting all points with the same value fonljitx).

We shall see that for such level sets a relation of the {#e3) is still valid

for non-ergodic conformal repellers. However, there are no simple expressions,
as(14.7) and (14.8)for the spectrum of Poincaré recurrences. Instead, we get
Bowen-type equations.
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14.2.1. The entropy spectrum for Lyapunov exponents

Generally, when limL, A, (x) exists it takes value in the closed interid, A2],

for somex1 < Az. In the previous example, Sectidd.], the situation was that
A1 = A2 =: A. Thus, to follow a line of reasoning similar to the one we followed
for ergodic conformal repellers, let us first decomp#sato level sets of constant
Lyapunov exponent,

X5, = {x: lim A, (x) = A}, (14.9)

when the limit exists. The collectiofi” of cylinder sets has to be trimmed too,
according to the range of valuesif(x), n > 1. So, let/ C [A1, A2] be an open
interval and let

G"(J)={¢ e@": Ix e g with A, (x) € J}.
Then, for the given interval C [A1, A2], a “partial entropy” function would be
1
n(J) = lim —log#G"(J).
n—-oon

Theentropy spectrum for Lyapunov exponeistthen defined to be

n(\) = hop(f1X,) = inf{n(J): J 3 A}. (14.10)
Then, waving hands in a similar way as we did in Secfidriwe find that
. (A
dImHX)L e nT)

14.2.2. The spectrum of dimensions for Poincaré recurrences

Relation(14.2)is not valid for the present situation. Then, in order to estimate
the diameters of the se{8;, i = 1,2,..., N(n)} having a Poincaré recurrence
equal tan, we associate to each of those sets a periodic point of minimal period
In this way everyB; would be a neighborhood of a particular periodic painin

the repellerx ¢ R™, such thatf"x; = x; and f*x; # x; for k < n. Suppose that
then points in the orbit ofc; are well distributed in the attractor, so that

min{dist( f*x;, fix;): 0<k <€ <n}~ Ediam(X).
n

In this case, in order to ensure that the image $&®%,k =1,2,...,n —1,0fa
neighborhood ok;, do not contairx;, it is enough that

diam( /¥ B;) < dist(f*x;, x')

< minfdist s £x): 0 < k < £ < n) ~ X,

n
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An upper bound for the diameters of the s¢fsB; is obtained by using the max-
imal Lyapunov exponent through the orbitxgf Indeed, by taking

. n—1
diam(B;) ~ d|ar:(X) exp<— > “log|L(f*xi) ) (14.11)
k=0

where log L(x)| is the Lyapunov exponent atof the conformal mag’, which
is supposed to be positive. We have that

n n

. n—1 .
diam( ¥ B;) ~ diam(X) exp(— Zlog|L(f‘5xl~)|) < dlam(X)’
=k

for each 0< k < n. Thus, from relation(14.5) defining the spectrum of di-
mensions for Poincaré recurrences, taking into acc@l4tll) we obtain the
asymptotic relation

n—1
> exp(— Y (g +e@ Iog|L(f"x)|)) ~1, (14.12)

xePep(f) k=0

where Pey( f) is the set of all periodic points of minimal periad We can alter-
natively write this relation as

1 n—1
~log ) exp(—a(q)2|09|L(f"X)|> ~q.

xePey, k=0

In the case of a strongly chaotic system (compare to the result about the topo-
logical entropy for expansive transformations[#9], p. 110), the quantity at

the left hand side of the previous relation converges @®es to infinity to a
dimension-like characteristic, denoted By—«a(g) log|L|), known as the topo-
logical pressure for the potential

9(x) == —a(q) log|L(x)|
(see Sectior.4for a more detailed explanation). Hence, we have the formula
P(—a(g)log|L]) = ¢ (14.13)

that is satisfied by the spectrum of dimensions for Poincaré recurrences.

Considered as a function of the parameter the topological pressure
P(—alog]L|) is convex and decreasing. F@r= 0 it coincides with the topolog-
ical entropy of the system, which in our case is given by the limit

1
htop = n“_)moo ;#Peﬁ(f)-
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htop ~

Figure 14.1. The convex shape of the spectrum of dimensions for Poincaré recurrences. The dashed
line is the spectrunfl4.8)for the ergodic conformal repeller.

Fora = dimg(X), we necessarily havB(—a L) = 0 since in that case the sum

in (14.5)is the same as one uses in the computation of the Hausdorff dimension,
in which the recurrence times do not appear. Thus, the specirfyinis a con-

vex decreasing function af, such thatr(0) = dimg (X) anda(htp) = 0. The
spectrum of dimensions for Poincaré recurrences is sketcHedume 14.1

14.2.3. A Legendre-transform pair

In the estimates we performed in the previous section, which are valid in the case
of a strongly chaotic system, we dealt with the sum

To= Y exp(—a(q)rillog|L(ka)|>.

xePey, (f) k=0
For each periodic point € Per,(f), we consider the orbit averagg4.1)which
take values in the intervdl1, A2]. Let{A1 = €g < €1 < --- < £, = A2}
be an equally spaced partition of the interi@d, A»]. Let Jy = [€x—_1, €], for
k= 1,...,n. To each of the intervalg; we associate the collection of periodic
points

E,(Jo) := {x € PeR(f): 1 (x) € Ji}. (14.14)

From this, we have

n—1
1
DI kZ_()exp(ﬂ (-05(61)51( +t log #En(Jk)>>
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n—1
X 1
=" exp(n (—a(cnek + = log#E, (Ji) — q::(a>>>,
k=0 n

where
1
g @) = max(—a(q)ek + Zlog #En(Jk)). (14.15)
k n
Since
n—1 1
1< Zexp(n <—05(61)5k + —log#E, (Jx) — q:(@)) <n,
k=0 n

then(14.12)can be written as
A(n)e(q:(m—q)n ~1,

with 1 < A(n) < n andg*(«) as above. Therefore, in the limit — oo we
necessarily have

g = lim ¢g*(@) foroa = a(q). (14.16)
n—oo

This condition defines the spectrum of dimensions for Poincaré recurrences. To
write it in the familiar form, notice that, for a strongly chaotic system, the function

o1
n(x) := lim —Ilog#E,(J;y) suchthat/; > A,
n—oon

if it is well defined on the intervalir1, A2], coincides with the entropy spectrum
for Lyapunov exponents, defined (4.10) Thus, conditior(14.16)can be writ-
ten in the form

. 1
g = lim max(—a(q)zk + —log #En(Jk)>
n—-oo k n

= mkax(—oz(q))n + (). (14.17)

Notice that the right hand side of this equation is the Legendre transform of the
function—n (1) evaluated at-«a(q) (see, for instance, Chapter VI [i1]), i.e.,

q(@) = (=) (~a), (14.18)

where, as usuag™® denotes the Legendre transform of the functorgince the
Legendre transform is an involution, we have that

—n(A) = ¢*(—a) = max@r — q), wherea = a(g),
and from this it follows that

nA) = main(ak +q) forg =q(a). (14.19)
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Figure 14.2. The concave shape of the entropy spectrum of Lyapunov exponents, and the inverse
g = q(a) of the spectrum of dimensions for Poincaré recurrences.

The relation(14.18) between the inverse of the spectrum of dimensions for
Poincaré recurrenceg(«), and the entropy spectrum for Lyapunov exponents,
n(1), is sketched ifFigure 14.2

Thus, in such a nice situation, as a conformal ergodic repeller, the spectrum
of dimensions for Poincaré recurrences and the entropy spectrum of Lyapunov
exponents are not independent — in fact, they contain similar information about
chaotic features of the system.
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Chapter 15

Poincaré Recurrences in Hamiltonian Systems

15.1. Introduction

This chapter shows, in an example, that the dimension for Poincaré recurrences
is an important characteristic for Hamiltonian systems with dynamical behaviors
that are (multi)fractal in space and time, simultaneously. We will follow mainly
the work[12].

There are many fractal objects in the phase space of a Hamiltonian system
that reflect complexity of behaviour of its orbits, 4é&,50,72,81,84,85,88,127]
Let us mention only such objects as cantori and islands-around-islands (see re-
view [83,84). Concerning dynamics, the motion is not ergodic in the full phase
space, and one needs to restrict dynamics to one of those invariant subsets. In
a system with a structure of islands-around-islands the natural invariant subset is
the sticky set. Our understanding of such a structure is summarized in Sé&ion

We apply a popular notion of multifractal analy$6&6,54,47,92}to Poincaré
recurrences. An invariant subset (e.g., the sticky set) is decomposed into level
sets where Poincaré recurrences scale with the same local exponent. Such a de-
composition is related to the spectrum of dimensions for Poincaré recurrences.
A main result is a formula that, due to the coupling of space and time performed
by dynamics, expresses the dimension for Poincaré recurrences in terms of the
fractal dimension of the invariant subset, that is a space characteristic, and the
exponent in the asymptotic distribution law for Poincaré recurrences, that reflects
the behavior of a system in time.

G.M. Zaslavsky was the first who has discovered and studied this remark-
able feature of Hamiltonian dynamics, see for instgi@y,128]and references
therein.

15.2. Asymptotic distributions of Poincaré recurrences

Distribution function for trajectories in phase space can be fairly uniform, as hap-
pens, for example, in Anosov systems. Nevertheless, a typical Hamiltonian system
has a rich set of islands in phase space, with a regular dynamics inside the islands

185
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Figure 15.1. Islands around islands in the phase space of the standard map.

and with narrow stochastic layers isolated from the main stochastic sea domain.
As an example, the standard map y) — s(x, y) = (x, ¥), with

y=y—Ksinx, Xx=x+7y, (15.1)

has a fairly well known island structure that manifests such kind of behavior. See
Figure 15.1that was obtained if12].

In Figure 15.1A, we see a phase portrait of the standard map with a structure
of four islands: the central one- and three-island resonance sets around the cen-
tral island. The three-island set separate from the central island as a result of a
bifurcation when the paramet&r exceeded some critical value. If we continue to
increasek , a similar structure of subislands occurs for the three satellite islands
of the first generation. Ifrigure 15.B, we show a magnification of the right is-
land of the first generation. There is an eight-island chain around it. When the
value

K = 6.908745 (15.2)

is reached, it seems that an infinite hierarchy of islands-around-islands exists,
with a constant proliferation number of islangls= 8 between generationBig-

ures 15.1C and 15.1Bhow the two generations following the first generation in
the eight-island chain. Our understanding about the infinite hierarchy of islands-
around-islands is summarized in Sect®B.
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The dynamics near the islands boundary is singular due to the phenomena of
stickiness, and it dominates in the long-time asymptotics. This circumstance in-
fluences almost all important probability distributions such as the distribution of
distances, exit times, recurrences, moments, etc. The main feature of all such
distributions is that they do not correspond to either Gaussian or Poissonian (or
similar) processes with all finite moments. This rather manifests in the presence
of powerlike tails in the asymptotic limit of distributions for long-time and small-
space scales, s§E27] and[128].

We are interested in the distribution of Poincaré recurrences. Consider an open
ball B = B(x, r) of radiusr centered at point located in the sticky set of an
infinite hierarchy of islands around islands. The system is Hamiltonian and the
dynamics is area preserving, i.e., Lebesgue’s measig@nvariant, however it is
not ergodic. For the trajectorly; = £ (y): i > 0} let {ij};>0 be all of the time
instants when the trajectory lands in the bgl): € B. The intervals

arePoincaré cycles

Let us assume that(X) < oo and letx be located in the sticky set. Denote by
W the collection of all points inX \ B that never reach the ball (seeChap-
ter 17. Then, according to Kactheorem 17.2the mean of Poincaré cycl€ks.3)
for the ballB

_ w(X\ Weo)
w(B)

is finite. This allows us to introduce the distribution of Poincaré cycles. For a fixed
T > 0let

7(B) 00, (15.4)

e ¢]

_ (Ar)
P(n >T- r(B)) = Z i (15.5)
k=[t-T(B)] w(B)

denote the probability to return to the bdll no sooner than in - T(B) time
steps. According t&hapter 17in definition (15.5)the setA; C B denotes the
collection of points that return to the ball, for the first timekitime steps. Next,
we consider the limit — O for a fixedr > 0.

The chaotic dynamics is considered to be the normal one if the asymptotic law

P(1) := IimOP(n > T T(B)) ~ exp(—1), (15.6)

exists and is Poissonian, with all moments finite. The Poissonian limit law has
been proved to exist for automorphisms of the torus and Markov chains by Pitskel
in [103]. In [67] Hirata proved it for Axiom-A diffeomorphisms and shifts of finite
type with a Holder potential. For piecewise expanding maps of the interval Collet
and Galves proved the Poissonian limit law[#4]. However, existence of the
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limitin (15.6)is not always the case. For homeomorphisms of the circle Coelho
and de Farid42] have found that the asymptotic limit does not exist and distinct
asymptotic laws are reached, depending on how the jirit) — O is taken.

The dynamics is said to be an anomalous one when the asymptotic distribution
law

P(t)~t77 (15.7)

is valid.
15.3. A self-similar space-time situation
The sticky riddIeR in the geometric construction of the sticky set in Sec8dn

is illustrated by the Sierpinsky carpet Figure 15.2 Let the largest square be
the only basic set\g in the zeroth generation. The next generation of basic sets

Figure 15.2. Scheme of a self-similar geometric construction of the sticky set of an infinite hierarchy
of islands-around-islands structure (see Sec3iénl).
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A;, conform an annulus around the islafigl (not shown in the figure) which
represents its boundary layer. It consistsgef(g1 = 8 in Figure 15.2 basic
subsets of the first generation;,. Then, surround each of the first generation
basic subsets by an annulusg@f(g> = 8 in Figurel5.2 basic sets of the second
generation and repeat the process. Onvitiestep the structure is described by
the wordG,, = (g1, g2, . . ., g»)- The full number of islands of threth generation

is

Np=g1- " gn (15.8)

Following SectiorB.5, a basic set from theth generation is labeled by the word

l_nZ(il,...,ij,...,in), 1<ij<gj,j=1,...,n. (159)

Then, to each point of the sticky set corresponds a sequehce (i1, i2, ...,
in,...)suchthate € A; forevery prefixi, of the sequence
The time

T; :=min{r > 0: 4; Ns'(4;) # 0} (15.10)

that a particle takes to return, by the action of the standard sm&pthe basic
set4; , carries all information of thath generation of islands. By introducing
the return timg15.10)for each basic set, we have attached an additional parame-
ter, describing the temporal behavior, to the simple geometric construction of the
sticky set, which is similar to a Cantor set.

A simplified case of the construction described above corresponds to the exact
self-similar situation

L — n
Siy = Sn = 2550, (15.11)

I, =T, = My To,

for every wordi,, of a given length:. In conditions(15.11)S; is the area of the
basic setA; andE is the return time introduced i{15.10)

The self- S|m|Iar|ty conditiong15.11)correspond to equal areas and equal re-
turn times for all basic sets of the same generation. The paramgtargiir are
the scale factors of the exact self-similarity in space and time, correspondingly,
with

)\.S < l, )\.T > 1. (1512)

In addition to the space-time self-similarigy5.11) we assume self-similarity
in the proliferation of islands, i.e.,

gn=823, (15.13)
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which corresponds to a situation that is modeled (in the sticky set) by a minimal
multipermutative system. It follows from Egdl.5.8) and (15.13hat

Ny =g", n=0, (15.14)

if we start from the only Oth level islangd = 1).
Consider now the sequence of boundary layeys} as a sequence of coverings
of the sticky set. Then consider the statistical sum

1 \¢

R.(q) = Z <f) = C_Z_ exp(—ng In A7), (15.15)
1],.eees in -n 11,05l

where(C is a positive constant. The number of terms in the gif15)is given

in (15.14) and therefore as — oo the covering boundary layer approaches the

sticky set and in the limit we obtain that the sum Etp.15)diverges if

_Ing
- Inxr’

converges to zero if > ¢o, and converges to a positive valuegif= go. The
positive numbegg in (15.16)is the dimension for Poincaré recurrences under the
self-similar conditiong15.11) According toChapter 7go = 1. In our case it is
absolutely clear, because of the fact that= g, the number of islands.

The number of terms in the su(@5.15)are estimated in terms of the fractal
dimensionfss of the sticky set byxg"f”/z. Then, an alternative formula for the
dimension for Poincaré recurrences is

_ fsslnasl 1

2 Inap = %fss. (15.17)

From(15.16) and (15.17%he fractal dimension of the sticky set results to be

q < qo (15.16)

_ 2Ing

" Inis|’
Remark that the fractal dimensigfyg involves space parametegsandaig, only;
while the dimension for Poincaré recurrences (ei{iér16)or (15.17) involves

space as well as time parameters. Parangténtroduced in(15.17)is justified
in the next two sections.

fss (15.18)

15.4. Multifractal analysis by Poincaré recurrences

It was mentioned in Sectiorks.1 and 15.2hat Hamiltonian systems with rich
sets of islands have a space-time multifractal structure rather than fractal one.
Our next purpose is to describe, in the framework of Sedli@(see alsd66,
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54,47,92], a multifractal spectrum of dimensions that is induced by the Poincaré
recurrences.
Consider the partition function

q
Ru(q, o) = Z(%) €2, (15.19)

=n
Ly

wheres, = diam4; isindependent of the worg .
Leti be the code sequence for a pairtbcated in the sticky set. Assume that
there is an exponert such that for each prefix of i

T, ~ &, ", (15.20)

asn > oo. Then, to deal with a multifractal situation, 1&},(8) denote the col-
lection of all basic setg\; from thenth level for which the scaling lal5.20)
holds for the given value . In a multifractal situation there are distinct values
of exponents in a closed interval Bmin, Bmax] for which E,(8) # #. Moreover
#E,(B) ~ en—f(ﬁ), where f(B) is the fractal dimension of the level s&f,(B).
Then, we write

dN,(B) = dB p(B)(en) /P (15.21)

for the number of basia\-sets for which the time scaling law is as (b5.20)
with exponent betweef andg + dp.

Using the multifractal decomposition by return timgsb.21) the statistical
sum(15.19)is replaced by the integral

Ru(g.a) = / dB’ p(B) ()~ B+, (15.22)

The distribution density (8) is a slow function off. Since we are interested in
the limit e, — 0, the integral15.22)is correctly estimated by the value gf
which makeg;8 — f(8) smallest. Thus,

Ru(q, o) ~ gﬁl F(B@)+aB(q) (15.23)

wheregB(q) is the solution to the equation

q= 1) (15.24)
Thus, the spectrum of dimensions for Poincaré recurrengg$, is given by
a(q) = —qB(@) + f(B@) (15.25)

and the dimension for Poincaré recurrenggsis a solution to the equation
a(q) =0.
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If we are in a self-similar situation, as the one introduced in the previous sec-
tion, equation(15.25)reduces to

a(q) = —qPo + fss, (15.26)

where the exponerfl is determined by the scaling laf®5.20) The dimension
for Poincaré recurrenceg was computed already if15.17) The self-similar
model is further analyzed in the next section.

15.5. Critical exponents in the self-similar situation

Assume the self-similar conditior{¢5.11)hold. Then, there is only ong-level
subset in the multifractal decomposition of the sticky set, corresponding to the
exponent

InAT
[InAg]

in the scaling law(15.20) Then the support of the spectral functigig) is the
only value of exponeng in (15.27) Comparison of15.17)with (15.25)tells us
that f (Bo) coincides with the fractal dimensiofys of the sticky set.

Let us next determine exponentn the asymptotic lawl15.7) For given inte-
ger numbera/ andN > M, let adapdefinition (15.5)o our situation by making
B=4;, a”dUk>qN Ar =U;, 4i,- Allbasic sets; | ata given leveN have
equal recurrences, thus

B = ppi=2 (15.27)

N
S.
8 iy (15.28)
S

and by the self-similar condition

Pt >t:=1,5,) =

P(t>1)=gVagVN M, (15.29)

We shall take the limit¥ — oo by keepingr constant. Thisis so iV = N(M)
is chosen such that
N

A
A.EM =T ToSo.
T
Thus,
P(t > 1) = (grrrs)N ™ 1T0S0. (15.30)

To get the asymptotic behavior of the distribution of recurrences we iVake
oo by lettingz follow 7;, , i.e., by lettingN ~ Inz. Then we get

P(x)~1t77, ast — oo, (15.31)
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with exponent

_|Inag] Ing

- InAr InAr
2

- (— — 1) (15.32)
fss

with go = 1 here. The exponent of the subexponential tail in the distribution
of recurrences is determined by the dimension for Poincaré recurrences and the
fractal dimension of the invariant (sticky) subset.

15.6. Final remarks

One feels urged to confront the formyks.32)with experimental data from an
actual Hamiltonian system. Such a comparison would be significative if we are
able to prove that the experimental situation (e.g., the one depickgglre 15.)
corresponds to a self-similar structure in space and in time, as it was assumed in
the discussion that lead us to formyles.32) Thus, a first problem is to apply
the numerical methods of multifractal analysis (e.g. to the standard map system)
in order to estimate thg-spectrum{Bmin, Bmaxl, and the corresponding spectral
function of dimensiong (8) for multiple values of the system parameteksfor
the standard maf15.1), looking for the system with the narrowest spectrum.

However, by a direct numerical estimate of the scale transformation parameters
(rs, AT, g) along the island set, such ag#?,126] the existence of a simple frac-
tal situation is argued to exists for the standard map with paranieter(15.2)
For this system the Poincaré cycle distribution was estimat§tinby collect-
ing recurrence times from5 x 1P initial conditions, each run consisting ofé.0
iterations. The histogram is plotted figure 15.3

The histogram follows a Poissonian law for recurrence times smaller than 1
10* time steps, and then a crossover to a long powerlike tail takes place. The
analysis of the tail gives the exponent= 3.2 + 0.2. This result, in combination
with formula (15.32) shows thatfss ~ 0.5. However, to get an experimental
confirmation of formula(15.32)we need an independent numerical estimate of
the fractal dimensiorfss of the sticky set.

At the moment, we are not familiar with a possibility to extend forn{ifa.32)
to more complicated scenarios such as a multifractal space—time structure of
islands-around-islands or chaotic dynamics of dissipative systems, not to mention
more sophisticated physical problems such as turbulent flow. Even in the very
special structure of islands-around-islands the proliferation of islands can follow
a very complicated and non-universal scheme as to allow us reduce the connection
betweerl; ands; to a single scaling parameter. Our simplifying assumption is
justified only asan approximation in the case of a narrow multifrgesectrum.
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Figure 15.3. Distribution function of the Poincaré recurrences for the standard map in the situation
of Figure 15.1



Chapter 16

Chaos Synchronization

The studies of the phenomenon of chaos synchronization are usually based upon
the analysis of the existence of transversely stable invariant manifold that con-

tains an invariant set of trajectories corresponding to synchronous motions. In

this chapter we present an approach that relays upon the notions of topologi-

cal synchronization and the dimension for Poincaré recurrences. We show how
the dimension of Poincaré recurrences may serve as an indicator for the onset
of synchronized chaotic oscillations, capable of detecting the regimes of chaos

synchronization characterized by the frequency ratiq;.

16.1. Synchronization

It is well known that coupling between the dissipative dynamical systems with
chaotic behavior can result in the onset of synchronized chaotic oscillations (see,
for instance[93] and references therein). In other words, a system
x=f(x)+cF(x,y,0),
y=g8) +cGx,y,0),

(wherex € R™, y € R", andc is a coupling parameter) can behave in such a way
that thex- andy-components of solution

(16.1)

(x(, x0, y0), ¥(z, X0, Y0))

manifest some type of synchrony o 7o > 1, independent of initial conditions
(0, yo) in a large region iR+,

The most simple type of synchronous chaotic behavior is the regime of identical
synchronization. In this regime the solutions of the coupled subsystesnt)
satisfy the following property

lim_|x(z. x0. yo) — ¥(t, x0. yo)| = 0. (16.2)

Of course, in order to achieve this type of behavior in the ease n, the right-
hand side of the systefi6.1)should satisfy the identity

fXx)+cF(x,x,c) =gx)+cGx,x,c). (16.3)

195
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For example, it is so iff (x) = g(x) and F(x,x,¢) = G(x,x,c) = 0. Itis

easy to see that when the ident{ty6.3) holds the systen(l6.1) has the invari-

ant manifoldx = y, known as the synchronization manifold. When all invariant
trajectories (associated with chaotic behavior) in this manifold are stable in the
directions transversal to the manifold, the subsystems generate identical synchro-
nous chaotic motions.

However, if coupled subsystems(ib6.1)are nonidentical, then we cannot ex-
pect the validity 0{16.2)and the notion of synchronization have to be treated dif-
ferently. Different notions of chaos synchronization such as identical synchroniza-
tion[56,94,122ktochastic synchronizatigd], generalized synchronizati¢hl0,

74], asymptotic synchronizatiof62], phase synchronizatiofi02], and others

were introduced to point out significant features of the synchronization phenom-
enon. The present chapter is of the same spirit: we explore temporal characteristics
of the synchronous chaotic trajectories and give a definition of synchronization
based on the notion of Poincaré recurrerids.

16.1.1. Periodic oscillations

Assume that the systemis= f(x) has a linearly stable limit cycle sdy;, with

the periodr; and the systeny = g(y) has linearly stable limit cycleg, with

the periodrz. Thus, the syster(il6.1) for ¢ = 0, has the attracting torug =

L1 x Lo. If the rotation numbepg = 1/12 is rational, therfp consists of periodic
orbits. If pg is irrational then every orbit offy is dense (on it). For # 0 and

small enough, there still exists an invariant attracting tdius a neighborhood

of Tp [53]. Generally, for an open region in the parameter space, the syséefr)

has stable limit cycles. The synchronization regime corresponds to the existence
of the stable limit cycle, say.., on the torusl,. The Poincaré rotation number

for these values of parameters is rational, sayno € Q and it means that the
closed curvd.. makesng rotations along the generatbyg of the toruslp andng
rotations along the other one. In terms of individual subsystems, we can describe
the regime as follows. The orbit, corresponds to the solution= x.(z), y =

ve(t) of the systen(16.1) where (x.(2), y.(¢)) is a t.-periodic vector function.

One can introduce polar coordinat@s, 6;) in a neighborhood of.;, i = 1,

2, such thaw; is an angular coordinate along anda; (a2) is anamplitude
coordinatetransversal td.; € R™ (L2 € R"). Then (for small values of) the
solution(x.(2), y.(t)) can be expressed in the new coordinates in the form

ay = ax(1), 61 = w1t + a1 (¢) modr,,
az = ax(t), 02 = wat + ap(t) modr,,

whereas, az, a1, az aret.-periodic functions ane; /w2 = ng/mg. Stability of
the limit cycle L. ensures the regime of oscillations with the frequency relation
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wimg = wong for some domain in the parameters space. This domain is called
synchronization zone.

For the sake of simplicity assume thapy = 1. If we may introduced, 0)-
coordinates in such a way that anday are constants;; = 0, a2 = 0, then at the
instant of time = 1, = 1. /w1 We haved1(¢,) = 01(0) modz, andx.(t,) = x.(0).
However only at the moment = ¢, = t./w> = not,, the second coordinate
ye(ty) = yc(0). In other words, the “periodf, of oscillations in thex-subspace
can be different from the period of those in thesubspace, and their ratio is given
by

ty 1

Iy no.
The same as is trueiig # 1 and then

b _ Mo (16.4)

Iy no
Assume now that for some parameter values the sy$i&mi) has an attractor
A, containing infinitely many orbits, such that foxg, yo) € A, the projections
x(t, xg, yo) and y(¢, xo, yo) of the solution(x, y)(¢, xo, yo) onto thex-subspace
andy-subspace behave similarly. In order to define rigorously this similarity, we
have to be sure th&tg, yo) belongs to a periodic orbit. In this case something like
the equality(16.4) holds and the numbet/ng is independent on the choice of
the periodic orbit in the attractor. However(ifg, yo) belongs to an aperiodic or-
bits we should define some quantities which are similar to the periods of periodic
orbits. Then, we again need to have something like the equaly)for these
guantities. We use Poincaré recurrences in the capacity of desired quantities, and
follow the approach of previous chapters to compare the Poincaré recurrences for
different subsystems.

16.2. Poincaré recurrences

Orbits in Hamiltonian systems and limiting orbits in dissipative systems possess
the property of a repetition of their behavior in time. This repetition is expressed
in terms of Poincaré recurrences.

Consider a dynamical system with continuous tifife M — M, wherer ¢
R, and M is the phase space of the system which is assumed to be a complete
metric space. Given an open 9étC M and a point; € U, let the exit time
11(z, U) be defined as the following number: ifz € U for anyr € R, then
11(z, U) = oo; if there istg € Ry such thatf0z ¢ U, then

t1(z, U) = inf{to >0: flog ¢ U}.
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t(z,U)

0 t1 @ 8

Figure 16.1. Bold intervals correspond to values of time for which a point belongs to

The setl is open. Therefore if there is> t1(z, U) such thatf’_z € U, then there
exists a maximal intervaky, 8) > ¢ such thatf’z € U for anyt € (a, B) — see
Figure 16.1Let a “first” return time be defined by

0, if 11(z, U) = o0;

Hz, U) = {inf et if (2, U) < oo, (16.5)

where the infimum is taken over all maximal intervds 8) such thate >
1z, U) and f'z € U if t € («, B). In particular, f/@Uz e U (of course,
t(z, U) may be equal teo).

In other words, if the orbit going through a pointomes back to the séf,
then the point on this orbit spends an interval of timeg) in U before leaving
the set again. We might choose any value of time ingides) in the capacity
of the Poincaré recurrence for the pointit seems natural to specify the mean
value(a + B)/2 for that. Furthermore, the number of intervals with differens,
corresponding to return times can be very large (surely infinite). We choose the
interval corresponding to the first return times.

DEFINITION 16.1. The number(z, U) is said to be the Poincaré recurrence for
the setl specified by the poinf. The number

t(U) = inf r(z, U)
zeU
is called the Poincaré recurrence for thelget

This definition is related to the repetition of the motion along orbits of dynam-
ical systems. However, we are going to deal with the properties of the repetition
alongx (or they)-components of the solution of a systen(6.1)type. We have
to extend the definition of Poincaré recurrences to the case of coupled subsystems.

16.2.1. Poincaré recurrences for subsystems

To gain some insight let us first consider the following example of a periodically
perturbed oscillator:

F4+ki+p(z) =asing, 6 =1, (16.6)
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where the nonlinearity (z) is of the Duffing-type. It is well known (see, for
instance[60]) that for same values of parameters the sygtEr6)undergoes the
period-doubling bifurcation, and has a stabte-geriodic limit cycle, sayl.. For
the systen{16.6) the phase space is the direct prodkick Y, where

X={2}cR% Y={s mod2r} =S
Let

lz=z20(), z=201)} C X, {0 =tmod2r}C st

be a solution corresponding fo. It is simple to understand that the curye=

z0(t), Z = Zo(), t € [0, 4rr], which is the projection oL onto X, might possess
points of the self-intersection. At each of these points,(g3ayz;) we havez, =
z0(t1) = zo(t2), Zx = Zo(t1) = Zo(f2), 11 # 12, 112 € (0,4m). If L is close to

the limit cycle at the bifurcation moment, then such points have to exist by simple
geometrical reasons. Evidently/if is a small neighborhood d¢f., z.), then the

first return time toU1, along the curve = z(¢), z = z(¢) is much smaller than
the first return time along this curve to a small neighborhébdf a point p,

Uz & (24, ).

The example shows that not all points on the projections of the attractor onto
individual subspaces are responsible for the “right” Poincaré recurrences — bad
points could exist, and we should take them into account, in order to give a good
definition of Poincaré recurrences of individual subsystems.

Let X, Y be complete metric spaces (see, for example, sy$iéni)where
X=R" Y=R")andf':X x Y - X x Y be a dynamical system withe
R.. (For the systen(16.1)the evolution operatof’ is determined by solutions
(x, y)(z, x0, yo) going through initial pointgxg, yo).) Let A be a subset of the
phase spac& x Y (say an attractor) and; = mA C X, A2 = 1A C Y beits
images under natural projectionsXoandY correspondingly (i.ez1(x, y) = x,
ma(x, y) = y for any point(x, y) € X x Y).

We denote by

x(t, x0, yo) = m1.f" (x0. y0), (16.7)
y(t, x0, y0) = w2 f (x0, y0).

the x- and y-coordinates of the orbit going through the initial poing, yo). Let

U; beanopensetid;, i = 1,2, andxg € A1, yo € A2. Denote byY,, the set of
all values ofy € Y such thai(xg, y) € A, i.e.Yy, = ng(nfl(xo) N A), the set of
the y-coordinates of alkr1-preimages of the pointp belonging toA1. Similarly,

let X ,, = m1(7w5, (yo) N A), the set of all values of € X such thatx, yo) € A.

Assume thatg € Ui (yo € U>). Introduce a numbei(xg, U1) (t2(yo, U2)) as
follows:
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(i) If x(z, x0, yo) € Uy foranyy € Y,, and any value of > 0 thenr1(xo, U) :=
oo. (Similarly, if y(z, x, yo) € Uz for anyx € X,, and any value of > 0
thentz(yo, Uz) := 00.)

(i) If there existy € Y,, andzg = r9(y) such that (rg, xo, y) ¢ Uz, then

t1(x0. Up) := inf inf{o | x(t0. x0. y) ¢ U1}.
ve¥yg

(Similarly, if there existc € X, andrg = fo(x) such thaty(to, x, yo) ¢ Uo,
then

inf{ro | y(to, x, yo) ¢ Uz2}.)

0

t2(yo, U2) := inf

xeXy
Roughly speaking; » are exit times fron/y 2. Since the set/; (Uy) is open,

if there existy > t1(xo, U1) (f > t2(yo, U2)) such thate(z, xo, y) € Uz for some

y € Yy, (v(t, x, y0) € Uo for somex € X,,), then there is a maximal interval

(a, B) > t such thatc (¢, xg, y) € U for anyr € («, B) (y(t, x, yo) € Uz for any

t € (a, B)). Set

t(xg, U1) :=0, if t1(x0, U1) = 00,

to. Uy = inf inf S8 it o, Uy < oo
yeYy, 2

where the second infimum is taken over all maximal intexwalg8) such that
o > ti(xo, U1) andx(t,xo,y) € Uy, if t € (o, B), y € Yy, In particular,
x(t(x0, U1), y) € Uy for somey € Yy, if t(xo, U1) # oo. Similarly, introduce

t(yo, U2) :=0, if t2(yo, U2) = o0,

t(yo, U2) := Lﬂf inf & —; /3, if £2(yo0, U2) < o0,

X X."O
where the second infimum is taken over all maximal intexeals) such that
a > 12(yo, U2) andy(t, x, yo) € Uz if t € («, B) for somex € Xy,.

DEFINITION 16.2.

(i) The number (xg, U3) is said to be the-Poincaré recurrence for the dét
specified by the pointg. The number

7, (Up) = X(!Q{hl(m, U1) (16.8)

is said to be the-Poincaré recurrence for the dét.
(ii) The numbers(yo, U2) is said to be the-Poincaré recurrence for the déf
specified by the poingg € Uz. The number

7, (U2) := inf t(yo, U2) (16.9)
YoeU2

is said to be the-Poincaré recurrence for the dé&i.
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In Definitions 16.1 and 16,2ve take the infimum not only over all points in
the open set but also over all possible “branches” going through the point in it.
Roughly speaking, ifc(T1, xo, y1) € U1 andx(T>, xo, y2) € U1 andTy < T>,
then we prefefl; as the Poincaré recurrence.

Thus, we defined quantities, which are similar, in some sense, to periods of
periodic orbits and may now try to define what does mean “synchronization” in
this framework.

Definitions 16.1 and 16.®bok too cumbersome, however, they are construc-
tive; as we see below they allow us to calculate Poincaré recurrence in specific
situations.

16.3. Topological synchronization

Now we are ready to give a definition of a kind of synchronization which is (more
or less) natural to call “topological synchronization”. This synchronization has to
occur for a large set of initial conditions, belonging to the basin of an attractor.
We may use any notion of the attractor we wish. Just for the sake of definiteness
choose the following one. A compact sein the phase spacd of a dynamical
systemf’: M — M is called an attractor if there exists an openi$etuch that
flU c U,t > 0,i.e.,U is an absorbing region, andl = N,~0 f'U (see, for
instance[73,60,14). Let us also note that a poigte M is non-wandering if
7(U) < oo for any open seV/ > z [73].

We give the definition first and below discuss each point of it.

DEFINITION 16.3. A dynamical systenf’: X x ¥ — X x Y is said to be
(mo/np)-topologically synchronized if:

(i) It has an attractoA such that nonwandering orbits are densdin
(if) There is a numbelN € Z, such that for any pointg € 71(A), the setly,
contains at mos¥ points, and for any poiniy € 72(A) the setX,, contains
at mostN points.
(iii) There is a subset of “bad points8 c A (B might be empty) such that if
A1 = m1(A), A2 = m2(A), By = m1(B), B2 = m2(B), then

dimg(B;) < dimy(A), =12, (16.10)

wheredimg (dimg) is the upper box (Hausdorff) dimension.

(iv) For any point(xg, yo) € A \ B, there are numbers), a1 > a2 > 1, such
that: for any open se/; C X, Uy 3 xo, diamU; < ¢ < ¢gp, there is an
open set/; C Y, diamU; < ai(diamUs), U2 > yo, and for any open set
Us C Y, U2 > Yo, diamU, < ¢ < &g, there is an open séfy, diamU; <
az(d|amU2) U1 > xg, such that

1, (Uy) = ’%’rxwl) + Ba. (16.11)
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v (Th) = Z—Zry(ﬁz) + B, (16.12)

wheremg, ng € Z, andp1 = B1(U1, Us), B2 = B2(U1, Us) are bounded as
e — 0.

If 8(B) is an opers-neighborhood of the s&k, wheres is small enough,
then the constantsy, a1, a2 can be chosen to be the same for any point
(x0, yo) € A\ 8(B). They depend only od. Furthermore, the functions
1.2 can be estimated from above by a consfant 0 depending only 0@
ande: 12| < B.

If A5 = m1(A\ 8(B)), Azs = m2(A \ §(B)) are subsets i1 and A, cor-
respondingly which do not contain the $&t and B, of bad points together
with some neighborhoods, then for any co@r = {U1;} of the setA15 by
open setd/y; with diamUy; < ¢, wherei € I, the finite or countable set
of indices, there exists a covér, = {Uy;} of the setA,; by open sets of
diamUy; < ape, wherej e J, the finite or countable collection of indices,
such thatthereisamdp J — I,i = &(j), this map is onto, and

diamUy; < axdiamUsg(j) (16.13)

forany;j € J. OnFigure 16.2he conditiong16.13)will not be satisfied in
a neighborhood of bad points.

Moreover the number of preimagés?(i) is finite and bounded from
above by a constarst which is independent of the particular choice of the
coverGj and ofe and depends only ot S = S(8). Furthermore, for any

fixedi € I and anyj € J such thats(j) = i, the condition(16.12)is
satisfied, i.e.
mo
1y (U2j) = n—OTx(Uli) + B2, (16.14)

where|fz| < B < oo, and the constarnt depends only 0A.

Y]

X

Figure 16.2. The curve is “an attractor” ¥ x ¥ and bold points are bad.
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Similarly, for any coverG, = {Uy} of the setAos by open set/y; with
diamUy < &, where{i} = I is a finite or countable collection of indices,
there exists a covery; with diamU;; < aie, where{j} = J is a finite or
countable collection of indices, such thatthereisamap — I, i = n(j),
which is onto, and

diamUy; < aydiamUy,;) (16.15)

foranyj € J. The number of preimages (i) is bounded from above by a
constantS depending only od, and for any fixed € I andj € J, such that
n(j) =i, we have

~ no ~
T (Uy)) = m—OTy(Uzn(j)) + B, (16.16)
where|B1] < B, andg is a constant depending only én

REMARK 16.1.

(a) The condition (i) shows that Poincaré recurrences are finite for any open set,
and, moreover, one should observe synchronization fsrl for open set of
initial conditions.

(b) The condition (ii) claims that the projectiong andr; are finite-to-one maps.

It is a natural assumption which is known to be satisfied, for exampfé| if
is a minimal flow and coupling is unidirection@3].

(c) Theinequalitie$16.10)mean that the “bad points” occupy a small part of the
attractor.

(d) The condition (ii) implies also that 1 and A2 contain infinitely many points
then uncoupled subsystems can not be treated as synchronized ones. Indeed,
for any pointxg € A1 there are infinitely many (not at moat) points{yo} =
Az such that a solution through any of poirtig, yo) belong to an attractor.

(e) The assumption (v) implies that if the sét\ §(B) contains periodic orbits
of arbitrary large periods, then for infinitely many of them a relationship,
similar to (16.4)holds. Indeed, leL. ¢ A \ §(B) be aT-periodic orbit:x =
x(t, x0, yo), ¥y = y(t, x0, y0), Wherex is a Ty-periodic function,y is a T»-
periodic function and at least one of the numbErs 7> equalsT. Assume,
for the sake of definiteness thit = 7. Then for an open-neighborhood/;
of the pointxg € X we have

T (U1) = T1 + ax(e), (16.17)

wherea, (¢) — 0 ase — 0. For the corresponding neighborhobd of the
point yg in Y with diamU> < aie we have

1,(Up) = T2+ ay (e), (16.18)
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wherea, (¢) — 0 ase — 0. The relationshil6.12)can be rewritten as

mo mo
o +ay(e)=—T+ —ax(e) + B2,
no no

ie.,
T mo B2
T = o + B(e) + T
whereB(¢) — 0 ase — 0 and|Bz| < B. Thus,
2 _mo| B
T no T

Hence, ifT > 1, then the ratio of periods in theandy-subspaces is arbitrary
close to%2. We believe that generally it ﬁ% exactly, but this conjecture has
to be verﬁ‘ied, of course.

(f) Itis not a point to find a cover of the sdtys, satisfying(16.13)if we know
the cover of the sefi15. For example, if points om satisfy the equality
F(x,y) = 0, F is a smooth vector function, and if the rank of the matrix
%—f is maximal and the rank of the matr%§ is maximal at points belonging
to A\ §(B), whereB is the set of “critical points”, then we have local diffeo-
morphism from a neighborhood of any poiit € A5 to a neighborhood of
a pointyg € Ays if (xo, yo) € A\ 8(B). Therefore, the assumptiofs6.13),
(16.15)are automatically satisfied. However, the assumptjib6sl4), (16.16)
are satisfied only in the synchronized regimes. In order to recognize such
regimes we need to use some characteristics of fractal dimension type.

16.4. Dimensions for Poincaré recurrences as indicators of
synchronization

Consider the partition functions

M,(a,q,¢€) = igf Z exp(—q 7. (Ur)) (diamUy;)®, (16.19)

My(a,q,¢) = i(r;;‘ Z exp(—q 7y (Uz)) (diamUs)?, (16.20)

where in each sum the infimum is taken over all covgggcorrespondinglyG2)
of the setA (correspondinglyd,) by open sets with diametess ¢.

DEFINITION 16.4.

() The critical valuesx™ (¢) in (16.19)and "’ (¢) in (16.20)are said to be
spectra of dimensions for thePoincaré recurrences and, correspondingly,
for the y-Poincaré recurrences.
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(i) If «(gs?) = 0 (correspondinglye”’(¢5”) = 0), then the number

) (correspondmgl;q(y)) is said to be the dimension for thePoincaré
recurrences (for the-Poincaré recurrences).

We notice first that under assumptiondfinition 16.3the “individual attrac-
tors” A1 and A, have the same Hausdorff dimensions.

THEOREM 16.1. (Sed10].) Assume that a dynamical systefh: X x ¥ —
X x Y is topologically synchronizefWith respect to an attractoA). Then

dimy (A1) = dimy (A2).

Remind that ding means the Hausdorff dimension.

Let us explain the main step of the proof. Lets = dimy A1, o =
dimg Ags, whereA;s = m; (A \ §(B)), i =1, 2.

Givena > a5, K > 0, consider a finite cove{rﬁzl-}, the setA,s by open sets
with diamUy; < ¢ < g, such that

> (diamTy)* < K. (16.21)
i
such a cover exists, by the definition of the Hausdorff dimension. Consider the
corresponding coveG, = {Uy;} of the setds, diamUy; < aie, which exists
thanks to Assumption (vi) iDefinition 16.3 Considering16.15) we have

ZdlamUlj Z Z dlamUlj
J

i jn(j)=i

<Y ) afdiamUs)* < Y af S(8)(diamUz)®.

()= i
The last inequality follows from Assumption (vi) iDefinition 16.3 Hence due
to (16.21)

> (diamUy;)" < a§ S(O)K.
J
SinceK is an arbitrary number, the relation above means dhat dimg (A1s)
too, and therefores > «1s. Similarly, we may start with a covei/y;} of the
set A5 and obtain the opposite inequalifys > azs. Thus,a1s = azs. The
remainder of the proof can be found[iD].
Thus, the theorem tells us that projections of the attractor on the individual sub-
spaces at least have the same Hausdorff dimensions. Now we consider dimensions
for thex- andy-Poincaré recurrences.
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THEOREM 16.2. (Sed10].) If a dynamical systenf’: X x ¥ — X x Y is
’::—g—topologically synchronized, then

a5 (A2\ Ba) = —qé")(Al \ By, (16.22)
wheregg is the dimension for Poincaré recurrences.

Let us show the main step of the proof. Consider again theAgtaind Azs
of “good points” in A1 and A, correspondingly. Ledyéx)(q, A1s) (aéy) (g, Azs))
be the spectrum of dimensions for theéPoincaré recurrences (for thePoincaré

recurrences). Assume that> « y)(q, Asgs). Then by definition ofx(’)(q, Aos),
there is a cove6G, = {Uzl} dlamUzl < g, such that

> " exp(—qt,(Uai)) (diamUz)” < K. (16.23)
whereK is a small number. Consider the corresponding c()fi@y}, diamﬁlj <
aie, of the setA 5, satisfying(16.16) Then

> exp( 221, (0) ) i)

J

_Z Z exp( (U1])>(diamﬁlj)“

i jn(j)=i

<Y > exp( q—rX(U1])>a1(d|amUzj) = Q.

i (=i
Thanks to(16.16) the last expressio@ can be estimated as follows

0 < S®)age’ 0" 3 exp(—qz, (Ua)) (diam)°

mo -
< KS(8)af exp(g—ﬂ).
no

The last inequality follows fron{16.23) Hence, thisx, which is greater than
a (g, Azs), satisfies the inequality

o > oe(")< q, A15>

Therefore,

(x)<—61, A15> <al(q, Az).
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Starting with a covefUy;} of the setA15 and repeating the proof above, we obtain
that

m(—q, Aza) < (g, Ass). (16.24)

Now assume thajg; := dimp(A;s), i.e., o )(q01) =0, ozcy)(qoz) = 0. Since
a anda” are monotone, the(16.24)implies thate y)("oq, Ags) < 0 and
thereforegoz < %qm. Similarly, go1 < m—oqoz. It follows thatq02 = %qm

REMARK 16.2. We believe that (under some general conditions),
mo
4" (42) = ap” (A0,

as well. Of course, the Poincaré recurrences on the “bad Betahd B> can be
different from those on thd1 \ B1 andA» \ B2. However, since

dimg B; < dimg(A; \ B})), i=12,

by assumption, we believe that a “randomly chosen” pointAernbelongs to
A; \ B;. In numerical simulations we may neglect “bad points”, if they exist, and
treat the equality16.22)as an indicator 0121—3-synchronization. In other words, if

subsystems ar%%-synchronized, then

(t:(U)) ~ ——— Ine. (16.25)
9o (A1)
Ty (U2)) ~ ——=——Ine, (16.26)
(e (U20) a8 (A2)
and
q(()y)(Az)= “”(A)

16.5. Computation of Poincaré recurrences

In this section we consider an algorithm to compute the average of-thad
y-Poincaré recurrenceds, (Uy;)) and(t,(U)) as in(16.8) (16.9) respectively,
with various diameters for the open covers. We compute the average, 0/1;)

andt,(Uy) by

(Tx(Ull = Z‘CX(Ull (Ty(UZI —N ZT\(UZI
Yo
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HereN, (N,) is the number of elementg; (Uz;) with diamUy; < e (diamUz; <
¢) in the cover of the set1 (A2).

As it was mentioned iflRemark 16.2we expect that the averagegU,;) and
7,(Uy;) of topologically synchronized subsystems behave as

b b
(x)—lna, <Ty(U2i))"’ —0)—
9o (A1) gy (A2)

To study the Poincaré recurrence of the continuous-time dynamical system
fl:X xY — X x Y, we first integrate the system of differential equations
with arbitrary given initial value and determine an invariantéet X x Y. Next
we consider open coverings fdrn = 71(A) C X and Ay = m2(A) C Y. For
the invariant setsl; and A, we define sets of open bal8(x;), ¢} = {U7;} and
{B(yi), e} = {U3;} of radiuse which uniformly coverA; and Az respectively.

We use these sets of balls to compute the average of the Poincaré recurrence
(tx(Ug;)). From(16.8) and (16.9we know thatz, (Uy;) is the infimum of the

first return timer (xo, Uy;) over allxg in U3;. For each open ball we can compute

the first return time and then we calculate the average of the Poincaré recurrence
(tx(U1;)). Then we change and proceed with the same analysis to compute
another value ofz, (Uy;)). For the analysis of the dimension for Poincaré recur-
rences we plofz, (U7;)) against- In . Similarly, we also computér, (U5;)) and

plot the graph(z, (U5;)) against-Ine.

In the remaining part of this section we present a few examples which show
how the regimes of chaos synchronization of systems having different individual
dynamics can be studied by means of the Poincaré recurrence.

(e (U1)) ~ — Ine. (16.27)

EXAMPLE 16.1. Mutually coupled nonlinear oscillators with parametric excita-
tion. The synchronization of chaotic oscillations in such oscillators was studied
in [4]. The dynamics of the coupled parametric oscillators is given by the follow-
ing differential equations

dxy

— = X2,

dt 2

dxo 2

= = —k1xz — x1(1+4 q1 €082t + x7) — c(x2 — y2),
dy _

T

dy2 2

—= —koy2 — y1(1+ g2.€0S2t + y7) + c(x2 — y2),

where parameters akg = 0.48, ko = 0.45, g1 = g2 =50, 2 = 2.
Figure 16.3presents attractors and plots of Poincaré recurrences calculated for
the case of uncoupled oscillators. Sitge# k2 the uncoupled oscillators & 0)
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Figure 16.3. Uncoupled parametric oscillators. Phase portraits of the chaotic attractors (top) and
plots of the corresponding Poincaré recurrences (bottom).

have different dynamics. As a result, the plotsU?)) versus ¢ In ), calculated

for the attractors in the phase spaceandy, have different slopes 12.9 and 19.2,
respectively. The dispersion of the calculated values of the slopes is about 2%.
Therefore difference of the slopes is quite significant, which indicates that attrac-
tors have different dimensions for Poincaré recurrences.

When the parametric oscillators are synchronized the plots @f;)) versus
(—Ing), calculated for thex’ and ‘y’ oscillators, have the slopes 19.05 and 19.07,
respectively. These slopes are the same taking into account accuracy of our cal-
culations.

Figure 16.4presents such plots and attractors calculated for the systems with
the coupling parameter= 80.

ExAMPLE 16.2. Mutually coupled Lorenz systenithey are modeled by the sys-
tem of differential equations

X1 =o1(x2 — x1) + c1(y1 — x1),
X2 = p1x1 — X2 — x1x3 + c2(y2 — x2),
X3 = —P1xz + x1x2 + c3(y3 — x3),
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Figure 16.4. Synchronized parametric oscillators. Phase portraits of the chaotic attractors (top) and
plots of the corresponding Poincaré recurrences (bottom).

Y2 = p2y1 — Y2 — y1y3 + c2(x2 — y2),
y3 = —P2y3 + y1y2 + c3(x3 — ¥3).
Here we consider a case of slightly nonidentical systems. The parameters are
chosen as followssy = 16.0, o2 = 16.02, p1 = 4592, p» = 4592, B1 =
4.0, B> = 4.01.
The results of numerical simulations of Lorentz systems and calculations
Poincaré recurrences for the case of uncoupled systems-(c2 = ¢z = 0)
and for the case of synchronized system (with= 500, ¢ = ¢3 = 400) are
presented irFigures 16.5 and 16, 8espectively.

{ y1=02(y2 — y1) + c1(x1 — y1),

16.6. Final remarks

In this chapter we have introduced a notion of topological synchronization of
coupled chaotic subsystems. Roughly speaking, two subsystems are topologically



16.6. Final remarks 211

40 40

30+

40

average of the first Poincare recurrences
average of the first Poincare recurrences

1.5 2 25 3 3.5 a 15 2 25 3
—In(eps) —In(eps)

Figure 16.5. Uncoupled Lorenz systems. Phase portraits of the chaotic attractors (top) and plots of
the corresponding Poincaré recurrences (bottom). The slopes calculated for the plots of the Poincaré
recurrences of¢’ and ‘y’ systems are 16.54 and 18.43 respectively.

synchronized if their Poincaré recurrences behave similarly. It means that the first
return time to a small spot of initial states in the first subsystem is approximately
the same as the corresponding one for the second subsystem, provided that sizes
of spots are about the same. In more general case, the ratio of first return times
for both systems is approximately a rational number which does not dependent on
the positions of spots in attractors. An indicator of similarity of behavior is based
on the notion of the dimension for Poincaré recurrences. Coincidence (or, more
generally, rational ratio) of dimensions for two subsystems is an only necessary
condition for topological synchronization, since it only shows that a similarity
occurs “on average”: the mean of first return times to small spots for the first
subsystem is approximately the same as the one for the second subsystem. In
principal, there is a logical possibility that Poincaré recurrences behave differently
in different parts of attractors, while mean values of them are approximately the
same. Nevertheless, we believe that the criterion we suggested is useful and may
serve well in specific situations with nonidentical subsystems. We would like to
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Figure 16.6. Synchronized Lorenz systems. Phase portraits of the chaotic attractors (top) and plots
of the corresponding Poincaré recurrences (bottom). The slopes calculated for the plots of the Poincaré
recurrences of’ and ‘y’ systems are the same and equal to 16.27.

emphasize that for the case of mutual coupling of nonidentical chaotic subsystems
there are no sufficiently general criteria of synchronized regimes.

As it was mentioned in Introduction a very important feature of synchroniza-
tion phenomenon is that a particular frequency relation, or, in our case, a relation
between the Poincaré recurrences, does not change within the synchronization
zone. The invariance of such relations is the essence of synchronization regime.
Indeed, two uncoupled identical chaotic oscillators have the same characteristics
of Poincaré recurrences. However, this is only a result of identity of these os-
cillators. There is no synchronization between them because they are uncoupled
and produce oscillations that are not correlated to each other. In this case a small
mismatch of parameters in these oscillators will change the relation between their
Poincaré recurrences. Being properly coupled the oscillators synchronize and the
established relation between their Poincaré recurrences does not change with the
parameters mismatch while the parameters are in the synchronization zone.

Here, we also would like to discuss briefly the relation between the asymptotic
equality for mean values of the exponents of Poincaré recurrences and mean value
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for Poincaré recurrences themselves. In Sedcti8iisee alsdefinition 16.9, the
asymptotic equality

(=907 (U} ~ gb
shows that we may expect that

(exp(—g$” T (Un))) ~ &1,
(exp(—gg” 7y (U20)) ~ 2.

Whereq(") = dimp(Ay), q(()y) = dimp(A2) andb; = dimg(4;),i = 1, 2. We
may also expect that digi(A;) = dimgy(A;),i = 1, 2. In this caseTheorem 16.1
implies the asymptotic equalities
b

Ine and (t,(Uz))~————In¢
a8 (A) 2~ =6
as in(16.27) whereb = b1 = by and{U4y;}, {U2;} are open coverings of1 and
A2 by open balls of diameter, designed as in Sectidt6.5 Thus, the approxi-
mation(16.27)serves indeed as a basic indicator of synchronized regimes.

The numerical results we presented here are related to the cases of (1:1)-
synchronization only. However some preliminary considerations show that the
criterion works for p:q)-topological synchronization as well.

(e (U1) ~ —
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Chapter 17

Some Known Facts about Recurrences

Let (X, u, f) be a dynamical system with a compact set. First we shall see
that for any subsett C X, u(A) > 0, almost everyx € A returns infinitely
many times taA. In such a situation, the natural statistical quantity of interest is
the average first return time 0, E(r4). Then we will prove Kac’s theorem that
implies that, for ergodig:, E(ra) = w(A)~1. A similar quantity is the average
of the return times of the orbit of € A to A, t4(x). In the caseu is an ergodic
measure we will see that (x) = E(r4) for almost every in A.

17.1. Almost everyone comes back

In this section we prove Poincaré recurrence theorem.
Let A C X haveu(A) > 0. The setd is not necessarily invariant. The return
time to A of pointx € A is the number

ra(x) = min{n >0: f*(x) e A}.
Let A, C A denote the set of all points ia that return to it for the first time
aftern time-steps,
A, = {x €A ralx) = n}
= {x e A f"(x) e Aandf(x), f2(x), ..., f"L(x) ¢ A}

We have thatd,, C AN f~"(A) and the seA; C A contains the points that even-
tually get off A. The setd 1 includes the non wandering sub@bo f"(Aq) that
is invariant and might be nonempty. df is ergodic, them(ﬂn20 f"(A1)) =0
orl sincef‘l(ﬂ@o " (A1) = ﬂn>0 f"(A1). We will encounter only situa-
tions where almost every point it eventually leaves set: what comes in will
eventually go out.

The subset of points that leave geto never come back to it is denoted by

Ao = A\U{x €A f"(x) € A},

n>0

217
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=a\(Janrmw,

n>0

=) A\STA).

n>0

Thus,A is measurable. The collectiga,,: n > 0} together withA ., constitute
a measurable disjoint partition of the set

Letx € As C A. Then, by definition fX(x) ¢ A for everyk > 0, i.e.,
F*(Ax) N As =@ fork > 0. Thus,

F"(fM(As) NAse) = FTF(As) N fT™(Ase) =@ Vk,m > 0.

We formulate this fact in the form of the following.
LEMMA 17.1. f % (Ax) N f~4(As) = ¥ whenevek # £.
PROPOSITION17.1. For any invariant probability measure, u(Ax) =0

PROOFE BylLemma 17.1we have that

u(Uf"(Aoo)) > (T (Ax)).

k>0 k>0

By invariance ofu we have thatu(U;_ o f % (Ax)) = Yoo n(Ax) < 0.
Thusjt(As) = 0. 0

Hence, the collectiofA,: n > 0} is a disjoint partition of almost all points in
A, relative to any invariant measure

THEOREM17.1. (Poincaré, 19120etu(A) > 0. Then, for almost every € A
there exista = r4 (x) > 0 such thatf"(x) € A.

PrRoOF By Proposition 17.1ve have thap (|, o An) = w(A). ([

Of course,Theorem 17.Implies that a.ex € A returns infinitely many times
to A. Indeed, the Poincaré’s theorem applies to eflthk > 0, and for eaclt:
M(ASZQ) = 0. Thus,A \ U;-0 Agf)) has full measure and a.e.c A\ ;- A(olé)
returns infinitely many times td.

A direct consequence of Poincaré’s theorem is that foraee A the sequence

”;é 14(f*(x)) diverges as — oco. More generally, forr € L1(X, ) a non-
negative function, G¢ 4 > 0, the sequencEZ;éh(fk(x)) diverges for a.ex €
{y: h(y) > 0}. The proof is easy for simple functions, which constitute a set that
is everywhere dense ih; (X, w).
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17.2. Kac's theorem

LetWw, = (X \ A)N f~"(A) denote the set of points iXi \ A that hit setA after
n steps for the first time,

W, = {x ¢ A f(x),..., f"_l(x) ¢ Aandf"(x) € A}, n> 0.

The set of points inX \ A that never hit the sed is denoted byW,,. When the
invariant measure is not ergodic the set of pointXiR A that never reach set
may have positive measure, i.a.(Wx,) # 0, generally. For convenience we let
Wo := A.

LEMMA 17.2. The following relations hold.

(1) Forn > 0’ f(An) C anl-
@ A =AU W
(3) f7YW,) = Aps1 U Wi

Transitions induced by between the setd,, and W, specify a transition ma-
trix that is depicted ifrigure 17.1Nodes of the graph denote sdisandW;.. The
transition graph has an arrow from the node denotingBsket the node denoting
setC wheneverf (B) N C # (. The transition graph is usually represented as the
tower inFigure 17.2 known as the Rokhlin tower of induced inA. However,
the tower representation might be misleading since the retusn tioe transition
from W1 to A, is not necessarily to the subsét that was left originally by the
point. The transition is fronW; to any of theA;. As drawn in the toweFig-
ure 17.2the dynamics may be confused with a collection of uncoupled cycles.
And it is not so. We like graphRigure 17.) better than towerKigure 17.2.

THEOREM 17.2. (Kac, 194771], see alsq70].) For invariant (not necessarily
ergodiQ u:

[ radi= Y kuan = 1- kv,

A k>0
ATy -, A,

| .

A W Wy =~ Wy~ Wy - -

Figure 17.1. Transition graph gfinduced inA C X.
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Al Ay A o An Anta

Figure 17.2. Rokhlin tower of induced inA C X.

PROOFE The collection of set§W, } U {A,} U {Ws, As} constitutes a disjoint
partition of X, so that

L= p(X) =) u(An) + ) (W) + n(Woo), (17.1)
n>0 n>0
since u(Ax) = 0. By property (3) inLemma 17.2we have thatu(W,) =
w(f~XW,) = w(Ans1) + u(Wyy1) and then (see the transition grapio-
ure 17.)

(W) = 1(Ansr) (17.2)

k>0
sincew(W,) — 0 asn — oo (this is so becausg_,. o u(W,) < 0c). Substitut-
ing result(17.2)in (17.1)the theorem follows. O

After Kac’s theorem, we know that in a dynamical systexy f, u) (u is in-
variant but not necessarily ergodic) the natural time scale associateditasat,
u(A) > 0, is its average return time (or the Poincaré cycld pf

/ WX\ Weo)
w(A) nay
The usual situation is that of an ergodic measuréor which u(X \ W) =
w(X) = 1. However, in the study of volume-preserving maps (€gapter 1%

we deal with Lebesgue measure which is not ergodic [8&dor a discussion of
Kac's theorem for volume preserving maps.



Chapter 18

Birkhoff’s Individual Theorem

Given a dynamical systeiX, f, 1) and a functiorh € L1(X, w), the aim in this
Appendix is to prove the point, almost everywhere, convergence of the sequence

1 n—1
=Y ()

to a functioni(x) € L1(X, ). The limit 2(x) is the average of along the for-
ward orbit of the poink. To prove Birkhoff’s theorem we need to prove the Hopf
maximal ergodic theorem first, which looks as a generalization of the Chebyshev
inequality.

18.1. Some general definitions

Life is easier if everything is expressed in terms of so called doubly stochastic
operators. So, let us introduce some convenient definitions. Given fungtion
Koopman'’s operatof (an isometry, see property (2)) dn (X, n) is defined by

Fh = ho f,foreveryh € L1(X, u). F is a doubly stochastic operator since it
satisfies the following properties,

(1) h>0(a.e.)= Fh >0(a.e),

(2) [y Fhdu = [y hdp,
(3) Fl=1(a.e),

where 1 denotes the function whose constant value is 1 (a.e.). \(hap) is
an interval withy the Lebesgue measure, the doubly stochastic operators on
L1(X, w) (i.e., those verifying conditions (1)—(3) above) are just exactly those op-
erators that are defined by a mapX — X (measurable and preservipg [34].

The positive 41, and negativel ~, parts of functior: are defined to be

0, h(x) <0,
i) —
W) = {h(x), otherwise

andh~ = (=h)t.Thus,h = hT —h~, |h| =hT +h~ andht,h~ > 0.
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18.2. Proof of the Birkhoff’s theorem

Let eachF,h: X — R, n > 0, denote the following partial sums by

n—1 n—1
Fah(x) := Y FIh(x) =Y h(f/(x))
j=0 j=0

(be warned thaf1ih = h # Fh). For the set of partial sum$h: k =1,...,n}
let us define its “roof” at a point to be the number

() = max Fieh(x).
~ \n

It should be evident that,, < h,41. The following lemma puts an upper bound
to the rate of growing ofi,,.

LEMMA 18.1. hyy1 < h + Fhl.

PROOF For givenn we are going to prove that
Fth <h+Fhf fork=1,...,n+1
SinceF is hon-negative, fok = 1, it follows, by the definition off, z, that

Fih=h <h+ Fh}f.

Fork + 1,
k A k ‘ k—1 _
Fiyth=Y Flh=h+) Flh=h+FY Flh
j=0 j=1 Jj=0
= h + F(Fih).

SinceF is non-negative and;, < h,, k < n, we have that
F(Fch) < Fh, < Fhl, fork=1,...,n.
Thus,Fyi1h < h+ Fhtfork=1,...,n. O

Consider next the set of points where the firgbartial sums have a positive
roof,

{h, > 0} := {x e X: hy(x) > 0}, n>0.

Remark thath, > 0} is the set of points such that there existskac {1, ..., n}
for which Fy(x) > 0. The sequence of sets is nondecreas{ng: > 0} C
{hn+1 > O}
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Let us further define

By(h) := [ J{ha > O},

n>0

the set of points € X where, for some, the partial sun¥;,, h(x) is positive.

The following maximal ergodic theorem is due to Hopf. We don'’t have any
reference to the original source. B3], Halmos gives a reference to Hopf which
is dated 1937. Thus, the following theorem seems to be younger than Birkhoff’s.

THEOREM18.1. (Hopf,< 1937.)For eachh € L1(X, w), fB*(h) hdu > 0.

PROOF ByLemma 18.We havethat > h,— Fh,' (remember thal, < h,+1).
Thus
hdp > / hpdp — f Fhldu.

{h,>0} {h,>0} {h,>0}

Sinceh, |{h, > O} = h;F|{h, > O} andh; |{h, > 0} = 0. Then,
/ hdu > /h;;d,u—/Fh,Td,u =0.

{h,>0} X X

The equality holds becaugeis doubly stochastic and satisfies property (2). Let-

tingn — oo the theorem follows. O

Regarding the sequence of partial sum%(x) let us consider the following
guantities,

h*(x) := Sup%Fnh(x), hy(x) = il;Llf %Fnh(x),

= . 1 o1
h(x) :=limsup—F,h(x) and h(x) :=Iliminf —F,h(x).
n n—>oo n

n— oo

It should be evident that, < h < h < h*. Moreover,{h > 0} C {h* > 0} and
(h > 0} = B.(h).
For a givenx € R consider the following subsets &f:

(h* > a}:={x: h*"(x) >a} and {hy < a} = {x: he(x) < a}.
COROLLARY 18.1. For eachh € L1(X, 1) and eachx € R we have

ap{h™ > a} < / hdp and aulh, <o} > / hdu.
{h*>a} {he<a)}
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PROOFE Observe that, (h(x) — a) > 0 iff F,h(x)/n > a. Then, the first in-
equality is obtained by applying the Hopheorem 18.10 the functions — o €
L1(X, n). The second inequality is not independent of the first one. It is obtained
from the first inequality by applying it te-2 and then replacing — —«. O

There are similarities of above corollary with Chebyshev inequality. For in-
stance, if we také to be the identityFh = h, thenh™ = h, = h and the first
inequality is Chebyshev’s ifY5], p. 341. Similar situation i¥ is not the identity
buth € L1(X, w) is F-invariant: Fh = h (a.e.) (remember thdt is an isometry).
For simple random variables sg8], p. 276.

THEOREM 18.2. (Birkhoff individual ergodic theorem, 1931t (X, f, u) be
a dynamical system and lete L1(X, u). Then

n—1

. 1 k oz .
Jim =% h(ff) =h() = k) (ae)

k=0
PROOFE We are going to prove that the set of points
{h < h) = {x eX: hix) < i_l(x)},

where the functionsk and h take different values, has zero measure:
pth < h}=0.
For each pair of rational numbegs< o € Q, consider the set
A, p)={xeX h(x) <B<a<h®}={h<pIN{h>a}

We are going to prove thai(A(e, 8)) = 0. Assume the contrary: there ex-
ist numbersg < o € Q such thaty := u(A(a,B8)) > 0. Then, since
h(f(x)) = h(x) andh(f(x)) = h(x), it is clear that the two-level sets are in-
variant: f (A(a, 8)) C A(a, B). Thus, we may consider the dynamical system
(Ao, B), flA(a, B), 1a(@,p)) and applyCorollary 18.1to it. Let us then remark
that in this cas& = A(a, 8) and

{h* > a} = {x € A, B): h*(x) > a} C A, B).

Sinceh < h*, thenh(x) > « = h*(x) > « for everyx € A(x, ). Thus
{h* > a} = A(a, B). Quite similarly

{he < B} = |{x € A, B): hy(x) < B} = A(a. B),
sinceh, < h and theni(x) < B = h.(x) < B for everyx € A(w, B).
Inequalities inCorollary 18.1are then
o < 1 f hduw < B
Aa.B)
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which contradict the fact that < .
Moreover,u{h < h} = 0. It follows from the fact that

th<hy= |J th<pynih>a)

B<a
a.feQ

since themu{h < h} < Y g_ycq n(A(a, B)) = 0.

To prove thath is integrable we just verify conditions in the Fatou’s lemma
(see[75], pp. 346-347). We already have almost everywhere convergence of
F,h/n.Then, we are left to prove that there exi&tsuch that/,, F,h/ndu < K
for everyn. That it is so is shown in the following expressions,

1 1 n—1
[Posfanct 5
n n
X x k=0

Moreover (by the Fatou’s lemma too)

/|E|du</|h|du.
X X

h(f"(x))‘du(X)zflhldu-
X
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Chapter 19

The Shannon—McMillan—Breiman Theorem

19.1. Introduction

In its more general version, the Shannon—McMillan—-Breiman theorem establishes
the u-a.e. existence the limit

L= lim M
n—o0o #An

where

(@) X > x is a measurable space;

(b) G O A, is a semigroup of measurable transformatio®in

(c) wis ag-ergodic measure;

(d) ¢ is afinite measurable partition &f, and for eacl € N, ¢"(x) denotes the
atom in

¢"=\/ g7k

8E€A

containingx;
(e) the sequence,, satisfies
(I) Iimn%oo(gAnAAn)/#An =0, for a”g €g,
(i) A, Cc Ayqpqforalln eN,
(i) there existsM > 0 such that #A;l NA,) < M#A, foralln € N.

This general version can be found[81].

The version of the theorem we use in the book refers to the case where the
semigroup of transformations is one-dimensional, generated by the iterations of
a transformationT : 2 — 2. The traditional proof of this theorem, due to
L. Breiman (sed432]), which is based on the Martingale Convergence Theorem.
Here we presented a more elementary proof relaying only on the Birkhoff's er-
godic theorem, which is an adaptation to the one dimensional case of the Ornstein
and Weiss’ proof of the general version mentioned above.
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19.2. The theorem

The framework will be the same as in Sectld, i.e., (X, T) is a subshift o2,
we consider inX a Borel probability measure, which we suppose ergodic with
respect to the shift transformation. Lebe the partition ofX by 1-cylinders, and
foreachn e N

n—1
"=\ T
k=0

and for eachy € X, ¢"(x) denotes the cylinder of length containingx. The
entropy ofu with respect to the shift is the limit

1 " n
h() == lim ~ 37 p(¢"(0)logu(¢" ),
¢n(x)egt
whose existence is ensure by subadditivity, and it is always finite for a subshift
X C R

THEOREM19.1. (Shannon—-McMillan—Breiman.)

—logu(£"(x))
n

n—oo

u{xeX: lim =h(u)}=l.

19.3. Proof of the theorem

The proof of this theorem may be divided into two parts. Let us first present the
simplest one.

Lower bound For eachkx € X andn € N leth, := —logu(¢"(x))/n, then
define the functiorh: X — [0, co], with A(x) = liminf,_  h,(x). We first
prove thath(Tx) < h(x) in a set of full measurg. For this, fixe > 0 and for
eachn € N let

E; = {x € X: hy(Tx) > hy(x) + ¢}.

Sincec"(Tx) D ¢"1(x), then
n+1 n —nh, (Tx)
(") < n(&"(Tx)) <t <o
m(g™(x)) (g™ (x)) e ()

for eachx € E;. This implies that forc € ¢" andc¢ e ¢ with é ¢ ¢ and
CNE; # ¢, we haveu(c) < e *"u(c). Now, since each cylinder of length
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contains at mosp cylinders of length: + 1, then

w(cNER) < pe™u(c)
for eachc € ¢", therefore

w(Ep) =) m(enE;) < pe™™ ) o) =

cegn cegh

With this we have proved that for eaeh> 0, Y 2 ; u(Ef) < oo, hence, by the
Borel-Cantelli Lemma we have

p{x € X: 3no suchthate ¢ E; Vn > no} = 1.

Therefore for eacla > 0 there exists a seXt, C X~of full .« measure such that
h(Tx) < h(x) +¢ for eachx € X,. Then,~the seX = (;o1 X1/« is such that
w(X) =1landh(Tx) < h(x) for eachx € X.

Now, sinceh is sub-invariant almost everywhere, then it has to be invariant
almost everywhere. Indeed, [Bt.= N>, 7" X, and for each > 0 consider the
measurable Sé’l} {x e X:  h(Tx) < h(x) —e}. If for eachx € Y there exists
n = n(x) such thatr’* (x) # Y. for eachk > n, it means that’, is not recurrent,
and the Poincaré recurrence theorem impliesm:ﬂ) = 0. This being true for
arbitrarye implies thatu{x € ¥: h(Tx) = h(x)} = w(Y) = 1. Finally, for u
ergodic,k(x) is constant almost everywhere.

Summarizing, there exists a constant 0 such that

log (5" (x))

h(x) = lim inf ———=> """ —p,
n—oo n

in a set of full measurg.

Upper bound Fix e > 0 and for eaclw € N define

—lo
C; = {ce " M <h+8}.
n
The lower bound we just proved implies that foralih a setX¢ of full measure,
¢ (x) € C: for infinitely manyn’s.
Fix ng € N, and forn > ng define
[xg_l] €¢™3ay <by <--- <ay < by satisfying
@)b; —a; +1:=n; > no,
(b) [xa'1 € Cas,
© Xi_ini > 1 —2/non.
Step 1 We first prove that for arbitraryg, and for allx in a setYe of full
measure, there existsy > ng such that”(x) € T,fo for all n > my.

n o .__
T =
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For all x € X¢ we have:”(x) e C; for infinitely manyn'’s, therefore the
measurable function
x > t(x) := min{k > ng: ¢*(x) € Ci}
is finite in X-. From this it follows that

1
4ng

for all positive integetM sufficiently large.
Fix suchM, and letB := {x € X¢: t(x) > M}. Then, by Birkhoff's theorem

M{x € Xc: t(x) > M} <

m—1
. 1
. i — J E— = =
uyx e Xe: mll_r)noom Z(:)XB(T x) < 3n0} uXe) =1
j:
Thus, there exists a st C X with u(Ye) = n(X¢) = 1, and for eachr € Y¢
there existen = m(x) such that for each > m

#0< j <n—M:t(T'x) < M} >n(1— i) - M.
3no
To the each index € {0 < j < n: t(T/x) < M)} we associate the interval
[k, £(k)] c [0,n — 1] with £(k) = k + t(T*x). Hence, we have a collection
S, (x) of intervals of length inng, M], whose left ends cover a set of at least
n(l — 1/(3ng)) — M points in[0,n — 1]. Hence, there exists a subcollection
Sp(x) C Sp(x), composed by disjoint intervals, which covers a at leadt—
1/(3ng)) — M — n/(3ng) points in[0, n — 1]. Now, by takingmg > m so large
thatM < n/(3ng) forall n > mg, and with then defining;, b; such thaﬁn(x) =
{la;, b;]: i = 1,..., ¢}, we obtain that for alk € Y, there existsng > ng such
thatz”"(x) € T, forall n > mo.
Step 2 Now, givenn andng as above, the number of collections

Spo={lai, bl i=1,...,¢}

such thath; — a; + 1 > no, andY.r_;n; > (1 — 2/no)n, is bounded by the
number of ways of choosing the left engsof the intervals irﬁn. Since the total
number of intervals in a collectioﬁ, cannot exceed/ng, then the total number
of collections is bounded by

n/ng
Z <n> < na/n eXp(ns(l/no)) =: Ny,

k=0 k

with s(1/ng) = —1/nglog(1/ng) — (1 — 1/no) log(1 — 1/ng). The last estimate
follows in the standard way from Stirling’s approximation.
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Given a collectiors,, such thab; —a; + 1 > no, ande=1 n; = (1—2/no)n,
a cylindersixj '] € T,/ is said to by compatible wit, if S,(x) = 5,.. Thus, if
[x{)’*l] is compatible WithS), := {[a;, bil: i =1, ..., ¢}, thenxf,’;' is one amongst
at most exn; (h + ¢€)) possibilities. This is because by definiti[)lf;’] € Cp,, i€,
[x,’;;'] belongs to a set of cylinders of length each of them with measure bounded

below by exg—n;(h + ¢)). In this way, the number of cylindel[s(’)’*l] € Ty

compatible with a given collectioﬁn = {[a;, b;): i =1, ..., ¢}is bounded by

14
(l‘[ eni(h+e))pn/no < exp(n(h + &)+ ni(log(p) —h— g)) =: Np,
i=1 0

which does not depend .
From boundsV; and N2> we obtain

#T < N1 x Np < o Urte—s(1/no)+log(p)/no+3/2log(n)/n)

Then, forn sufficiently large we have®, < ¢"(+2).
Last StepForng, n ande as before, define

U, = {c IS T,:’O: u(c) < efn(h+3g)},

Then,u(U.cy, ©) < #T, e "h139) < e7¢. Here, applying again Borel-Cantelli
we derive,

nix € Y: ¢"(x) € U, for infinitely manyn’s} = 0.

Summarizing, givers > 0 andng € N, for all x € Y there existsng = mo(x)
such that

(i) ¢"(x) e Tn”0 forall n > mo(x),
(i) ¢"(x) € T} andu(¢"(x)) < e3¢ holds only for finitely many:’s.

From this it follows that limsup , ., —logu(¢"(x))/n < h + 3¢, for all x € Y,
and sinces > 0 was taken arbitrary, then the upper bound follows.
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Chapter 20

Amalgamation and Fragmentation

We construct homeomorphisms between minimal multipermutative systems sat-
isfying conditions ofTheorem 8.2By using Theorem 7.1we can assume that
they are adding machines. We apply a technique of amalgamation and fragmen-
tation of symbols (used, for instance,[#b] in the general context of minimal
Cantor systems). The technique become easier in our context. Let us recall some
definitions.

Letgo, g1, . . ., g, be positive integers and for= 0, . . ., n consider the alpha-
betsA,, :={0,...,¢;—1}andA,q4,....q, :=1{0,...,q0-91-- - --gn— 1}, with the
usual order. There is a natural lexicographical order inducedl gn< - - - x A,,.
The mapp, 41 : Agy X -+ X Ag, = Agg.qr--q, that preserves the order is said
to be an amalgamation of symbols. The inverse map is called a fragmentation of
symbols. Both maps can be extended to infinite sequences of positive integers as
follows.

Forg. = (o, q1, ...) let2,, = ®?°:0 Ay, Letm = (mo = 0,my, ma,...) be

an increasing sequence of integers. For every0, defineg; (m) = ]_[';’;,}l__l q;

and B; (m) = ®;’.’;+,;I_‘1qu. Finally, let 2., (m) = @72 B;(m) andg.(m) =
]‘[‘;":0 q;(m). We say thaty, (m) (correspondingly2,, (m)) is produced fromy,
(correspondinglys2,,) by am-amalgamation. Conversely, we say that(cor-
respondinglys2,,) is produced fromy, (m) (correspondinglys2,, (m)) by am-
fragmentation.

The mapp(m) : £2,, — $24,(m) corresponding to a-amalgamation is defined
by the formula

p(m) (wo, ..., Wmy—1s Omys « oo s Ompo—1, - - J)

= (‘pml(wO’ MR wm171)9 @mzfml(wmp MR wmzfl)’ . ')7

for everyw € £2,,.

The definition implies that the mag(m) conserves the numbex#, g.), there-
fore, thanks to Theorem 8.2, the adding machim@g (S) and (£2,, (m), S(m))
are topologically conjugate. In fagt(m) is a conjugacy. Indeed, the magmn) is

233
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one-to-one, and(m) o (m) = ¢(m) o S. Obviously,p(m) is continuous, hence,

it is a homeomorphism.

Now we will describe a recursive procedure which allows one to pass from

a polyadic adding maching?,, , S) to a conjugate onés2,, S’) by means of

m-amalgamations and-fragmentations.

Letg. = (g0, q1. -..) andq;, = (¢ g1. - - -) be two equivalent sequences. We
begin by defining recursively a third equivalent sequeyite- (¢4, g7, .. .):

(1) Putgy = go andmg = 1.

(2) Letm; be the least integer such thatdividesqy - - -qr/nl_l. It exists because
sequences are equivalent. Defife= g - - q,,. _1/qo.

(3) Now we define the recurrence. Assume we have already defffed. , g,
andmg,...,m, forn > 0. If n + 1 is even, letm,,1 be the least in-
teger greater tham,_; such thatg, dividesg,,, ;- - gm,,,—1 and define
dp1 = Gmu_y " Gms1/q,- 1f n + 1 is odd, letm, 1 be the least inte-
ger greater tham:,_1 such thatg, dividesq, , ---q, . _, and define

D1 = Dy Dy a /-
The sequence, satisfies the following properties (they follow directly from
the definition):

(1) The following equalities hold

" "
2n—1920 = Gmoy_29mzyo+1° " Gmz—1, N =121,2,...
and

"on o I o n=0.1
q2nq2n+l - qmzn_lqmz,,_1+l qmz,H_l—l’ At A

(2) Form = (0,1, m2, myg,msg,...) andm, = (0,1,3,5,...) we have that

e(m)(824,) = @(mo)(8247).
(3) Form' = (0,my,m3,ms,...) andm, = (0,2,4,6,...) we have that
e(m")(8241) = @(me)(247).

From the last properties, we conclude that

o~ tm") o p(m,) 0 9 H(my) 0 @(m)

is a homeomorphism that is a conjugacy between the adding machine defined on
2,4, and the one i2,, . Let us remark that this, in fact, is a constructive proof of
the conjugacy between multipermutative systems.
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