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Preface

Research by several prominent research groups (including Penn State University,
CNRS at Luminy and Ecole Polithecnique, University Simón Bolivar, our group
in San Luis Potosí, etc.) has shown that the dimension theory of dynamical sys-
tems is a powerful tool to analyze the (multi)fractal behavior which appears in
real systems and their mathematical models. This book is devoted to an important
branch of this theory: the study of the fine (fractal) structure of Poincaré recur-
rences – instants of time when the system almost repeats its initial state. Because
of this restriction we were able to write an entirely self-contained text including
many insights and examples, as well as providing complete details of proofs. The
only prerequisites are a basic knowledge of analysis and topology. Thus this book
can serve as a graduate text or self-study guide for courses in applied mathematics
or nonlinear dynamics (in the natural sciences).

To motivate our study of Poincare recurrences, imagine that the phase space
(or invariant subset) is partitioned into different colors according to their “tem-
perature”. The orbit for initial conditions chosen in hot areas returns nearby faster
than for initial conditions chosen from cold areas. More precisely, the return time
for anε ball centered on a hot initial condition is much less than for a cold initial
condition. It is true even for uniformly hyperbolic systems, provided that they are
“sufficiently nonlinear”, i.e., their linearization depends on the point.

One can then fix a large collection ofε balls and calculate an “average” return
time, and study this average asε goes to 0. For many hyperbolic systems the
average behaves as−γ logε and for non-chaotic systems asε−γ , whereγ is a
key dimension-like characteristic obtained from the fractal dimension machinery:
the dimension for Poincaré recurrences. It depends on the set of initial points we
deal with, i.e., it is a function of a set. If we choose a set situated around hot spots,
evidently we will obtain a dimension that is different from that around cold spots.

This has profound practical applications, for it provides a useful “measure” of
how chaotic is a dynamical system within the class of chaotic dynamical systems
while for nonchaotic dynamical systems it is a new and useful measure of the
complexity of the orbit structure. Furthermore, given an invariant measure, it is
natural to introduce a dimension of measure which equals, as usual, the dimension
of the smallest set of the full measure. So, our dimension can distinguish differ-
ent measures according to the behavior of Poincaré recurrences. If the measure
is ergodic then the behavior of Poincaré recurrences is asymptotically the same
for any ball centered at a typical point. Thus, one can obtain the dimension of
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vi Preface

measure for Poincaré recurrences, which is a global quantity, by knowing a local
dimension.

We believe that the dimension could be quite useful for many applied problems.
Let us emphasize that the dimension is computable and can be found numerically
for specific systems. Let us mention now a problem related to synchronization
phenomena. If two (or more) coupled subsystems are synchronized then their
behavior in time has to be similar and since the dimension definitely reflects such
a behavior, then the dimension for Poincaré recurrences in a synchronized regime
has to be the same for all individual subsystems. Thus, it can serve as an indicator
of synchronization.

The second problem we want to mention is the problem of fractal and multifrac-
tal features of Poincaré recurrences. In situations where a system is nonergodic
and contains both, chaotic invariant subsets and subsets with zero topological en-
tropy (such as in standard map) a normalized distribution of return times to a
region behaves as follows

P(τ) ∼ τ−γ , τ → ∞
(whereP(τ) dτ is in fact the probability to return to the region during the inter-
val of time (τ, (τ + dτ))). We explained inChapter 15that this exponentγ is
directly related to the dimension for Poincaré recurrences. So, our quantity has an
important physical meaning.

The book includes figures already published in our papers. Kind permissions
were received from the publishers World Scientific, Discrete and Continuous Dy-
namical Systems and The American Physical Society for the reproduction of the
following figures of this book:Figures 3.4 and 3.5from reference[52], Fig-
ure 15.3from reference[12] andFigures 16.3–16.6from reference[13].
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Chapter 1

Introduction

Deterministically generated processes in nature and industry are modeled by dy-
namical systems. For dissipative systems mathematical images of established
motions are attractors, invariant attracting sets in phase spaces. Geometry of at-
tractors reflects some features of a motion. So, for systems with continuous time,
a point in the phase space corresponds to an equilibrium state, a closed curve (a
limit cycle) corresponds to a periodic motion, a torus – to a quasi-periodic motion,
and generally, a strange attractor – to a chaotic oscillation.

The term “strange attractor” was introduced by mathematicians in 1970s to
emphasize the fact that the attractor cannot be represented as a finite union of
smooth curves or surfaces. It looks like a very bizarre, non-regular subset of the
phase space. Such sets were known to be called (because of B. Mandelbrot[80])
the fractal sets. They have non-integer fractal dimension (the Hausdorff or the
box dimension), and the fractionality is caused by the presence of a Cantor-like
structure in some direction inside the fractal set.

Fractal sets appear in different field of science and nature, but what is the most
important for us is that they serve as attractors for dynamical systems with chaotic
behavior of orbits.

Usually a dynamical system is determined by a local rule, a system of ordi-
nary differential equations or a mapping of the phase space into itself. What is
surprising is that an inductive procedure to construct the attractor is hidden inside
this rule. This geometric procedure consists of a hierarchy of nested basic sets,
and the attractor is just the intersection of all these sets. P.A.P. Moran was the
first who had used in 1940 a geometric construction to calculate the Hausdorff
dimension of a Cantor-like set. The fact is that if one knows rates of contraction
of basic sets during their transformation from the previous generation to the next
one, and if one knows how many basic sets of the next generation are inside the
ones of the previous generation and how they are nested inside each other, then
one can calculate the Hausdorff dimension of the attractor. The calculation is ex-
pressed in the form of the Bowen’s equation; R. Bowen had derived this equation
in a particular situation. Thus, one can be convinced that there is a well developed
machinery allowing one to calculate or to estimate the Hausdorff dimension of a
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2 Chapter 1. Introduction

fractal set. There are many deep results related to Hausdorff and box dimensions,
see[37,55,59,61,97,111,115]and references therein.

Unfortunately not always geometric and metrical features of invariant sets re-
flect dynamics occurring on them. The simplest example is the 2-dimensional
torus: it can serve as the phase space for an Anosov map and for a system with
quasi-periodic orbits as well. So, one needs characteristics reflecting not only a
geometry but also a dynamics. And our book is devoted to a description of one of
such characteristics – the spectrum of dimensions for Poincaré recurrences.

Poincaré recurrences are the main indicators and characteristics of how a cer-
tain state of a dynamical system repeats itself in time. In general, the complete
analysis of the return behavior of any initial condition is not feasible. A traditional
approach is to study statistical properties of Poincaré recurrences, i.e., to deal with
typical orbits with respect to some invariant measures (see, for instance[17,19,
123] and references therein). These investigations led to a series of very interest-
ing results. But they have the disadvantage that one does not get control on the sets
of zero measure. As it was shown in[18], the remaining zero-measure set can be
very large in terms of topological entropy or dimension. Moreover, the existence
of many different ergodic measures indicates the fact that recurrence properties
may vary with the measure. Hence, one can expect a certain multifractal nature.

Recently, a new approach has been proposed ([9,11,95]) that makes use of ideas
and methods of the dimension theory ([97]). As a part of this new approach the
spectrum of dimensions for Poincaré recurrences was introduced in[10] and[11].
One of the main reasons for this approach was to catch the return time properties
of the entire invariant set at once. For this, ideas of the general concept of the
multifractal analysis[16] were applied. The approach helps to detect the regions
inside the invariant set which exhibit a certain recurrence behavior. Finally, the
invariant set can be decomposed with respect to the local recurrences.

Up to now, the main objects of multifractal analysis were the multifractal de-
compositions associated to the pointwise dimension, Lyapunov exponents or the
local entropy. The spectrum for Poincaré recurrences provides a new possibility to
study multifractal features of invariant sets in dynamical systems. One of the con-
jectures in[16], see also[101], is that a “nice” dynamical system can have only a
finite number of independent multifractal characteristics. This motivates the study
of relations of the recurrence spectrum to the known spectra. In the class of sys-
tems we consider in the book we are able to show that the recurrence spectrum is
determined by the spectrum of Lyapunov exponents. This result supports the con-
jecture and gives a new insight into the nature of recurrences: global recurrences
of the system are determined by local properties along the orbits.

The recurrence spectrum is a function of a parameter, sayq. This parameter
tunes the balance between the distance of returns and the time needed for the
return. For a given invariant set it reflects the multifractal nature of asymptotics
of local return times, for example, large local instabilities favorize fast returns.



Chapter 1. Introduction 3

Roughly speaking, subsets with similar behavior of return times are labeled by
same value of the parameterq. In particular, the corresponding outer measure sits
on the set of points with a prescribed return times asymptotics, provided that it is
non-zero and finite.

To be more specific, we have to remind the reader a general approach to study
fractal dimensions that was proposed by Ya. Pesin in[98] and described in details
in [97]. It is based on so called generalized Carathéodory construction. Let us
describe it now for a simple situation when we deal with a compact metric space
X, endowed with the distanced(x, y). The ballB(x, ε) = {y: d(x, y) < ε} of
radiusε centered atx is thus well-defined. GivenZ ⊂ X one may consider a
finite coverG = {B(xi, εi) =: Bi} of Z,

⋃N
i=1Bi ⊃ Z, εi < ε. Let ξ :B → R+

be a function defined on the set of all open balls inX that takes only non-negative
values and goes to zero as the radius of the ball goes to zero. We define the sum

Mξ (α,G,Z) =
N∑

i

ξ(Bi)ε
α
i

and consider its minimum

Mξ (α, ε, Z) = inf
G

N∑

i

ξ(Bi)ε
α
i ,

taken over all finite covers ofZ by balls of radius less than or equal toε. It is clear
thatMξ (α, εZ) is monotone function inε, therefore there exists the limit

m(α,Z) = lim
ε→0

Mξ (α, ε, Z).

It follows [97] that there exists a critical valueαc ∈ [−∞,∞] such that

m(α,Z) =
{

0, α > αc, αc �= +∞,
∞, α < αc, αc �= −∞.

The numberαc is said to be the Carathéodory dimension ofZ (see details below).
Among other features ofαc the following one is related to finding of the average

value of the functionξ . Indeed, it follows directly from the definition that, if
εi < ε ≪ 1, then the sum

N∑

i

ξ(Bi)ε
α
i

{
≫ 1, if α < αc,
≪ 1, if α > αc.

For the sake of simplicity assume that

N∑

i=1

ξ(Bi)ε
αc
i ≈ 1.
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Then,

〈
ξ(Bi)ε

αc
i

〉
= 1

N

N∑

i=1

ξ(Bi)ε
αc
i ≈ 1

N
.

For εi = ε, the minimal number of balls of radiusε needed to cover setZ is
N ≈ ε−b, whereb = dimBZ is the fractal dimension (the box dimension, if it
exists) ofZ. Therefore,

〈
ξ(Bi)

〉
≈ εb−αc

if αc �= ±∞ andb �= ±∞.
Thus, the generalized Carathéodory construction allows one to estimate the

arithmetic average of functions of balls (or open sets) over subsets ofX.
We apply now the construction to study Poincaré recurrences for the dynamical

system(f t , X), t ∈ Z. For an open ballB := B(x, ε) we define the Poincaré
recurrence as

τ(B) = inf
{
τ(x, B): x ∈ B

}

where

τ(x, B) = min
{
t > 0: f tx ∈ B

}

is the first return time ofx ∈ B. Given a real non-negative functionη : R+ → R+

such thatη(t) → 0 ast → ∞, let ξq(B) = η(τ(B))q , q � 0. Then we apply the
Carathéodory construction outlined above to obtain

〈
ξq(B)

〉
≈ εb−αc

where the critical valueαc depends onq now:αc = αc(q). The functionαc(q) is
called the spectrum of dimensions for Poincaré recurrences. If there existsq0 > 0
such thatαc(q) > 0, 0� q < q0 and limq→q0 αc(q) = 0, then

〈
ξq0(B)

〉
≈ εb.

We callq0 the dimension for Poincaré recurrences (in literature it is called some-
times the AP-dimension[36,76,95,96,125]).

There are two important cases we want to mention. If the dynamical system has
positive topological entropy, then for the functionη(t) = e−t one can find such
positiveq0, i.e.,

〈
e−q0τ(B)

〉
≈ eb

and one can expect that the average Poincaré recurrence for balls of radiusε

behaves as

(1.1)
〈
τ(B)

〉
≈ − b

q0
ln ε
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but if the topological entropy equals 0, then very often positiveq0 exists forη(t) =
1/t , i.e.,

〈
τ(B)−q0

〉
≈ eb

and one may assume that

(1.2)
〈
τ(B)

〉
≈ ε−b/q0.

The asymptotic relations(1.1) and (1.2)not only manifest the “physical mean-
ing” of the dimension for Poincaré recurrences but also can serve as the basis for
algorithms to calculateq0 in specific situations (seeChapter 16).

Now we assume thatμ is a Borel probability measure onX. As it was said, the
functionαc(q) depends on a setZ of initial points, i.e.,αc(q) = αc(q, Z). We
may define the spectrum for the measureμ as follows,

αμc (q) := inf
{
αc(q, Z): μ(Z) = 1

}
.

Thus, one can compare different measures with respect to their recurrence prop-
erties.

As usual, the question of the validity of variational principle arises: is it true
that supαμc (q) = αc(q), where supremum is taken over all Borel probability
measures? For maps acting on invariant Cantor sets resulting from Moran-type
constructions, this question was positively answered in[5,7] and will be described
in Chapter 5of the book.

A local version ofαμc (q) was introduced in[5,39]and[7] in the following way:
the quantity

αμc (q, x) = lim inf
ε→0

inf
y∈B(x,ε)

logμ(B(y, ε))+ qτ(B(y, ε))
logε

is called the lowerq-pointwise dimension ofμ at the pointx. It was shown in[39]
that if this local dimension equals a constantμ-almost everywhere, then the di-
mension for the measureμ also is equal to the constant. Such situations occur for
ergodic invariant measures.

The book is organized as follows. The first part is devoted to main notions,
ideas and methods we want to expose, such as symbolic dynamics, including
topological pressure; geometric constructions as inductive procedures to obtain
invariant sets in the phase space and definition and main properties of spectrum
of dimensions for Poincaré recurrences. A reader who knows about symbolic dy-
namics can skipChapter 2. Part II deals with zero-dimensional invariant sets on
which the system can behave chaotically or regularly. InPart III we describe one-
dimensional systems with discrete time (generated by Markov maps) and with
continuous time in the form of suspended flows.Part IV deals with dimensions
for invariant measures, local dimensions and the variational principle. InPart V
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we discuss some applications of the developed theory. For readers who are famil-
iar with the machinery of statistical mechanics, we wroteChapter 14, where ideas
and main results of our book are explained in an intuitive way. In Appendices,
Part VI, we list some necessary items for the convenience of readers.

We wish to thank our friends and collaborators, including Jean-Renne Cha-
zottes, Ricardo Coutinho, Bastien Fernandez, Wen-Wei Lin, Alejandro Maass,
Yakov Pesin, Nikolai Rulkov, Benoît Saussol, Joerg Schmeling, Victor Sirvent,
Sandro Vaienti and George Zaslavsky for their invaluable and fruitful discussions
and help. The first author is grateful to Ya. Pesin who attracted him to the beauti-
ful field of fractal dimensions. We specially thank G.M. Zaslavsky without whose
persuasiveness the book would never appear.
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Chapter 2

Symbolic Systems

In spite of the fact that dynamical systems are defined by a local rule, say a map
x �→ f (x) (it could be a system of ODĖx = f (x), but we restrict ourself to the
case of discrete time), and this rule is often expressed in a simple form, the global
behavior of orbits could be amazingly complex. Here, a (semi-)orbit through an
initial point x0 is Γ (x0) :=

⋃∞
i=0 f

ixi ; a union of orbitsY is an invariant set:
f (Y ) ⊂ Y . Complexity of such a behavior is reflected in the geometry of invariant
sets and can be measured by Hausdorff and box dimensions and other dimension-
like characteristics. Invariant sets are constructed by using symbolic dynamical
models.

In this chapter we remind general facts of the symbolic dynamics theory (see
for instance[49]) and emphasize some of them which are not so well known.

2.1. Specified subshifts

Givenp ∈ N, consider the setΩp = {0, . . . , p− 1}Z+
endowed with the product

topology which makesΩp a compact metrizable space (Z+ = N ∪ {0}). A point
in Ωp is denoted byω = {ωk}k�0. A subshift is the dynamical system(Ω, σ )
whereσ :Ω → Ω is the shift operator, defined by(σω)k = ωk+1, andΩ ⊂ Ωp
is a closed andσ -invariant subset.

Given the wordω := ω0 . . . ωi . . . ωn, ωi ∈ {0, . . . , p − 1}, the subset

[ω0 . . . ωn] := {ω′ ∈ Ω: ω′
i = ωi, 0 � i � n}

is called a cylinder. Every cylinder is open and closed. A wordω = ω0 . . . ωi . . .

ωn, ωi ∈ {0, . . . , p − 1}, is said to be admissible inΩ if the corresponding
cylinder[ω0 . . . ωn] is not empty. We will abuse notation and express admissibility
by writingω ∈ Ω. If ω = [ω0 . . . ωn−1] then|ω| := n.

A subshift(Ω, σ ) is said to be (topologically) mixing if for any two admissible
wordsω0 . . . ωn andω′

0 . . . ω
′
m there existsk0 ∈ Z+ (the mixing time) such that

9



10 Chapter 2. Symbolic Systems

for anyk � k0, there exists a wordω′′
0 . . . ω

′′
k such that the concatenated word

ω0 . . . ωn ω
′′
0 . . . ω

′′
k ω

′
0 . . . ω

′
m

is admissible inΩ.
The subshift(Ω, σ ) is said to be specified (or to have the specification property)

if there existsn0 ∈ Z+ such that for any pair of admissible words,ω0 . . . ωn and
ω′

0 . . . ω
′
m, there existsk � n0 and a wordω′′

0 . . . ω
′′
k such that the concatenated

wordω0 . . . ωn ω
′′
0 . . . ω

′′
k ω

′
0 . . . ω

′
m is admissible inΩ.

We now define a class of distance functions onΩ consistent with the product
topology. Givena ∈ {0, . . . , p − 1} let

[a] = {x ∈ Ω: x0 = a} and ζ = {[a]: a = 0, . . . , p − 1}
denote the partition ofΩ into 1-cylinders. Denote byζ n the dynamical parti-
tion ζ n :=

∨n−1
j=0 σ

−j ζ . Thenζ n(ω) will be the atom of the refined partitionζ n

that containsω and will be referred to as then-cylinder aboutω. Given a con-
tinuous functionu :Ω → (0,∞) we endowΩ with the metricdΩ defined by
dΩ(ω, ω

′) := e−u(ζ n(ω)) wheren is such thatω′ ∈ ζ n(ω) andω′ /∈ ζ n+1(ω), and

u
(
ζ n(ω)

)
= sup
k�n

sup
ω′∈ζ k(ω)

(
u(ω′)+ u(σω′)+ · · · + u

(
σ k−1ω′)),

n = 1,2, . . . .

Remark that the standard metric is recovered when one choosesu ≡ 1. If one
choosesu(ω) = − logλ(ω0), which is a constant on every atom ofξ , then

(2.1)dΩ(ω, ω
′) =

n−1∏

ℓ=0

λ(ωℓ), and diamξn(ω) =
n−1∏

ℓ=0

λ(ωℓ),

i.e., we have a situation similar to that encountered in Moran-like geometric con-
structions, where 0< λ(ω0) < 1, see Section3.

LEMMA 2.1. dΩ is a distance function onΩ.

PROOF. Let us prove it for the case(2.1). It is clear thatdΩ(ω, ω′) = 0 if and
only if ω = ω′. Then, we show the triangle inequality

(2.2)dΩ(ω, ω
′) � dΩ(ω, ω

′′)+ dΩ(ω′′, ω′),

with integersi, j andl such thatωk = ω′
k for k < i andωi �= ω′

i , ωk = ω′′
k for

k < j andωj �= ω′′
j , andω′

k = ω′′
k for k < l andω′

l �= ω′′
l . To show(2.2)we need

to verify the inequality

λω0 · · · λωi−1 � λω0 · · · λωj−1 + λω′
0
· · · λω′

l−1

for which we have the following cases.
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(a) For 0< j � i, it follows immediately thatλω0 · · · λωi−1 � λω0 · · · λωj−1.
(b) For j > i > 0, one hasl = i. Hence,λω0 · · · λωi−1 � λω0 · · · λωj−1 +

λω0 · · · λωi−1.

Whenω0 �= ω′
0, one has that 1� 1+ λω′

0
· · · λω′

l−1
or 1 � 1+ λω0 · · · λωi−1 in the

“worst” case. �

In a similar way one proves thatdΩ is a distance in a more general situation
whereu depends on more symbols. Moreover, if one chooses a Hölder continuous
function u, then one gets the distance used to generate Cantor-like sets inRd

modeled by subshifts, see Section3.1.1.
Given ω ∈ Ω and ε � 0 we denote byB(ω, ε) the open ball of radiusε

centered atω.

2.1.1. Ultrametric space

The following statement[5] is useful for further considerations and have an inde-
pendent pedagogical interest.

STATEMENT. The space(Ω, dΩ ) is ultra-metric, i.e.,

dΩ(ω, ω
′) � max

{
dΩ(ω,̟), dΩ (̟,ω

′)
}

for every̟ . Furthermore, for anyω ∈ Ω andε > 0 we have

1. B(ω, ε) = ξnω,ε (ω), where

nω,ε = min
{
n ∈ N: e−u(ξn(ω)) < ε

}
.

2. The topology generated bydΩ is equivalent to the product topology.

PROOF. Let ω,ω′ ∈ Ω, with ω �= ω′. There existsn such thatξn(ω) = ξn(ω
′)

but ξn+1(ω) �= ξn+1(ω
′). This implies that

dΩ(ω, ω
′) = e−u(ξn(ω)) = e−u(ξn(ω′)).

For any̟ ∈ Ω either̟ /∈ ξn+1(ω) or ̟ /∈ ξn+1(ω
′). Suppose for simplicity

that̟ /∈ ξn+1(ω). Then there existsk � n such that̟ ∈ ξk(ω) but ̟ /∈
ξk+1(ω), hencedΩ(ω,̟) = e−u(ξk(ω)). Sinceu(ξk(ω)) is increasing, we get that
dΩ(ω,̟) � dΩ(ω, ω

′). This proves that

dΩ(ω, ω
′) � max

{
dΩ(ω,̟), dΩ (̟,ω

′)
}
.

Thus,dΩ is a distance, and in addition the space(Ω, dΩ ) is ultra-metric.
Letω ∈ Ω. Let ε > 0, and set

nε = min
{
n ∈ N: e−u(ξn(ω)) < ε

}
.
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For any̟ ∈ ξnε (ω), ̟ �= ω, there existsn � nε such that̟ ∈ ξn(ω) but
̟ /∈ ξn+1(ω), and by definition

dΩ(ω,̟) = e−u(ξn(ω)) � e−u(ξnε (ω)) < ε.

Thus̟ ∈ B(ω, ε).
Let̟ ∈ B(ω, ε), ̟ �= ω, andn such that̟ ∈ ξn(ω) but̟ /∈ ξn+1(ω). By

definition we have

e−u(ξn(ω)) = dΩ(ω,̟) < ε,

hence,n � nε, and̟ ∈ ξnε (ω). This proves that any ball is indeed a cylinder,
and Statement 2 is now an immediate consequence. �

By using the metricdΩ we avoid many difficulties related to comparing covers
by balls and by cylinder.

2.2. Ordered topological Markov chains

A setΩA ⊂ Ωp is defined by a transition matrixA by declaring thatω ∈ ΩA
iff Aωk,ωk+1 = 1, k � 0. Any mixing topological Markov chain has the specifica-
tion property and positive topological entropy. More detailed information about
Markov chains can be found for instance in[49].

In dealing with Markov maps of the interval the ordered nature of Cantor sub-
sets of the interval will be important. This order is equivalent, through conjugacy,
to a complete order of the setΩA that we introduce as follows. First we accept
the order 0< 1< · · · < p − 1 in the set of single symbols. A sign function

s : {0,1, . . . , p − 1} → {−1,+1}
is introduced (there are 2p options for the functions) and extend it to words of
finite length by the product

s(ω0, ω1, . . . , ωn−1) = s(ω0) · s(ω1) · · · · · s(ωn−1).

The order relation inΩA is defined as follows. Letω andω′ ∈ ΩA have least
integerk such thatωk �= ω′

k. Thenω < ω′ if and only if, eitherωk < ωk′ and
s(ω0, ω1, . . . , ωk−1) = 1 orωk > ωk′ ands(ω0, ω1, . . . , ωk−1) = −1. Otherwise
ω > ω′. A topological Markov chainΩA that is endowed with a complete order
by means of a sign functions is denoted by the triple(ΩA, σ, s). When the sign
function is the constant functions = 1, the order introduced inΩA coincides with
the lexicographical order.

Next, we take the order inΩA as the starting point to construct a nested se-
quence

Ωn ⊂ Ωn+1 ⊂ · · · ⊂ ΩA
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of mixing topological Markov chains, for a certain sufficiently large integern (see
below). We will use this construction to calculate dimension-like characteristics
of invariant sets.

For eachω0 andn > 0, letω0ω̂1 . . . ω̂n−1 denote the least (in the order defined)
admissible word in(ΩA, s) of lengthn that begins with a given symbolω0, i.e.,

ω0ω̂1 . . . ω̂n−1 � ω0ω1 . . . ωn−1

for every admissible wordω0ω1 . . . ωn−1.

LEMMA 2.2. For eachi ∈ {0, . . . , p − 1}, the limit point in(ΩA, σ )

ω̂i := lim
n→∞

i ω̂1 . . . ω̂n−1

is eventually periodic. The transient prefix ofω̂i and the period-defining word
have together length at most2p. The pointω̂i ∈ [ i ] ⊂ ΩA is the only point such
that ω̂i � ω for everyω ∈ [ i ].

PROOF. From theith row of transition matrixA we takeω̂1 ∈ {j : Ai,j = 1} such
that

i ω̂1 < ik for everyk ∈ {j �= ω̂1: Ai,j = 1}.
The choice ofω̂1 is unique. Next, from thêω1-th row of transition matrixA we
takeω̂2 ∈ {j : Aω̂1,j = 1} such that

i ω̂1ω2 < i ω̂1k for everyk ∈ {j �= ω̂2: Aω1,j = 1}.
The choice ofω̂2 is unique. Proceeding this way we will get the wordi ω̂1 . . . ω̂m
such that for the first time the signs(i ω̂1 . . . ω̂m−1) and symbolω̂m, simultane-
ously, appear again in the procedure. This will happen form � 2p (each one of
thep symbols is associated to one of two possible signs). �

Thus, sequencêωi = ai(ci)∞ where the admissible wordai is the shortest
transient prefix ofω̂i and wordci is the period-defining word. They are unique
and their lengths satisfy the inequality|ai | + |ci | � 2p for eachi, with |ai | � 0
and |ci | � 1. A direct consequence of the mixing property of (ΩA, σ ) is the
following

LEMMA 2.3. There existsq ∈ N, q � 3, such that for eachi ∈ {0, . . . , p − 1},
there exists a wordbi such that

(1) the wordcibici is admissible inΩA,
(2) cibici �= (ci)q , and
(3) |cibici | = q|ci |.
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Let Bn := {ω̂i0 . . . ω̂in: i = 0, . . . , p − 1} and letkin be such that(ci)k
i
n ∈

ω̂i0 . . . ω̂
i
n−1 but (ci)k

i
n+1 /∈ ω̂i0 . . . ω̂in−1. The inequalities

n+ 1 � |ci |kin � kin

hold, and we will be considering sufficiently large values ofn, n > N1 � 2pq say
(seeLemma 2.4below), so that each word inBn has blocks(ci)k

i
n that are longer

than(ci)q , i.e.,kin > q, for everyi. This will allow us to do profit ofLemma 2.3.
The set of admissible sequences inΩA that do not contain any of the words

in Bn,

Ω̂n = {ω ∈ ΩA: ∀i: ωk . . . ωk+n /∈ Bn, k ∈ Z+},
defines a symbolic system(Ω̂n, σ ) which is a topological Markov chain. This
system may not be mixing. However,Proposition 2.1below tells us that it contains
a mixing topological Markov chainΩn if n is sufficiently large. To identifyΩn,
for kin � q let

Gn =
{
ω0 . . . ωn ∈ ΩA: ∀i:

(
ci
)ℓ
/∈ ω0 . . . ωn wheneverℓ � kin − q

}
.

The elements ofGn are, by definition, admissible in̂Ωn, Gn ⊂ Bcn, and will be
“linking sockets” for the sequences in the subsetΩn ⊂ Ω̂n. The next statement
tells us that every element inGn is a linking socket. For that we takeN1 � k0, the
mixing time of(ΩA, σ ).

LEMMA 2.4. For all n � N1 every two wordsω0 . . . ωn andω′
0 . . . ω

′
n inGn and

for everym > n there exists a wordω′′
0 . . . ω

′′
m such that the concatenated word

ω0 . . . ωnω
′′
0 . . . ω

′′
mω

′
0 . . . ω

′
n

is admissible inΩ̂n.

PROOF. Because the system(ΩA, σ ) is mixing, for everym > n � N1 there
exists a wordω′′

0 . . . ω
′′
m such that the concatenated word

(2.3)ω0 . . . ωnω
′′
0 . . . ω

′′
mω

′
0 . . . ω

′
n

is admissible inΩA. If the word is admissible in̂Ωn too, there is nothing to prove.
Otherwise, the word contains a segment of the lengthn + 1 that is inBn. In this
case,Lemma 2.3allows us to replace the forbidden segment by a segment of the
same lengthn+1 that is admissible in̂Ωn. The procedure to make the replacement
consists in repeating the following substitution rule as many times as necessary.

SUBSTITUTION RULE. Reading the word

ω0 . . . ωnω
′′
0 . . . ω

′′
mω

′
0 . . . ω

′
n
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from left to right, at the first occurrence of a word inBn, we replace the first
occurrence of the segment(ci)q , not intersecting neither the wordω0 . . . ωn nor
ω′

0 . . . ω
′
n, by the segmentcibici . Sincem > n, any word of lengthn+ 1 in (2.3)

cannot intersect neither the prefixω0 . . . ωn nor the suffixω′
0 . . . ω

′
n. Hence, the

substitution rule does not affect these words.

If the resulting word still contains a segment that is inBn, we apply the rule again.
The procedure is repeated as long as the reconstructed word contains a segment
that is inBn. There is a finite number of iterations after which the resulting word
does not contain any segment inBn. Indeed, the segment to be replaced at each
new iteration is on the right side of the segment that was replaced in the previous
iteration. The word resulting of applying the procedure may contain segments of
the type(ci)j with j < q < kin only. Therefore it is admissible in̂Ωn. �

The previousLemma 2.4will allow us to specify the subsetΩn. A pair of
words,ω0 . . . ωn andω′

0 . . . ω
′
n, is said to beΩ̂n-connected if there exists a word

ω′′
0 . . . ω

′′
m such that the concatenated word

ω0 . . . ωnω
′′
0 . . . ω

′′
mω

′
0 . . . ω

′
n

is admissible inΩ̂n. Let Cn ⊂ Bcn be the set of words of the lengthn such that
eachω0 . . . ωn ∈ Cn is Ω̂n-connected to some socket word inGn and such that,
for eachω0 . . . ωn, there exists a socket word inGn which is Ω̂n-connected to
ω0 . . . ωn. Remark that by definition we have thatGn ⊂ Cn.

Thus, the subset of̂Ωn we consider is defined as follows

Ωn = {ω ∈ Ω: ωk . . . ωk+n ∈ Cn, k ∈ Z+}.
By definition,Ωn ⊂ Ω̂n and the system(Ωn, σ ) is a topological Markov chain
(words of lengthn+ 1 are its states).

PROPOSITION2.1. There existsN ∈ N, N � N1 such that for anyn � N , the
following properties hold.

(i) The setΩn is non-empty.
(ii) Ωn ⊂ Ωn+1.

(iii) The system(Ωn, σ ) is a mixing topological Markov chain(on words of length
n+ 1).

(iv) There existsm ∈ N such that, for anyn � N , the number ofn-periodic
orbits of(ΩA, σ ) not belonging toΩn is at mostm.

PROOF.

(i) Consider the periodic sequence(cibi)∞ for somei ∈ {0, . . . , p − 1}. By
Lemma 2.3, this sequence is admissible inΩA. Moreover, the wordci could
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appear consecutively at mostq − 2 times. Therefore ifkin − q � q − 2,
which happens ifn is sufficiently large, then the periodic sequence(cibi)∞

is inΩn.
(ii) Let ω0 . . . ωn andω1 . . . ωn+1 be two words inCn. Since the definition ofGn

implies the inclusion

{ω ∈ Ω: ωk . . . ωk+n ∈ Gn, k ∈ Z+}
(2.4)⊂ {ω ∈ Ω: ωk . . . ωk+n+1 ∈ Gn+1, k ∈ Z+}.

Then the wordω0 . . . ωn+1 is Ω̂n-connected to a word inGn+1.
Moreover, if a word of lengthn + 1 that is admissible inΩA does not

belong toBn, then none of its extensions of lengthn + 2 belongs toBn+1.
ThereforeΩ̂n ⊂ Ω̂n+1. Hence, the wordω0 . . . ωn+1 is Ω̂n+1-connected to a
word inGn+1. Similarly, there exists a word inGn+1 that isΩ̂n+1-connected
toω0 . . . ωn+1 and hence the wordω0 . . . ωn+1 belongs toCn+1.

(iii) Let ω0 . . . ωn andω′
0 . . . ω

′
n be two admissible words inΩn. By definition,

the wordω0 . . . ωn can beΩ̂n-connected to a word̟ 0 . . . ̟n ∈ Gn. The
length of the connecting word is at most the number of words of lengthn+1,
i.e. pn+1. Similarly, there exists a word̟ ′

0 . . . ̟
′
n ∈ Gn, Ω̂n-connected to

ω′
0 . . . ω

′
n by a word of length at mostpn+1. If n � N1, then, byLemma 2.4,

the word̟0 . . . ̟n is Ω̂n-connected to̟ ′
0 . . . ̟

′
n by a word of any length

that is longer thann.
Consequently, any two admissible words inΩn of the lengthn can be

connected by a word of arbitrary length larger than 2pn+1 + n. It follows
that the system(Ωn, σ ) is mixing.

(iv) Any word of lengthn+1 admissible inΩA but not admissible inΩn contains
one of the words(ci)k

i
n−q . We have

n+ 1 −
(
kin − q

)∣∣ci
∣∣ � q

∣∣ci
∣∣+
∣∣ai
∣∣.

Consequently, the number of admissible words of lengthn+1 not admissible
in Ωn is not larger than

m :=
p−1∑

i=0

(
q
∣∣ci
∣∣+
∣∣ai
∣∣)ps|ci |+|ai |,

which is independent ofn.
�

A further property of the sequenceΩn of mixing Markov chains, proved in
Section2.4, is that the topological pressure inΩn of a Hölder continuous poten-
tial, defined onΩA but restricted toΩn, converges to the topological pressure in
ΩA asn → ∞. This important fact will be used to find out fractal dimensions in
many specific situations.
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2.3. Multipermutative systems

An important class of symbolic systems, different from subshifts, consists of mul-
tipermutative systems. LetΩ = {0,1, . . . , q − 1}N0 with the metric(2.1).

DEFINITION 2.1. A mapT :Ω → Ω is said to bemultipermutativeif for every
ω ∈ Ω the sequenceT ω is given by

T ω =
(
ω0 + p0, ω1 + p1(ω0), . . . , ωi + pi(ω0, . . . , ωi−1), . . .

)

with p0 ∈ A := {0, . . . , q−1}, the alphabet, andpi :Ai → A for i > 0. At every
coordinate the addition is understood to be moduloq.

Cylinders of lengthL are denoted byωL := [ω0, . . . , ωL−1] ⊂ Ω, and they
determine the integer value

‖ωL‖q =
L−1∑

i=0

ωiq
i .

EXAMPLE 2.1. Theq-adic adding machineis a multipermutative system(Ω, S)
such that

Sω =
(
ω0 + 1, ω1 + s1(ω0), . . . , ωi + si(ω0, . . . , ωi−1), . . .

)
,

with si(ω0, . . . , ωi−1) = 1 if (ω0, . . . , ωi−1) is maximal andsi(ω0, . . . , ωi−1) =
0 otherwise. The word(ω0, . . . , ωi−1) is maximal whenωj = q − 1 for j =
0, . . . , i − 1. For everyL � 1, a map{0,1, . . . , qL − 1} → {0,1, . . . , q − 1}L
is well-defined wheren �→ Sn0L = ωL is a bijection, andn = ||ωL||q . For every
L � 1, the set{Sn0L: n = 0,1, . . . , qL − 1} is a cycle of periodqL.

The next result is a dynamical characterization of minimal multipermutative
systems.

THEOREM 2.1. For (Ω, T ), a multipermutative system, the following four state-
ments are equivalent.

(1) (Ω, T ) is minimal.
(2) For everyL > 0 and every cylinderωL := [ω0, . . . , ωL−1], the sequenceωL,

T ωL, T 2ωL, . . . is periodic with smallest periodqL.
(3) For everyL > 0, the numbers(“ integrals”) πL :=

∑
ωL
pL(ωL) and the

constantp0 ∈ A are relatively prime toq.
(4) The system(Ω, T ) is topologically conjugate to theq-adic adding ma-

chine(Ω, S).
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PROOF. (1) ⇐⇒ (2). If a multipermutative mapT is minimal then every point
of the system must visit every cylinder set. This, together with the fact thatT

maps a cylinder of lengthL to another cylinder of the same length, implies (2).
Conversely, assume that (2) holds. Then, every point of the system visits every
cylinder set. Since cylinder sets span the topology ofΩ, we conclude the system
is minimal.

(2) ⇐⇒ (3). For cylinders of the lengthL = 1, the sequence[ω0], [ω0 + p0],
[ω0 + 2p0], . . . is periodic with smallest periodq if and only if (p0, q) = 1. For
cylinders of the lengthL > 1, assume thatωL := [ω0, . . . , ωL−1] is periodic with
smallest periodqL. Then we prove that the sequence{T t [ω0, . . . , ωL−1, ωL]}∞t=0
is periodic with smallest periodqL+1. It is so if and only if for every cylinder
ωL := [ω0, . . . , ωL−1] we have

{
ω
(k)
L ∈ A: T kq

L [ω0, . . . , ωL−1, ωL]
(2.5)=

[
ω0, . . . , ωL−1, ω

(k)
L

]
, k � 0

}
= A.

A straightforward computation shows that

ω
(k)
L = ωL + kπL with πL =

∑

ω′
L

pL(ω
′
L)

for everyωL, where the sum is taken over all admissible wordsω′
L of the length

L. Indeed, definei(n) ∈ {0,1, . . . , q−1} by the equalityT n[ωL, ωL] = [ωnL, i(n)]
whereωL := (ω0, . . . , ωL−1) andi(0) = ωL. We want to computeω(k)L = i(kq

L),
k > 0. Fork = 1,

ω
(1)
L = i(q

L) = i(q
L−1) + pL

(
ω
(qL−1)
L

)

= i(q
L−2) + pL

(
ω
(qL−2)
L

)
+ pL

(
ω
(qL−1)
L

)

= · · ·
= i(0) + pL

(
ω
(0)
L

)
+ pL

(
ω
(1)
L

)
+ · · · + pL

(
ω
(qL−1)
L

)
,

i.e., for everyωL we have thatω(1)L = ωL + πL, with the integralπL =∑
ω′
L
pL(ω

′
L). Next, fork > 1, assume thatω(k)L = ωL + kπL, for everyωL ∈ A.

Then, takeωL to beω(1)L to obtain

ω
(1)
L + kπL =

(
ω
(1)
L

)(k) = ωL + (k + 1)πL

and, by definition,(ω(1)L )
(k) = ω

(k+1)
L . Hence, condition(2.5) is satisfied when-

ever(πL, q) = 1. This proves (2)⇐⇒ (3).
(2) ⇐⇒ (4). The fact that (4) implies (2) is the direct corollary of the de-

finition of the adding machine. Every cylinder[ω0, . . . , ωL−1] of the lengthL
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is the image of the cylinder[0, . . . ,0] by a mapT t , where the smallest pos-
itive such t is uniquely defined by coordinatesω0, . . . , ωL−1. Thus, for every
L > 1 and any cylinder set[ω0, . . . , ωL−1], we can find out a unique sequence
(k0, . . . , kL−1) ∈ {0, . . . , q − 1}L such that

T t [0, . . . ,0] = [ω0, . . . , ωL−1] and t =
L−1∑

n=0

knq
n.

We putϕ([ω0, . . . , ωL−1]) := [k0, . . . , kL−1] and letϕ(ω) := (k0, k1, . . .) such
that for everyL > 0,ϕ([ω0, . . . , ωL−1]) = [k0, . . . , kL−1]. The mapϕ :Ω → Ω

is one-to-one by construction. Moreover,ϕ is continuous, since

[w0, . . . , wl−1] = ϕ−1(k0, k1, . . . , kL−1).

Thus,ϕ−1 ◦ S ◦ϕ = T , which proves thatT andS are topologically conjugate.�

The next section is devoted to a more general situation.

2.3.1. Polysymbolic generalization

In this section we consider multipermutative systems with different alphabets
Ai = {0, . . . , qi − 1} at every coordinatei = 0,1, . . . . Such systems will be re-
ferred to as polysymbolic systems. The set of sequences isΩq∗ = A0 ×A1 × · · ·,
and the size of alphabets at every coordinatei is denoted by the sequence
q∗ = (q0, q1, . . .) of positive integersqi = #(Ai), i � 0. A polysymbolic
system(Ωq∗ , T ) is multipermutative if for everyω = (ω0, ω1, . . .) the map
T :Ωq∗ → Ωq∗ is defined by

T ω =
(
ω0 + p0, ω1 + p1(ω0), . . . , ωi + pi(ω0, . . . , ωi−1), . . .

)

with pi :A0 × · · · × Ai−1 → Ai andp0 ∈ A0.

EXAMPLE 2.2. A polyadic adding machine(Ωq∗ , S) (called an odometer, too) is
defined as the usualq-adic adding machine, except that a word

(ω0, . . . , ωi−1) ∈ A0 × · · · × Ai−1

is maximal whenωj = qj − 1 for eachj = 0, . . . , i − 1.

Theorem 2.1is extended to polysymbolic systems as follows.

THEOREM 2.2. Let (Ωq∗ , T ) be a multipermutative system which is polysym-
bolic. Then the following statements are equivalent.

(P1) (Ωq∗ , T ) is minimal.



20 Chapter 2. Symbolic Systems

(P2) For everyL > 0 and every cylinderωL := [ω0, . . . , ωL−1] the sequence

ωL, T ωL, T 2ωL, . . . is periodic with smallest period
∏L−1
i=0 qi .

(P3) For everyL > 0 the numbersπL :=
∑
ωL
pL(ωL) and the constantp0 ∈ A0

are relatively prime toqL andq0, respectively.
(P4) (Ωq∗ , T ) is topologically conjugate to the polyadic adding machine(Ωq∗ , S).

The proof is quite similar to the proof ofTheorem 2.1. The only remark is that
the polyadic expansion of an integert � 0 is defined by the formula

(2.6)t = k0 +
∞∑

i=1

ki

(
i−1∏

j=0

qj

)
= (k0, k1, . . .)

with ki ∈ {0, . . . , qi − 1}. With the polyadic expansion oft � 0, the labeling of
cylinders is formally identical to the one used in the proof ofTheorem 2.1. The
labeling of cylinders provides the codingϕ for the polysymbolic case.

2.3.2. Topological conjugation of polysymbolic minimal systems

Theorems 2.1 and 2.2tell us that multipermutative systems can be seen as adding
machines. In this section we give the main dynamical properties multipermutative
systems inherit from adding machines.

A direct consequence ofTheorem 2.2is that minimal multipermutative sys-
tems are uniquely ergodic. A proof of the following statement can be found
in [120].

PROPOSITION2.2. Every minimal multipermutative system

(T ,Ωq∗), q∗ = (q0, q1, . . .), qi ∈ Z+,

is uniquely ergodic. The uniquely ergodic measureμq∗ is defined over cylinder
sets[w0, . . . , wL−1] by

μq∗
(
[w0, . . . , wL−1]

)
= lim
N→∞

1

N

N−1∑

i=0

1[w0,...,wL−1](x) = 1

q0 · · · qL−1
,

wherex ∈ Ωq∗ is arbitrary.

Topological conjugacy of multipermutative systems with adding machines al-
lows one to determine a complete system of topological invariants. These invari-
ants are, in fact, eigenvalues in the topological discrete spectrum.

Let us remind some definitions. Letf be a complex-valued continuous function
onΩq∗ which is not identically 0. A functionf is an eigenfunction forT :Ωq∗ →
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Ωq∗ if there exists a complex numberλ such thatf (T ω) = λf (ω), ∀ω ∈ Ωq∗ .
We say, as in Definition 5.9 in[120], thatT has the topological discrete spectrum
if the smallest closed linear subspace ofC(Ωq∗) containing all the eigenfunctions
of T isC(Ωq∗), i.e., the eigenfunctions provide a basis forC(Ωq∗).

It is known (see, for instance, Theorem 3.4 and Theorem 5.19 in the book[120])
that topological conjugacy for adding machines is a spectral property because they
have topological discrete spectrum. The following result is a direct consequence
of Theorem 5.19 in[120].

THEOREM 2.3. Two minimal multipermutative systems are topologically conju-
gate if and only if they have the same eigenvalues.

The eigenvalues for multipermutative systems can be easily computed. To sim-
plify bookkeeping, denote by

[w0, . . . , wL−1] := k0 +
∞∑

i=1

ki

(
i−1∏

j=0

qj

)
,

where[k0, . . . , kL−1] = ϕ([w0, . . . , wL−1]) (see the proof ofTheorem 2.1). It
follows that

T [w0, . . . , wL−1] = 1 + [w0, . . . , wL−1].

LEMMA 2.5. Let T be a minimal multipermutative system that is specified by
a sequenceq∗ = (q0, q1, . . .). Then,T has topological discrete spectrum with
eigenvalues

λk,L = exp

(
2πi

k

q0 · · · qL−1

)

and corresponding eigenfunctions

fk,L(ω) = exp

(
2πi

k

q0 · · · qL−1
[w0, . . . , wL−1]

)
,

whereL � 1, 0 � k < q0 · · · qL−1.

The proof consists of a direct verification of formulas above.
The eigenfunctionsfk,L are piecewise constant on cylinders of lengthL and

any other piecewise constant function is a linear combination of the eigenfunc-
tions. The set of all piecewise constant functions is dense inC(Ωq∗).

Sufficient and necessary conditions for the topological conjugacy of multiper-
mutative systems can be expressed in terms of some arithmetic properties of the
integer sequenceq∗.
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For any sequenceq∗ = (qi : i � 0) and a prime numberp, we define #(p, q∗)
as the number of occurrences of factorp in all elements ofq∗ (it could be infinity,
of course). That is, #(p, q∗) =

∑
i�0 si wheresi � 0 is the greatest integer

number such thatpsi dividesqi . In the same way we define #(p, q0 . . . qn). This
is the motivation for the following

DEFINITION 2.2. Two sequencesq∗ = (qi : i � 0) andq ′
∗ = (q ′

i : i � 0) are
equivalentif for every prime numberp, #(p, q∗) = #(p, q ′

∗).

EXAMPLE 2.3. The following sequences are equivalent:(6,6,6, . . .), (2,3,3,2,
2,3,2,3, . . .), (2,3,6,2,3,6, . . .), (4,9,4,9,4, . . .), (12,108,12,108, . . .), etc.

THEOREM 2.4. Two minimal multipermutative systems,(Ωq∗ , T ) and(Ωq ′∗ , T
′),

are topologically conjugate if and only ifq∗ andq ′
∗ are equivalent.

PROOF. In view of Theorem 2.3, we prove that the systems have the same eigen-
values if and only ifq∗ andq ′

∗ are equivalent. Assume the integer sequencesq∗
andq ′

∗ are equivalent. Then, for everyn � 1, 0� k < q0 · · · qn−1 we have to find
m � 1, 0� k′ < q ′

0 · · · q ′
m−1, such that

k

q0 · · · qn−1
= k′

q ′
0 · · · q ′

m−1
.

So, we need to prove that there exists anm such that

(2.7)k′ = k
q ′

0 · · · q ′
m−1

q0 · · · qn−1
.

is an integer. By assumption,q∗ andq ′
∗ are equivalent. Then, there exists an integer

numberm such that for every prime numberp,

#(p, q0 · · · qn−1) � #(p, q ′
0 · · · q ′

m−1).

Thus,k′ is an integer. Replacingq∗ by q ′
∗, we conclude that the two systems have

the same eigenvalues. Finally, assume that the systems have the same eigenvalues
such that(2.7) holds for arbitraryn. Then, for every prime numberp, one has
#(p, q0 · · · qn−1) � #(p, q ′

0 · · · q ′
m−1). Replacingq∗ by q ′

∗ in (2.7), we obtain
that for anym > 1 there isn > 1 such that

#(p, q0 · · · qn−1) � #(p, q ′
0 · · · q ′

m−1).

This proves thatq∗ andq ′
∗ are equivalent. �

The theorem implies that the set of equivalence classes of sequences of pos-
itive integers is in a bijective correspondence with the classes of topologically
conjugated minimal multipermutative systems.
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REMARK 2.1. The technique of amalgamation and fragmentation of symbols
allows one to construct homeomorphisms between minimal polyadic adding ma-
chines, seeChapter 20.

EXAMPLE 2.4. A minimal multipermutative system with a periodic distribution
of alphabet sizesq∗ = (q0, . . . , qn−1, q0, . . . , qn−1, . . .) is topologically conju-
gate to aq-adic adding machine withq =

∏n−1
i=0 qi .

EXAMPLE 2.5. Let aq-adic adding machine and aq ′-adic adding machine be
such that there exist positive integersm andn for whichqm = q ′n =: Q. Each of
them can then be transformed by amalgamation to aQ-adic adding machine, so
they are topologically conjugate.

A polyadic adding machine whose alphabet size at every coordinate follows a
sequence(q0, q1, . . .) which at every coordinatei � 0 hasqi a prime number is
calledsimple.

COROLLARY 2.1. Every minimal multipermutative system is topologically con-
jugate to a simple polyadic adding machine.

2.3.3. Nonminimal multipermutative systems

In this section we consider multipermutative systems(Ωq∗ , T ), q∗ = (q0, q1, . . .),
with multiple cycles at every cylinder of the lengthL.

Every multipermutative mapT :Ωq∗ → Ωq∗ maps a cylinder of lengthL � 1
to another cylinder of the same length. Hence, at every lengthL the dynamics of
cylinders consists eventually in a collection of cycles. We will deal with nonwan-
dering sets such that every cylinder belongs to a cycle, and the set of all cylinders
of a given lengthL � 1 is partitioned into those cycles.

The number of cycles of cylinders of the lengthL is denoted byNL � 1, and
every cycle is labeled by a symbol from the setBL := {0, . . . , NL − 1}. To every
multipermutative system,(Ωq∗ , T ), we associate the sequence of positive integers
(N1, N2, . . . , NL, . . .) to denote thecycle multiplicitiesat every lengthL. Cycle
multiplicities satisfy the estimates

1 � NL �

L−1∏

i=0

qi .

The period of a cyclec ∈ BL, denoted byτL(c), is the smallest integer such
that forωL ∈ c, T τL(c)ωL = ωL. The period of each cyclec ∈ BL satisfies the
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inequalities

1 � τL(c) �

L−1∏

i=1

qi .

Since we are assuming that every cylinder belongs to a cycle, then for everyL,
∑

c∈BL
τL(c) = qL.

Cycles are disjoint,∀L � 1,∀c �= c′ ∈ BL: c ∩ c′ = ∅. Cycles are invariant,
∀L � 1,∀c ∈ BL: T c = c.

We say that a cyclec′ ∈ BL+1 is a successor of the cyclec ∈ BL if there exists
a cylinder[ω0, . . . , ωL−1, ωL] ∈ c′ such that[ω0, . . . , ωL−1] ∈ c. Denote this
relation byc < c′.

PROPOSITION2.3. Every cycle has at least one successor.

PROOF. Givenc ∈ BL consider a cylinder[ω0, . . . , ωL−1] ∈ c. Then any cylin-
der[ω0, . . . , ωL−1, ωL] determines a cyclec′ such thatc < c′. �

The set of successors of a cyclec ∈ BL is denoted by

SL,c = {c′ ∈ BL+1: c < c′}.

The cardinalityΓ (c) := #(SL,c) is said to be the branching ratio of the cycle
c ∈ BL. It is simple to see that for allL > 0 and everyc ∈ BL the following
inequalities hold:

1 � Γ (c) � qL+1 and τL(c) � τL+1(c
′) � qL+1τL(c).

To describe “branching procedure” more precisely, we need the following def-
initions.

DEFINITION 2.3. The numberπL(c) =
∑
ωL∈c pL(ωL), is said to be the integral

associated to the cyclec ∈ BL. For every integralπL(c), define a collection of
integers

〈
πL(c)

〉
:=
{
kπL(c) modqL: k = 0,1, . . . , qL − 1

}
.

The cardinalityπL(c) := #(〈πL(c)〉) is said to be the order of the integralπL(c).

For instance, the order of the integral 0∈ A is 0 = 1.
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PROPOSITION2.4. Letc ∈ BL be a cycle of periodτL(c). For everyωL ∈ c, the
sequence of cylinders of lengthL+ 1

(2.8)[ωL,0], T [ωL,0], . . . , T j [ωL,0], . . .
is periodic with smallest periodπL(c)τL(c).

PROOF. Write the sequence(2.8) in the form of a matrix with the number of
columns equal toτL(c):

[ωL,0], [T ωL, pL(ωL)], . . . , [T τL(c)−1ωL,
∑τL(c)−2
n=0 pL(T

nωL)],

[ωL, πL(c)], [T ωL, πL(c)+ pL(ωL)], . . . , [T τL(c)−1ωL, πL(c)+
∑τL(c)−2
n=0 pL(T

nωL)],

.

.

.
.
.
.

.

.

.
.
.
.

[ωL, kπL(c)],[T ωL, kπL(c)+ pL(ωL)],. . . ,[T τL(c)−1ωL, kπL(c)+
∑τL(c)−2
n=0 pL(T

nωL)],

.

.

.
.
.
.

.

.

.
.
.
.

Here we have used the fact thatωL ∈ c has periodτL(c). The first row will
appear again in the matrix for the first time at thekth moment ifk is the smallest
integer such thatkπL(c) = 0 (modqL), i.e., whenk = πL(c). �

An immediate consequence of this is the following

COROLLARY 2.2. Let c ∈ BL and c′ ∈ BL+1 be cycles of periodsτL(c) and
τL+1(c

′), respectively. Thenc < c′ if and only ifτL+1(c
′) = πL(c)τL(c).

Hence, every cyclec′ ∈ BL+1 that is a successor of cyclec ∈ BL, has the period
τL+1(c

′) = πL(c)τL(c), independent ofc′, and the branching ratio for cyclec is
Γ (c) := qL/πL(c).

DEFINITION 2.4. A cycling sequence is defined to beξ := (c0, c1, . . . , ci, . . .)

such that for everyi � 0, ci ∈ Bi+1 and ci < ci+1. The set of all cycling
sequences is denoted by

C := {ξ ∈ B1 × B2 × · · · : ci < ci+1, i � 0}.

Remark that the number of cycles may grow exponentially fast with the length
of cylinders. However, the choices for the coordinates of a cycling sequence are
restricted by the relationci < ci+1, for all i � 0, and by the fact that the branching
ratios at every level are never larger thanqi . To give an appropriate description of
admissible cycling sequences, let us introduce the following coding of cycles.
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The code is introduced inductively from one level to the next one. First, we
define “admissible” symbols for the zero-th coordinate, then for the first one,
etc. Start working with the zero-th coordinate. The root (the starting point of the
coding procedure) is the setΩq∗ that branches out toΓ (Ωq∗) := q0/p0 cycles of
lengthL = 1, labeled by the symbols in the setDΩ := {0, . . . , Γ (Ωq∗)− 1}.
(a) Root. The symbolα0 ∈ DΩ is an admissible word.

Every cycle at every lengthL is designated by an admissible word defined
as follows.

(b) Successors. For every admissible word(α0, . . . , αL−1) there exists a set of
successors

DL(α0,...,αL−1) :=
{
0, . . . , Γ (α0, . . . , αL−1)− 1

}

where

Γ (α0, . . . , αL−1) = qL πL(α0, . . . , αL−1)
−1

is the branching ratio of the cycle corresponding to the word(α0, . . . , αL−1),
and

πL(α0, . . . , αL−1) =
∑

ωL∈(α0,...,αL−1)

pL(ωL).

The relation(α0, . . . , αL−1) < (α0, . . . , αL−1, αL) holds for everyαL in
DL(α0,...,αL−1).

(c) Induction. The construction in (b) implies that for every admissible wordα of
lengthL, the word(α, β) with β ∈ DL,α is admissible.

Remark that 1� Γ (α0, . . . , αL−1) � qL for every admissible word(α0, . . . ,

αL−1). Moreover, the periods of cycles satisfy the rule

τL+1(α0, . . . , αL−1, αL) = πL(α0, . . . , αL−1)τL(α0, . . . , αL−1)

with initial value τ1(α0) = p0. From now on we use the coding introduced in
(a)–(c) to label the cycling sequences in the setC.

Next, we use the introduced coding to single out subsets inΩ in the follow-
ing way. Every cycling sequenceξ = (α0, α1, . . . , αi, . . .) ∈ C defines a set of
sequences

Ωq,ξ :=
{
ω ∈ Ωq∗ : [w0, . . . , wi] ∈ (α0, . . . , αi), i � 0

}
⊂ Ωq∗ .

Equivalently,Ωq,ξ =
⋂∞
L=1

⋃
(α0, . . . , αL−1). Let us relate the following se-

quence of periods of cycles

τ(ξ) =
(
τ1(α0), τ2(α0, α1), . . . , τi+1(α0, . . . , αi), . . .

)

to the setΩq,ξ .
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THEOREM 2.5. The collectionF := {Ωq,ξ : ξ ∈ C} satisfies the following prop-
erties.

(1) F is a partition ofΩq∗ .
(2) EveryΩq,ξ ∈ F is T -invariant.
(3) For everyξ ∈ C the system(Ωq,ξ , T |Ωq,ξ ) is minimal.

PROOF.

(1) First, we show thatΩq,ξ ∩ Ωq,ξ ′ = ∅ for every pair of cycling sequences
ξ = (α0, α1, . . .) andξ ′ = (α′

0, α
′
1, . . .), ξ �= ξ ′, ξ , ξ ′ ∈ C.

Let ck = (α0, . . . , αk−1) andc′k = (α′
0, . . . , α

′
k−1) be cycles of cylinders

of lengthk, k ∈ Z+, and letck ∩ c′k = ∅ for k = k0, k0 + 1, . . . . A point
ω is in Ωq,ξ if and only if there exists a sequence of cylindersω1, ω2, . . . ,
ωL, . . . , such that for everyL � 1, ωL ∈ cL−1 andω =

⋂
L ωL. For the

cycling sequenceξ ′, the pointω /∈ c′k if k � k0, thusω /∈ Ωq,ξ ′ .
Next, we have to prove that for everyω ∈ Ωq∗ there exists aξ ∈ C

such thatω ∈ Ωq,ξ . For that, consider the sequence of cylinders[ω0],
[ω0, ω1], . . . , [ω0, . . . , ωL−1], . . . which are defined by the pointω ∈ Ωq∗ .
By assumption, every cylinder belongs to a cycle, i.e., there exists

ξ = (α0, α1, . . . , αL−1, . . .) ∈ C

such that for allL � 1, [ω0, . . . , ωL−1] ∈ (α0, . . . , αL−1). Hence,ω ∈ Ωq,ξ .
(2) Show thatTΩq,ξ ⊂ Ωq,ξ . Let ω ∈ Ωq,ξ for ξ = (α0, α1, . . .). Then there

exists a sequence of cylinders(ω1, ω2, . . . , ωL, . . .) such that for everyL,
ωL ∈ (α0, . . . , αL−1) andω =

⋂
L ωL. The cycles are invariant sets and for

everyL, T ωL ∈ (α0, . . . , αL−1), i.e.,T ω =
⋂
L T ωL ∈ Ωq,ξ . The converse

inclusion is proved quite similarly.
(3) For everyξ ∈ C, the setΩq,ξ is invariant, andT restricted toΩq,ξ is a map

of the multipermutative type. By construction,

Ωq,ξ =
∞⋂

L=1

⋃
(α0, . . . , αL−1),

and for everyL, the set of cylinders(α0, . . . , αL−1) is a single cycle. Hence,
(Ωq,ξ , T ) satisfies statement (P2) inTheorem 2.2.

�

REMARK 2.2. It is simple to show that there is a distance onΩ+
q∗ such that the

multipermutative system becomes distal. It is known[58] that every distal system
can be represented in the form of an union of minimal subsets. In our theorem we
present a way to construct a partition for a multipermutative system.
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COROLLARY 2.3. Every multipermutative system is topologically conjugate to a
collection of simple polyadic adding machines.

EXAMPLE 2.6. A multipermutative system consisting of uncountably many
dyadic adding machines.Consider the multipermutative system(Ω2, T ) where
Ω2 = {0,1}N0 and the mapT is defined as follows:

(a) p0 = 1,
(b) p2L+1(ω2L+1) = 0 forL ∈ Z+,
(c) p2L(ω2L) = 1 if ω2i = 1 for all i = 0,1, . . . , L − 1, andp2L(ω2L) = 0

otherwise.

For this example the inductive coding gives us the following integrals for every
cycle,

π2L+1(0, α1,0, . . . , α2L−1,0) = 0 and π2L(0, α1,0, . . . , α2L−1) = 1,

that determine the hierarchy of cycles. The branching ratios are computed to be

Γ (0, α1,0, . . . , α2L−1,0) = 2 and Γ (0, α1,0, . . . , α2L−1) = 1,

from where we get the following sets of symbols for the cycling sequences,

DΩ = {0}, D2L−1 = {0,1}, and D2L = {0}

for L > 0. Hence, the set of cycling sequences for the example is

C =
{
(0, α1,0, . . . ,0, α2L−1,0, . . .): α2L−1 ∈ {0,1}, L > 0

}
.

The periods of cycles areτL(α) = 2⌈L/2⌉, α is an arbitrary admissible cycling
word of the lengthL. Remark, for this example, that for every cycling sequence
ξ ∈ C the minimal subsystem(Ω2,ξ , T ) is topologically conjugate to the dyadic
adding machine.

2.4. Topological pressure

It was R. Bowen who first made use of the notion of the topological pressure in
the theory of dynamical systems[29,30].

Let us remind Bowen’s definition for subshifts (the definition for arbitrary dy-
namical systems can be found in[73]).

Letψ be a real-valued continuous function on a subshiftΩ. Let

(2.9)Zn(ψ,Ω) =
∑

|ω|=n
exp

(
sup
ω∈[ω]

|ω|−1∑

j=0

ψ
(
σ jω

)
)
,



2.4. Topological pressure 29

where the sum is taken over all cylinders[ω] ⊂ Ω of length|ω| = n. It is proved
in [118] that the limit

(2.10)PΩ(ψ) = lim
n→∞

1

n
logZn(ψ,Ω)

exists. The limit is called the topological pressure of the functionψ (the poten-
tial) onΩ with respect toσ . For every constantc ∈ R, the topological pressure
satisfies the property

(2.11)PΩ(c + ψ) = c + PΩ(ψ).
Consider the potentialψ ≡ 0 thenPΩ (0) = htop(σ |Ω), the topological en-

tropy. Roughly speaking, the system(σ,Ω) hasehtopn different paths of temporal
lengthn (with some accuracy), each of them “costs”

exp

(|ω|−1∑

j=0

ψ
(
σ jω

)
)

units,

andenPΩ (ψ) is the total price for passing through all of them.
It is known that topological pressure is independent of the metric (preserving a

given topology) and is invariant under topological conjugacy[73].

EXAMPLE 2.7. Let us calculate the topological pressure in the case whereΩ =
ΩA, the topological Markov chain with ap × p transition matrixA, and the
functionψ(ω) depends only on the first symbol:ψ(ω) = ψ(ω0). In this case

(2.12)Zn(ψ,Ω) =
∑

(i0,...,in−1)

exp
n−1∑

j=0

ψ(ij )

where the sum is taken over allΩA-admissible words(i0, . . . , in−1). Setψ(i) =
logρi , i = 0, . . . , p − 1, then

(2.13)Zn(ψ,ΩA) =
∑

(i0,...,in−1)

n−1∏

k=0

ρk.

It is not a difficult algebraic exercise to show that

Zn(ψ, ωA) = RBn−1ET

whereR = (ρ0, . . . , ρp−1), E = (1, . . . ,1) and

(2.14)B = A · diag(ρ0, . . . , ρp−1).

As a corollary of formula(2.14)we obtain thatPΩ(ψ) = logλ0 whereλ0 is the
spectral radius of the matrixB.
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EXAMPLE 2.8. Consider a mixing Markov chain(ΩA, σ ) and a nested sequence

Ωn ⊂ Ωn+1 ⊂ · · · ⊂ ΩA

of mixing Markov chains constructed as described in Section2.2. The sequence
approximates the system(ΩA, σ ) in the sense of the following.

PROPOSITION 2.5. Let ϕ :ΩA → R be a Hölder continuous function. Then,
limn→∞ PΩn(ϕ) = PΩA(ϕ).

PROOF. SinceΩn ⊂ ΩA, we have

Zk(ϕ,Ωn) � Zk(ϕ,ΩA), k ∈ Z+.

The proof consists in obtaining an upper bound forZk(ϕ,ΩA) in terms of
Zk(ϕ,Ωn).

As argued in the proof ofProposition 2.1(iv), there existsN such that for every
n � N andk � n a word of lengthk + 1 admissible inΩA but not admissible
in Ωn contains the word(ci)j for somej � kin − q and i ∈ {0, . . . , p − 1}.
Therefore, to each word of lengthk + 1 inΩA, there corresponds a collectionI
(which is empty for words that are admissible inΩn) of disjoint collections{r l ,
r l + 1, . . . , r l} ⊂ {0,1, . . . , k} such that

ωr l . . . ωr l =
(
ci
)j
,

for somej � kin − q. Let Cn,k be the set of all such collections and letSI be the
set of all words of lengthk + 1 with the same associated collectionI. Changing
the ordering of the summation inZk(ϕ,ΩA), we have

Zk(ϕ,Ω) =
∑

I∈Cn,k

∑

ω0...ωk∈SI

exp

(
sup

ω∈[ω0...ωk]

k∑

j=0

ϕ
(
σ jω

)
)
.

Lemma 2.3allows us to map each word inSI to a word admissible inΩn. Indeed,
each wordωr l . . . ωr l is a concatenation of copies of(ci)k

i
n−q and of (ci)j for

somej < kin − q. In each of these copies, the last occurrence of(ci)q is replaced
by cibici . This can be done sincekin − q � q whenn � N and the resulting
word, say̟ 0 . . . ̟k, is admissible inΩn becauseq � 3. GivenI, this procedure
defines a one-to-one map.

Sinceϕ is Hölder continuous, there existsD > 0 andθ ∈ (0,1) such that

ϕ(ω)− ϕ(ω′) � Dθc(ω,ω
′),

wherec(ω, ω′) is the length of the longest common prefix ofω andω′.
Consider two sequencesω ∈ [ω0 . . . ωk] and ̟ ∈ [̟0 . . . ̟k], where

̟0 . . . ̟k is the word obtained by the procedure described above and where
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σ k+1̟ = σ k+1ω. We have

(2.15)
k∑

j=0

ϕ
(
σ jω

)
−

k∑

j=0

ϕ
(
σ j̟

)
� D

k∑

j=0

θc(σ
jω,σ j̟).

Let

mn = min
i∈{0,...,p−1}

(
kin − 2q

)∣∣ci
∣∣.

If c(σ jω, σ j̟) � mn, thenθc(σ
jω,σ j̟) � θmn . This happens at mostk+1 times

in the previous sum. Moreover,c(σ jω, σ j̟) = ℓ with 1 � ℓ < mn only if the
wordωj . . . ωj+mn−1 has been affected by the procedure. For eachℓ, this happens
at most⌊(k+1)/mn⌋ times whenj runs from 0 tok. Similarly,c(σ jω, σ j̟) = 0
happens at most maxi |bi |⌊(k + 1)/mn⌋ times. Thus, inequality(2.15)becomes

k∑

j=0

ϕ
(
σ jω

)
−

k∑

j=0

ϕ
(
σ j̟

)
� D

⌊
k + 1

mn

⌋( mn∑

ℓ=1

θℓ + max
i

|bi |
)
,

which implies the following inequality

Zk(ϕ,ΩA) �
∑

χ∈Cn,k

∑

[̟0...̟k]⊂Ωn
exp

(
sup

̟∈[̟0...̟k]

k∑

j=0

ϕ
(
σ j̟

)

+D
⌊
k + 1

mn

⌋( mn∑

ℓ=1

θℓ + max
i

|bi |
))
,

� exp

(
D

⌊
k + 1

mn

⌋( mn∑

ℓ=1

θℓ + max
i

|bi |
))
(#Cn,k) Zk(ϕ,Ωn),

where we have

lim
n→∞

lim
k→∞

D

k

⌊
k + 1

mn

⌋( mn∑

ℓ=1

θℓ + max
i

|bi |
)

= 0.

The proposition then follows because of the following result. �

LEMMA 2.6. limn→∞ limk→∞(1/k) log #Cn,k = 0.

PROOF. Each collectionI is encoded by a word in{0,1}k+1 as follows. We as-
sign the symbol 0 to each symbol indexed in the word by an integer belonging to
the collectionI, and the symbol 1 is assigned to every other symbol in the word.
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Using this encoding,Cn,k is in one-to-one correspondence with the set

C′
n,k =

{
w ∈ {0,1}k+1: min

{
ℓ: 0ℓ ∈ w

}
= j

∣∣ci
∣∣,

j � kin − q, j ∈ {0, . . . , k −mn + 1}
}
.

If a word of lengthmn in C′
n,k contains 1’s, then these symbols have to be consec-

utive. Consequently,C′
n,k is a subset of

Bn,k =
{
w ∈ {0,1}k+1: wj . . . wj+mn−1 ∈ An ∀j

}
,

where

An =
{
0ℓ11ℓ20ℓ3, ℓ1, ℓ2, ℓ3 ∈ Z+, ℓ1 + ℓ2 + ℓ3 = mn

}
.

Let k, k′ � n. Any element ofBn,k+k′ is the concatenation of an element of
Bn,k and an element ofBn,k′ . Hence we have

#Bn,k+k′ � (#Bn,k)(#Bn,k′),

and using a sub-additivity argument, it follows that the limit

lim
k→∞

1

k
log #Bn,k

exists. Any element ofBn,kmn is the concatenation ofk elements ofAn. Therefore,
we have

#Bn,kmn � (#An)
k, k ∈ Z+.

Moreover, we have

#An = (mn + 1)(mn + 2)

2
,

and then

lim
n→∞

lim
k→∞

1

kmn
log #Bn,kmn � lim

n→∞
1

mn
log

(mn + 1)(mn + 2)

2
= 0. �

2.4.1. Dimension-like definition of topological pressure

Following Pesin’s book[97], let us proceed in the following way. For a finite or a
countable coverC ofΩ by cylinders of lengths greater thann andβ ∈ R let

(2.16)Z(β, ψ, C,Ω) =
∑

[ω]∈C
exp

(
−β|ω| + sup

ω∈[ω]

|ω|−1∑

j=0

ψ
(
σ jω

)
)
.



2.4. Topological pressure 33

It is proved in[97] that the topological pressurePΩ(ψ) coincides with the thresh-
old value

(2.17)PΩ(ψ) = sup
{
β: lim

n→∞

(
inf
{
Z(β, ψ, C,Ω): |C| � n

})
= ∞

}
.

EXAMPLE 2.9. In our further study we shall need some formulas for topological
pressure on non-invariant sets. The following example shows how to deal with
this problem in simple situations.

For the sequence of integersp∗ = (p1, p2, p1, p2, . . .), p1 �= p2, consider the
non-σ -invariant set

Ωp∗ = Zp1 × Zp2 × Zp1 × Zp2 × · · · ,

of the kind involved in multipermutative systems. The topological pressure of
potentialψ onΩp∗ with respect to the shiftσ ,PΩp∗ (ψ), is computed from Pesin’s
definition in (2.16) and (2.17). First, we observe thatΩp∗ is σ 2-invariant and
introduce a recoding as follows. Define new symbolss = (u, v) ∈ Zp1 × Zp2.
Everyω ∈ Ωp∗ is recoded ass = s0s1 . . . sn . . . with sn = (ω2n, ω2n+1). The
encoding functions �→ ω is denoted byh and the set of alls-sequences by

Ω̃p∗ = (Zp1 × Zp2)× (Zp1 × Zp2)× · · · .

To make use of the recoding, we write the “statistical sum”(2.16) for cylinder
sets[ω] ⊂ Ωp∗ of even length 2m in the following form,

Z(β, ψ,Ωp∗) =
∑

[ω]⊂Ωp∗

exp

(
−β(2m)

+ sup
ω∈[ω]

m−1∑

j=0

(
ψ
(
σ 2jω

)
+ ψ

(
σ 2j+1ω

))
)

(2.18)=
∑

[s]⊂Ω̃p∗

exp

(
−β̃m+ sup

s∈[s]

m−1∑

j=0

ψ̃
(
σ j s
)
)

whereβ̃ = 2β andψ̃(s) = ψ(h(s)) + ψ(σh(s)). The threshold valuẽβ0 of the
statistical sum in(2.18)is the topological pressure of potentialψ̃ on the set̃Ωp∗
with respect toσ (on Ω̃p∗). Sinceβ̃0 = 2β0, we have that

(2.19)PΩp∗ (ψ) = 1

2
PΩ̃p∗

(ψ̃).
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The setΩ̃p∗ is σ -invariant and the pressurePΩ̃p∗
(ψ̃) is of the Bowen type. Then,

we compute it by using(2.9) and (2.10),

Zn
(
ψ̃, Ω̃p∗

)
=

∑

[s]⊂Ω̃p∗
|[s]|=n

exp

(
sup
s∈[s]

n−1∑

j=0

ψ̃
(
σ j s
)
)

=
∑

[s]⊂Ω̃p∗
|[s]|=n

exp

(
sup
s∈[s]

n−1∑

j=0

ψ
(
σ 2jh(s)

)
)

(2.20)× exp

(
sup
s∈[s]

n−1∑

j=0

ψ
(
σ 2j+1h(s)

)
)
.

In the case that potentialψ(ω) is a function of the first symbolω0, the partition
function(2.20)may be factorized,

Zn
(
ψ̃, Ω̃p∗

)
=
( ∑

[ω]⊂Ωp1
|[ω]|=n

exp

(
sup
ω∈[ω]

n−1∑

j=0

ψ
(
σ jω

)
))

×
( ∑

[ω]⊂Ωp2
|[ω]|=n

exp

(
sup
ω∈[ω]

n−1∑

j=0

ψ
(
σ jω

)
))
,

and we conclude thatPΩ̃p∗
(ψ̃) = PΩp1

(ψ) + PΩp2
(ψ), whereΩk = ZN

k . Thus,
the topological pressure ofψ on the non-invariant setΩp∗ is

PΩp∗ (ψ) = 1

2

(
PΩp1

(ψ)+ PΩp2
(ψ)
)
. �

The previous example extends to periodic sequences

p∗ = (p1, . . . , pk, p1, . . . , pk, . . .)

of arbitrary periodk > 1 as follows,

(2.21)PΩp∗ (ψ) = 1

k

k∑

j=1

PΩpj
(ψ);

providedψ is a function of the first symbol only.
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Geometric Constructions

Many invariant sets are resulting from so-called geometric constructions[97]. Let
(σ,Ω),Ω ⊂ Ωp = {0, . . . , p− 1}N, be a subshift, a closedσ -invariant subset of
the full shift withp symbols. Considerp closed subsetsΔ0, . . . ,Δp−1 ⊂ Rm. For
each wordω0 . . . ωn−1 admissible inΩ definebasic setsΔω0...ωn−1 which satisfy
the following assumptions:

(A) Δω0...ωn−1 are closed and non-empty,
(B) Δω0...ωn−1j ⊂ Δω0...ωn−1, j = 0, . . . , p − 1,
(C) diamΔω0...ωn−1 → 0 asn → ∞.

We can define now a nonempty set

(3.1)F =
∞⋂

n=1

⋃

(ω0...ωn−1)

Δω0...ωn−1.

The closed setF becomes a Cantor set, provided that the following “separation
conditions” hold

(D) Δω0...ωn−1 ∩Δ̟0...̟n−1 ∩ F = ∅ wheneverω0 . . . ωn−1 �= ̟0 . . . ̟n−1.

Thecoding mapχ :Ω → F is defined as follows: for anyω = ω0, . . . , ωn−1, . . .

∈ Ω, χ(ω) = x if x ∈
⋂
Δω0...ωn−1.

If the separation conditions in (D) are satisfied, then the mapχ ◦ σ ◦ χ−1 gen-
erates a dynamical system on the setF . Evidently, it is topologically conjugated
to (Ω, σ ) by the coding mapχ .

3.1. Moran constructions

The simplest constructions are of Moran type. In this caseΩ = Ωp and basic sets
satisfy the following additional axioms:

(M1) Every basic set is the closure of its interior,
(M2) For anyn, IntΔω0...ωn−1∩IntΔ̟0...̟n−1 = ∅ if ω0 . . . ωn−1 �= ̟0 . . . ̟n−1,

35
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Figure 3.1. Moran construction governed by the full shift on two symbols.

(M3) The basic setΔω0...ωn−1j is homeomorphic toΔω0...ωn−1,
(M4) There are numbers 0< λj < 1, j = 0, . . . , p − 1, such that

diamΔω0...ωn−1j = λj diamΔω0...ωn−1.

The basic sets of the 1st, 2nd and 3rd generations are shown onFigure 3.1.

EXAMPLE 3.1. LetJ be an invariant set of the mapg : [0,1] → [0,1],

(3.2)g(x) =

⎧
⎨
⎩

x/λ0 if x ∈ [0, λ0],
0 if x ∈ (λ0,1 − λ1),
x
λ1

− 1−λ1
λ1

if x ∈ [1 − λ1,1],
where0 < λ0 < λ1 < 1, λ0 + λ1 < 1, consisting of all points of all orbits
belonging to[0,1]. The setJ is a Cantor set.

PROOF. The setJ is constructed with the help of the contractionsu0,1 : [0,1] →
[0,1],

u0(x) = λ0x, u1(x) = λ1x + 1 − λ1,

such thatg ◦ ui = id on [0,1]. For every wordω = w0 . . . wi−1 ∈ {0,1}i define
the sets

Δw0...wi−1 := uwi−1 ◦ · · · ◦ uw0

(
[0,1]

)
,

i.e., theΔ-sets are basic sets of the geometric construction for the setJ . Moreover,
diamΔw0...wi−1 = λw0 · · · λwi−1 and

(3.3)dist(Δω0,Δω1) = (1 − λ0 − λ1)λw0 · · · λwi−1 > 0

where dist(x, y) = |x − y|. Thus,J is resulting from a Moran construction.�

The basic sets of the first free generations for a Moran construction governed
by the golden mean subshift are shown onFigure 3.2.
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Figure 3.2. Moran construction governed by the golden mean subshift. At the length-three level,
only the words 000, 001, 010, 100 and 101 are admissible.

3.1.1. Generalized Moran constructions

Of course, generally, invariant sets in dynamical systems are results of construc-
tions much more sophisticated that just the Moran ones (see for instance[97]). In
this subsection we restrict our attention to so called generalized Moran construc-
tions.

DEFINITION 3.1. ConsiderΩ ⊂ Ωp an arbitrary subshift with positive topologi-
cal entropy and letλ :Ω → [λmin, λmax] ⊂ R+ be an arbitrary Hölder continuous
positive function, such that 0< λmin < λmax < 1. A geometric construction
where Axiom (M4) has been replaced by the assumption that there are positive
constantsc andc such that

(3.4)diamΔω0...ωn−1 � c inf
ω∈[ω]

|ω|−1∏

j=0

λ
(
σ jω

)

and

(3.5)diamΔω0...ωn−1 � c sup
ω∈[ω]

|ω|−1∏

j=0

λ
(
σ jω

)

is called a generalized Moran construction. In conditions(3.4) and (3.5)the cylin-
der set[ω0 . . . ωn−1] is denoted by[ω].

Chapter 6deals with generalized Moran constructions havingλmax = 1.
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LEMMA 3.1. There exists a positive constantd such that

(3.6)d

|ω|−1∏

j=0

λ
(
σ jω

)
�
∣∣χ
(
[ω]
)∣∣,

for everyω ∈ [ω].

We make use of the following sublemma in the proof ofLemma 3.1.

SUBLEMMA 3.1. Fix r > 0. Consider a finite collectionD of closed pairwise
disjoint ballsB ⊂ Rd with diameters|B| � r. Let br := max{|B|: B ∈ D}. If
#D � (2 + b)d there exist ballsB1, B2 ∈ D such thatdist(B1, B2) � r.

PROOF. LetB1 ∈ D be a ball of diameterbr. LetA(br, br+2r) be an annulus in
Rd aroundB1 with inner diameterbr and outer diameterbr + 2r. SeeFigure 3.3

Denote by Vol(A(br, br + 2r)) and Vol(B(r)) the volumes of the annulus and
of a ball of diameterr, respectively. If we assume that we are in the case that

Vol(A(br, br + 2r))

Vol(B(r))
+ 1 = (br + 2r)d − (br)d

(r)d
+ 1

(3.7)< (2 + b)d < #D.

Then, for every positions of balls belonging toD within the annulusA(br, br+2r)
(even for “optimal” packing) there exists at least one ballB2 ∈ D that is left
outsideA(br, br + r). This proves the sublemma. �

PROOF OF LEMMA 3.1. We define, for an arbitrary admissible wordω :=
(ω0 . . . ωn−1), a radiusr > 0 as follows. For fixedm > 0 let r = r(m,ω) :=
λmmin|B(ω)|, whereλmin := minω∈S{λ(ω)}.

Figure 3.3. Balls of diametersr andbr, with 1< b < 2.
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We construct a finite collection of disjoint ballsDr(ω) intersecting the set
χ([ω]) with controlled diameters. Let

D̃r(ω) :=
{
B(ω ω′): [ωω′] ⊂ S

}

such that there exists ana ∈ {0, . . . , p − 1} for whichωω′a is admissible and

(3.8)
∣∣B(ω ω′)

∣∣ � r >
∣∣B(ω ω′a)

∣∣.
The requested collection of pair-wise disjoint ballsDr(ω) is obtained by elimi-
natingB(ω ω′′) ∈ D̃r(ω) if there exists a ballB(ω ω′) ∈ D̃r(ω) such thatω′′ is a
prefix ofω′.

For any ballB(ω ω′) ∈ Dr(ω) the inequality(3.8) is satisfied. Moreover,
B(ω ω′) ∩ χ([ω]) �= ∅.

By construction of the setDr(ω), for every

B(ω ω′) = B(ω0, . . . , ωn−1, ω
′
0, . . . , ω

′
k−1) ∈ Dr(ω)

we have

(3.9)r �
∣∣B(ω ω′)

∣∣ < r

λmin

c

c
.

Indeed, it exists ana ∈ {0,1, . . . , p − 1} such thatr > |B(ω ω′a)|. By condition
(M2) in the Moran construction of the setF , for all ω ∈ [ωω′a] we have

r > c λ
(
σ n+k+1ω

)
(
n+k∏

j=1

λ
(
σ jω

)
)

� λmin
c

c

∣∣B(ω ω′)
∣∣.

Sincek := |ω′| � m for all B(ω ω′) ∈ Dr(ω) inequality(3.9)follows. As inSub-
lemma 3.1we setb := c/(c λmin) and the first assumption ofSublemma 3.1
is satisfied for the set of ballsDr(ω). The specification property and positive
topological entropy imply that #Dr(m,ω)(ω) grows exponentially asm → ∞,
independently of the choice ofω. So, we can choosem∗ to be such that

#Dr(m∗,ω)(ω) >

(
2 + c

c λmin

)d
= (2 + b)d

for each admissibleω. Then according toSublemma 3.1for eachω there exist
ballsB1 andB2 ∈ Dr(m∗,ω)(ω) for which dist(B1, B2) � r(m∗, ω). Therefore,
for all admissibleω the following inequalities hold,

∣∣χ
(
[ω]
)∣∣ � dist(B1, B2) � λm

∗
min

∣∣B(ω)
∣∣ � λm

∗
minc

n−1∏

i=0

λ
(
σ iω

)
.

Thus the lemma is proved withd := λm
∗

min c. �
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3.1.2. Invariant subsets of Markov maps

A left continuous functionT defined on the intervalI = [x0, xp] is a Markov
map when the following properties are satisfied.

(m1) T ([x0, xp]) ⊂ [x0, xp].
(m2) The mapT is continuous atx0.
(m3) There exists a collection of intervals, called basic intervals,{Ii :=

[xi, xi+1]}p−1
i=0 , such that, for eachi, the following conditions hold:

(a) T isC1+ε on Int(Ii) and inf{|T ′(x)|: x ∈ Int(Ii)} > 1.
(b) For every 0� j < p eitherT (Int(Ii)) ⊃ Int(Ij ) or T (Int(Ii)) ∩

Int(Ij ) = ∅.

When T is a Markov map, the system(I, T ) is conjugated to a topolog-
ical Markov chain (ΩA, σ ) with transition matrixA determined by condi-
tion (m3) [104]. That is to say, there exists a continuous coding mapχ :ΩA → I

such thatT ◦χ = χ◦σ . To specify the mapχ , for each admissible wordω0 . . . ωn,
n � 0, consider the intervals

Iω0...ωn :=
n⋂

k=0

T −k(Iωk ) =
n⋂

k=0

T −k(Iωk ),

where the second equality follows from property (m3). The coding map is ex-
pressed as follows

χ(ω) =
∞⋂

k=0

Iω0...ωk .

For everyn � 0, every basic intervalIω0, can be written as the following union

(3.10)Iω0 =
⋃

[ω0...ωn]⊂ΩA
Iω0...ωn .

The intervalsIω0...ωn in the previous union intersect each other at most at their
boundaries. Moreover, lets(i) = 1 if T ′(x) > 0 for x ∈ Int(Ii) and lets(i) =
−1 otherwise. Then(ΩA, s) is totally ordered and reflects the order inI , i.e.,
Int(Iω0...ωn) < Int(I̟0...̟n) iff ω0 . . . ωn < ̟0 . . . ̟n.

Let T be a Markov map for which the corresponding ordered topological
Markov chain(Ω, σ, s) is mixing. A T -invariant Cantor set,Λn, is obtained by a
generalized Moran construction. Indeed, for eachω0 ∈ {0, . . . , p − 1} and posi-
tive n let Iω0ω̂1...ω̂n be the leftmost interval in the union(3.10)and letBn denote
the set of words corresponding to the leftmost intervals:

Bn := {ω0ω̂1 . . . ω̂n, ω0 = 0, . . . , p − 1}.
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The set of admissible sequences not containing any word inBn,

Ω̂n = {ω ∈ Ω: ωk . . . ωk+n /∈ Bn, k ∈ Z+}
defines a symbolic system(Ω̂n, σ ) which is a topological Markov chain on words
of lengthn+1. This system may not be mixing but it contains a mixing topological
Markov chain,(Ωn, σ ), if n is sufficiently large. This topological Markov chain
is specified by the setCn that collects all words inBcn that are pair-wiseΩn-
connected. Such a subshift was constructed in Section2.2.

For (Ωn, σ ) and k > n consider basic intervalsΔω0ω1...ωk−1 ⊂ [x0, xp] as
follows. First, for eachω0ω1 . . . ωn ∈ Cn let Iω0ω1...ωn be declared to be the basic
intervalsΔω0ω1...ωn and letΔ =

⋃
ω∈Cn Δω. Then, for giveni = 0, . . . , p − 1

andω ∈ Cn letK iω = Δω if

T

( ⋃

i̟1...̟n∈Cn
Δi̟1...̟n

)
⊃ Δω

andK iω = ∅ otherwise. LetΔi =
⋃
ω∈Cn K

i
ω and letwi :Δi → Δ ∩ [xi, xi+1]

be such thatT (wi(x)) = x. Then, fork > n and every wordω0 . . . ωn+1 . . . ωk−1
that is admissible inΩn, the non-empty set

Δω0...ωnωn+1...ωk−1 = wk−1 ◦ · · · ◦ wn+1(Δω0...ωn)

is a basic interval.
The mapλ := 1

|T ′| ◦ χ is Hölder continuous inΩA and for anyω ∈ ΩA and

anyn ∈ Z+ the inequalities

(3.11)ρ−1
n∏

i=0

λ
(
σ iω

)
� diamΔω0...ωn � ρ

n∏

i=0

λ
(
σ iω

)
,

hold for someρ � 1. SinceΩn ⊂ ΩA, we are dealing with a generalized Moran
construction.

The dynamical systems(Λn, T |Λn), on the limit setΛn, and the mixing sub-
shift (Ωn, σ ) are conjugated. The mapχ |Ωn provides the conjugacy. Moreover,
sinceΩn is compact, totally disconnected and does not contain isolated points, so
does theT -invariant subsetΛn ⊂ [x0, xp].

EXAMPLE 3.2 (The tent map). The previous construction is exemplified for the
tent map,T : [0,1] → [0,1], defined asT (x) = min{2x,2(1−x)}. It is a Markov
map with basic partitionI0 = [x0, x1] = [0,1/2] andI1 = [x1, x2] = [1/2,1].
Figure 3.4shows the refinement of this partition as specified by words of length
n = 3, namelyIw0w1w2. At the lengthn = 3, the leftmost subintervals inI0 andI1
areI000 andI110, respectively. In the symbolic description, removing the intervals
I000 andI110 corresponds to forbid the words inB2 = {000, 110}. The subshift
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Figure 3.4.

(Ω̃3, σ ) thus defined is specified by the graph shown inFigure 3.5. This subshift
is not mixing. However, the subgraph spanned by the vertices enclosed in a box
(corresponding to words inC3) specifies a mixing subshift(Ω3, σ ). Each word in
C3 corresponds to the interval inFigure 3.4that is labeled by the same word. The
Cantor setΛ3 resulting of the generalized Moran construction is the image of the
subshiftΩ3 under the semiconjugacyχ |Ω3.

Figure 3.5.
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3.2. Topological pressure and Hausdorff dimension

One of the main characteristics of invariant sets is the Hausdorff dimension. Let
us remind its definition.

3.2.1. Hausdorff and box dimensions

Let X be a metric space with a distanced(x, y) between pointsx andy ∈ X.
For any subsetA ⊂ X let {Ui} be a finite or countable collection of open sets of
diameter less thanε such that

⋃
Ui ⊃ A; here

diamUi := sup
{
d(x, y): x, y ∈ Ui

}
.

For anyα > 0 we introduce

(3.12)m(α, ε,A) = inf
{Ui }

∑

i

(diamUi)
α,

where infimum is taken over all covers{Ui} with diameter less thanε, and

(3.13)m(α,A) = lim
ε→0

m(α, ε,A),

the α-dimensional Hausdorff measure (the limit exists because of monotonic-
ity of m(α, ε,A) as a function ofε). It is simple to see thatm(β, ε,A) �

εβ−αm(α, ε,A), which implies that there exists a unique critical valueαc of α
such thatm(α,A) = 0 if α > αc andm(α,A) = ∞ if α < αc. The quantity
αc =: dimHA is called the Hausdorff dimension.

EXAMPLE 3.3. For the setJ constructed inExample 3.1we have that dimHJ =
s0, wheres0 is the root of the equation

(3.14)λs0 + λs1 = 1.

To make(3.14)evident, consider the cover ofJ by basic sets of then-th gener-
ation. Then the sum

∑
i(diamUi)α in (3.12), up to a constant, becomes

(3.15)
∑

ω0,...,ωn−1

n−1∏

k=0

λαωk =
(
λα0 + λα1

)n
.

If α > s0, then(3.15) goes to zero asn → ∞, that shows us that dimHJ �

s0. To get the opposite inequality, people use the technique of so-called Moran
covers[97], see below.

Moran proved in[87] that for geometric constructions satisfying conditions
(M1)–(M4) the Hausdorff dimension is dimHF = s0, wheres0 is the root of the
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(Moran) equation

(3.16)
p−1∑

i=0

λsi = 1.

Similar formulas could be obtained in the case when not all words are admissi-
ble, in particular, in the case of subshifts. In these cases Hausdorff dimensions of
invariant sets can be expressed in terms of topological pressure.

An important notion often people use is the box dimension. In the sum(3.12)
one may consider open sets of diameter equalsε, i.e.,

m(α, ε,A) = Nεε
α

whereNε is the number of such sets. The limit ofm(α, ε,A) asε goes to 0 may
not exist, therefore one defines

m(α,A) = lim sup
ε→0

m(α, ε,A)

and

m(α,A) = lim inf
ε→0

m(α, ε,A).

The upper box dimension

dimBA = sup
{
α: m(α,A) = ∞

}

is called in literature the fractal dimension of setA. The lower box dimension is
defined as

dimBA = sup
{
α: m(α,A) = ∞

}
.

If dimBA = dimBA =: b thenb is called the box dimension. It is simple to see
that the box dimensionb can be defined as

B = lim
ε→0

logNε
− logε

whereNε is the number of balls of radiusε needed to cover the setA. The upper
and lower box dimensions are examples of upper and lower Carathéodory capac-
ities defines in Section4.3.

Conditions (M1)–(M4) provide a more general geometric scenario than the one
presented in[100]. The conditions (M1)–(M3) can be seen as a particular case of
the subadditive formalism developed in[15]. In all these cases the Hausdorff and
box dimensions of the setF coincide and are equal to the root of an equation of
the Bowen type.

However, we will not follow the way described in[97,15]. For our goal it is
more appropriate to impose conditions(3.4) and (3.5)and describe the results in
a more clear form.
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3.2.2. Bowen’s equation

Let us show now how the topological pressure is related to the Hausdorff di-
mension. Assume first that a setF is modeled by a Moran construction and the
corresponding subshift is a topological Markov chain(σ,ΩA). Choose a cover of
F by basic sets of then-th generation. Then,

∑

ω0...ωn−1

(diamΔω0...ωn−1)
α =

∑

ω0...ωn−1

n−1∏

k=0

λαωk

=
∑

ω0...ωn−1

exp

(
α

n−1∑

j=0

ϕ(ωj )

)

(3.17)= Zn(αϕ,ΩA)

whereϕ(ω0, ω1, . . .) = logλω0. We know that

Zn(αϕ,ΩA) ≈ exp
(
nPΩA(αϕ)

)
.

Hence,Zn(αϕ,ΩA) ≫ 1 if PΩA(αϕ) > 0 andZn(αϕ,ΩA) ≪ 1 if PΩA(αϕ) <
0. It follows that ifα0 is the root of the (Bowen’s) equation

(3.18)PΩA(αϕ) = 0

then dimHF � α0. The opposite inequality can be proven by using the technique
of Moran covers and the dimension-like definition of topological pressure[97],
see below.

The Bowen’s equation holds not only for such a simple potential functionϕ as
the one considered in(3.17), but also in the case of generalized Moran construc-
tions. To prove it we need the notion of the Moran covers.

3.2.3. Moran covers

We describe them in slightly different form than in[97]. Given an open ball
B ⊂ Rm, a basic setΔω0...ωn−1 is calledB-related ifΔω0...ωn−1 ∩ B �= ∅,
diamΔω0...ωn−2 � diamB, but diamΔω0...ωn−1 < diamB. LetR(B) be the collec-
tion of allB-related basic sets. It is known that if diam|B| ≪ 1 then #R(B) � M

whereM is constant depending only onm. Therefore,

(3.19)(diamB)α �
1

M

∑

Δj∈R(B)

(
diamΔj

)α

for any non-negativeα. We consider now an arbitrary finite cover ofF by ballsBi
of diametersεi < ε, i = 0, . . . , N−1. Then, collectionR(Bi), i = 0, . . . , N−1,
form a cover, sayC, ofF which is called the Moran cover. It is a cover by cylinders
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but may be of different lengths. Because of the inequality(3.19), we have

(3.20)
N−1∑

i=0

εαi �
1

M

N−1∑

i=0

∑

Δω0...ωk∈R(Bi)
(diamΔω0...ωk )

α,

where the second sum is taken over allBi-related basic sets. Givenε > 0, there
is n = n(ε) such that for anyBi-related basic setΔω0...ωk we havek > n(ε).
Moreover,n(ε) → ∞ asε → 0. By using(3.17), we obtain that the right hand
side of(3.20)is bounded from below by

(3.21)
1

M

∑

ω0...ωn−1

n−1∏

k=0

λαωk = 1

M

∑

ω0...ωn−1

exp

(
α

n−1∑

k=0

logλωk

)

where the sum is taken over all wordsω0 . . . ωn−1 corresponding toBi-related
basic sets, for alli. We use(3.20) and (3.21)to prove the main result of this
subsection.

THEOREM 3.1. For a generalized Moran constructiondimH F = αc, whereαc
is the root of the Bowen’s equation

PΩ(αϕ) = 0,

with ϕ(ω) = logλ(ω).

Let us rewrite the statistical sum(2.16)for this particular case:

(3.22)Z(β, α logλωk , C,Ω) =
∑

Δω∈C
exp

(
−β|ω| + α

|ω|−1∑

k=0

logλωk

)
.

Assume thatα < βc = PΩ (α logλ0), then, for anyK > 0, there isn0 = n0(K)

such thatZ(βc, α logλωk , C,Ω) > K provided thatn(ε) > n0. It follows that

(3.23)
∑

Δω∈C
exp

(
α

|ω|−1∑

k=0

logλωk

)
� Keβcn(ε)

i.e., the inequalities(3.20) and (3.21)imply that

(3.24)
N−1∑

i=0

εαi �
K

M
eβcn(ε).

This implies that dimHF � PΩ (α logλ0). The opposite inequality has been al-
ready obtained in Section3.2.2. Thus, we proved that dimHF = α0, the root of
the Bowen equation(3.18).
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EXAMPLE 3.4. Let us come back toExample 3.1. In this case

A =
(

1 1
1 1

)
,

0< λ0,1 < 1 are rates of contraction,

ψ(ω0, ω1, . . .) = α logλω0 = αϕ(ω0, ω1, . . .).

Thus,ρi = λαi , i = 0,1,

B =
(
λα0 λα1
λα0 λα1

)

andPΩ2(αϕ) = log(λα0 +λα1). The Bowen’s equation(3.18)becomes the Moran’s
equation(3.14).

EXAMPLE 3.5. Consider now the “golden mean” topological Markov chain with
the transition matrix

A =
(

1 1
1 0

)
.

Assume that 0< λ0,1 < 1 are rates of contraction. Here againρi = λαi but the
matrixB has the form

B =
(
λα0 λα1
λα0 0

)
.

The characteristic equation of the matrixB is μ2 − μλα0 − (λ0λ1)
α = 0 and

spectral radius is

r = 1

2

(
λα0 +

√
λ2α

0 + 4(λ0λ1)α
)
.

Thus, the Hausdorff dimension of the corresponding setF is the root of the
Bowen’s equation

log
1

2

(
λα0 +

√
λ2α

0 + 4(λ0λ1)α
)

= 0.

If λ0 = λ1 = λ then the equation becomesα logλ+ log((1 +
√

5)/2), i.e.,

dimHF = α0 = log((1 +
√

5)/2)

− logλ
.

If you take into account that log((1 +
√

5)/2) = htop, the topological entropy of
the topological Markov chain(σ,ΩA), then we obtain the relation ([57])

dimHF = htop

− logλ
.
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3.3. Strong Moran construction

For calculations of dimensions for Poincaré recurrences below, we need to de-
fine Moran constructions satisfying some additional conditions. A subclass of
Moran constructions, satisfying (M1)–(M3), is defined by adding the following
“gap condition”. There is a (gap) constantG > 0 such that for all admissible
words(ω0, . . . , ωi−1, ωi) and(ω0, . . . , ωi−1, ω

′
i) one has

(3.25)dist(Δω0...ωi−1ωi ,Δω0...ωi−1ω
′
i
) � GdiamΔω0...ωi−1,

(3.26)dist(Δω0,Δω′
0
) � G,

if ωi �= ω′
i in (3.25) andω0 �= ω′

0 in (3.26). Moran constructions satisfying
condition (3.25) and (3.26)are said to be strong Moran constructions and the
corresponding fractal setsF are said to satisfy a gap condition.

3.4. Controlled packing of cylinders

The following notion is very close to the notion ofB-related cylinders.
Given an open ballB ∈ Rd , a cylinder[ω0, ω1, . . . , ωn−1] is calledB-maximal

if and only if χ([ω0, ω1, . . . , ωn−1]) ⊂ F ∩ B andχ([ω0, ω1, . . . , ωn−2]) �⊂
F ∩ B. The set of allB-maximal cylinders is denoted by CMax(B). Let C be a
cover ofF by sets out ofBε. The collection of allB-maximal cylinders inC,

CMax(C) :=
⋃

B∈C
CMax(B),

is a cover ofS by cylinders. We say thatF ⊂ Rd has controlled packing of
cylinders if there exist positive constantsC0 anda, independent ofε andC, such
that for every open ballB ∈ C, every 0< ρ < 1 and every positive integerN one
has

(3.27)#
{
[ω] ∈ CMax(B):

∣∣χ
(
[ω]
)∣∣ ∈

(
ρN+1, ρN

]}
� C0N

a .

A fractal setF resulting from a Moran construction satisfying(3.27) is said to
have the controlled-packing property.

We show next that for dimensiond = 1 fractal sets always satisfy the con-
trolled-packing condition(3.27). Consider a (non-strong) Moran construction
where the basicΔ-sets belong to an interval.

LEMMA 3.2. Let F be the limit set of a one-dimensional Moran construction.
ThenF has controlled packing of cylinders: for every0 < ρ < 1 there exists a
non-negative constantC0 such that

(3.28)#
{
[ω] ∈ CMax(B):

∣∣χ
(
[ω]
)∣∣ ∈

(
ρN+1, ρN

]}
� C0N.
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PROOF. In the one-dimensional case for any admissible word(ω0, . . . , ωn−1),
n ∈ N, we have that

B(ω0, . . . , ωn−1) = B(ω0, . . . , ωn−1) = Δ(ω0, . . . , ωn−1)

is an interval andc = c = 1. Thus, the setsχ([ω]n) are ordered along the line and
therefore every intervalB containing 2p − 1 sets of the formχ([ω]n) contains
also at least one set of the formχ([ω]n−1). This implies that

#
{
[ω] ∈ CMax(B): |ω| = n

}
� 2p − 2,

for anyn > 0. Using this result and the inequality(3.6), we obtain the following
estimate

#
{
[ω] ∈ CMax(B):

∣∣χ
(
[ω]
)∣∣ ∈

(
ρN+1, ρN

]}

(3.29)� (2p − 2) #
{
n:
(
ρN+1, ρN

]
∩
[
dλnmin, λ

n
max

]
�= ∅

}
,

whereλmax := maxω∈S{λ(ω)}. Direct calculations show that if
(
ρN+1, ρN

]
∩
[
dλnmin, λ

n
max

]
�= ∅

then
N logρ − logd

logλmin
=: nmin � n < nmax := N logρ

logλmax
+ logρ

logλmax

and

#
{
n:
(
ρN+1, ρN

]
∩
[
dλnmin, λ

n
max

]
�= ∅

}

(3.30)� N

(
logρ

logλmax
− logρ

logλmin

)
+ logρ

logλmax
+ logd

logλmin
.

Thus, we obtain(3.28)with C0 � C0 + B0 where

(3.31)C0 = (2p − 2)

(
logρ

logλmax
− logρ

logλmin

)

and

(3.32)B0 = (2p − 2)

(
logρ

logλmax
+ logd

logλmin

)
.

�

3.5. Sticky sets

An area preserving mapf of the plane possessing an infinite hierarchy of islands-
around-islands structure has invariant sets of zero Lebesgue measure on which
it behaves similarly to multipermutative systems[1,11].1 It was shown in Sec-

1 Poincaré recurrences in the phase space of area preserving maps are analyzed in detail inChap-
ter 15.
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tion 2.3that every minimal multipermutative system(Ω, T ) is topologically con-
jugate to thep-adic adding machine. The mapT is not chaotic and its topological
entropy is zero. A setF on whichf is topologically conjugate toT , nevertheless,
may appear as a result of a Moran type geometric construction.

Sticky sets are the sets of all limiting points of infinite hierarchy of islands-
around-islands. A closed topological diskI is said to be an island of stability if
f n(I) = I for some integern. We now give a definition of infinite hierarchy of
islands-around-islands structure (sticky riddle) for the general case when not all
wordsω = (ω0, . . . , ωn−1) might be admissible.

A collectionR of islands{Iω: ω isΩ-admissible} is said to be a sticky riddle
if the setsIω are pairwise disjoint, are contained in a compact set, and

(i) for any islandIω ∈ R there is an islandI̟ ∈ R, |ω| = |̟ |, such that
f (Iω) = I̟ ;

(ii) if f (Iω) = I̟ then for any admissible wordωk there iss ∈ {0,1, . . . , q−1}
such thatf (Iωk) = I̟s ;

(iii) diam (Iω) → 0 as|ω| → ∞;
(iv) for anyω = (ω0, ω1, . . .) ∈ Ω, if xn ∈ Iω0,...,ωn−1, n > 0, then limn→∞ xn

exists;
(v) if xn ∈ Iω, yn ∈ I̟ , |ω| = |̟ | = n, n > 0, andω �= ̟ at least for one

value ofn then limn→∞ xn �= limn→∞ yn.

The following axioms reflect our understanding of an infinite islands-around-
islands hierarchy:

(i) An island of then-th generation is mapped into an island of the same gener-
ation.

(ii) If an islandIωk lies in the vicinity of the islandIω then its imageI̟s lies in
a vicinity of I̟ .

(iii) To be packed into a compact set, the islands of thenth generation should be
small if n ≫ 1.

(iv) there should be only one point of accumulation of islandsIω0,...,ωn−1 for any
fixedω = (ω0, . . . , ωn−1, . . .);

(v) for different pointsω = (ω0, ω1, . . .), ω′ = (ω′
0, ω

′
1, . . .) in Ω the corre-

sponding points of accumulation of islands should be different.

Let R be a sticky riddle. For anyω = (ω0, ω1, . . .) ∈ Ω and any sequence
xn ∈ Iω0,...,ωn−1, definex = x(ω) := limn→∞ xn. The setΛ = {x(ω) : ω ∈ Ω}
is said to be a sticky set. It is well defined thanks to Axioms (iii)–(v).

The following theorem has been proven in[1].

THEOREM 3.2. The systemf |Λ is topologically conjugated to a multipermuta-
tive system.
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3.5.1. Geometric constructions of sticky sets

Some numerical observation[21] show that sometimes every island of stability
Iω, together with all its satellitesIω̟ , belongs to a basic setΔω of a geometric
construction. So, the setΛ can be resulted from this construction. Axiomatically,
the conditions for that can be expressed as follows.

(1) There exists a collection of sets{Δω: ω is admissible} that are closed, and for
each admissible wordω, Iω̟ ⊂ Δω for every admissible wordω̟ .

(2) Iω ∩Δω̟ = ∅ for every admissibleω andω̟ .
(3) Δωj ⊂ Δω, for every admissible wordsω andωj .
(4) diamΔω0...ωn−1 → 0 asn → ∞.
(5) Separation axiom.Δω ∩Δ̟ ∩ F = ∅ if ω �= ̟ , |ω| = |̟ |, where

F =
∞⋂

n=1

⋃

ω0...ωn−1
is admissible

Δω0...ωn−1

Thus, if these axioms are satisfied, thenΛ = F . To calculate the Hausdorff di-
mension of the setF we further assume conditions(3.4) and (3.5). Then we have
the following.

PROPOSITION3.1. dimHF = dimBF = dimBF = αc, whereαc is solution of
the Bowen equationPΩ(αϕ) = 0 with ϕ(ω) = ln λω0.

If Ω is the full shift onp symbols, thenαc is the root of Moran’s equation

λ
αc
0 + · · · + λαcn−1 = 1.

Let us emphasize that an invariant set with nonchaotic dynamics is resulted
from a geometric construction, modeled by a subshift(Ω, σ ) with positive topo-
logical entropy. In other words, we have a “contradiction” between temporal and
spatial behavior of a system. To describe such a situation, we need characteristics
which could take into account both temporal and spatial behavior. Such charac-
teristics are introduced the following chapters. Space-time behavior of sticky sets
is discussed inChapter 15.

The examples of sticky sets and the construction for the Feigenbaum attractor
(see, for instance,[116]) show us that, in general, we should apply a wider no-
tion than the Hausdorff dimension to describe simultaneously behavior of orbits
on invariant sets and their geometric origination. The generalized Carathéodory
construction allows us to do it.
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Chapter 4

The Spectrum of Dimensions for Poincaré
Recurrences

To study spatio-temporal behavior of orbits one needs to take into account
not only geometrical properties of an invariant setX but also some temporal
characteristics of orbits. A way to “marry” these two features is based on the
Carathéodory–Hausdorff approach[40,64,97]. For our exposition it is convenient
to represent definitions and main examples in the form of tables. The main object
is the quadruple(F , ψ, ξ, η), said to be a Carathéodory structure forX, whereF ,
ψ , ξ andη are defined inTable 4.1.

4.1. Generalized Carathéodory construction

Let X denote a set and letA ⊂ X. Let us consider a finite or countable cover
G = {ui} ofA by elements ofF , withψ(ui) � ε (seeTable 4.1). Then, introduce
the sum

Mξ (α, ε,G,A) =
∑

i

ξ(ui)η(ui)
α

and consider its infimum

(4.1)Mξ (α, ε,A) = inf
G

∑

i

ξ(ui)η(ui)
α,

over all coversG ⊂ F of A with ψ(Ui) � ε. The quantityMξ (α, ε,A) is a
monotone function inε; therefore, there exists the limit

mξ (α,A) = lim
ε→0

Mξ (α, ε,A).

It was shown in[97] that there exists a critical valueαc ∈ [−∞,∞] such that

mξ (α,A) = 0, α > αc if αc �= +∞,
mξ (α,A) = ∞, α < αc if αc �= −∞.

53
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Table 4.1

Generalized Carathéodory Construction

X-space≡ set
Example
Metric Space

F -collection of subsets
Open Subsets;
BallsBε(x) = {y: dist(x, y) < ε}

ψ :F → R+ – a function, s.t.

Axiom A: For anyε > 0 there is a finite or
countable subcollection{Ui } with
Ψ (Ui ) � ε, s.t.

⋃
i Ui ⊃ X.

ψ(U) = diam(U)
diamUi � ε

ξ, η :F → R+ are functions s.t.

Axiom B:

{
ξ(U) � 0, ∀U ∈ F

η(U) > 0, ∀U �=
∅, U ∈ F

Hausdorff

ξ(U) ≡ 1
η(U) = diam(U)

Axiom C:
For anyδ < 0 ∃ε > 0 such thatη(U) � δ

provided thatψ(U) � ε (for anyU ∈ F ).

Carathéodory

ξ(U) ≡ 1
η(U) = φ(diamU)

The numberαc is said to be theCarathéodory dimensionof setA relative to the
structure(F, ψ, ξ, η) – seeTable 4.2.

The foundation of the theory of fractal dimension, now known as Hausdorff
dimension, was established by Carathéodory and Hausdorff. In[40] Carathéodory
shows how to define ap-dimensional measure for sets inq-dimensional spaces.
Then, in[64], Hausdorff adapts the definition so that it makes sense even ifp is
not an integer. It is very interesting to see also a function of the diameter that is
included in the definition of Hausdorff’s measure.

4.1.1. Examples (seeTable 4.3)

• If F is the collection of all open balls{B(x, ε)} of all diametersε > 0 centered
at all pointsx ∈ X, ξ(B(x, ε)) ≡ 1, η(B(x, ε)) = ε, thenαc = dimHA, the
Hausdorff dimension of setA.

• A nontrivial example is the dimension-like definition of the topological en-
tropy [97]. Assume thatX is compact andf :X → X is a continuous map.
Givenn > 0, ε0 > 0, theBowen setis defined as

Bn(x, ε0) =
{
y ∈ X: ρ

(
f ix, f iy

)
� ε0, 0 � i � n

}
.

LetF be the set of all Bowen sets. Let

ξ
(
Bn(x, ε0)

)
≡ 1, ψ

(
Bn(x, ε0)

)
= 1/n andη

(
Bn(x, ε0)

)
= e−n.
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Table 4.2

Carathéodory dimension

A ⊂ X Example

Mξ (α, ε, A) = inf
G

ψ(ui )�ε

{ ∑
⋃
ui⊃A
ui∈G
ψ(ui )�ε

ξ(ui ) · η(ui )α
}

inf
G

{ ∑

diamui�ε

diamuαi

}

or

inf
G

{ ∑

diamui�ε

φ(diamui )
α
}

Mξ (α, ε,A) ր if ε ց ⇒
∃ lim
ε→0

Mξ (α, ε, A) = mξ (α,A)

Properties of mξ as a function of A

mH (A, α)

outer Hausdorff measure

(i) A1 ⊂ A2 ⇒ mξ (α,A1) � mξ (A2, α)

(ii) mξ (
⋃
k Ak, α) �

∑
k mξ (α,Ak)

If mξ (α, ∅) = 0 thenmξ is outer measure.

mξ (α,A) as a function of α

dimH (A)

Hausdorff dimension

Carathéodory dimension of A

αc = sup
{
α: mξ (α,A) = ∞

}

= inf
{
α: mξ (α,A) = 0

}

= dimξ (A)

Then theε0-topological entropy off onA, htop(f |A, ε0), is the Carathéodory
dimensionαc and

htop(f |A) := lim sup
ε0→0

htop(f |A, ε0).

It was shown in[97] that this entropy coincides with the standard topological
entropy ifA is a compact andf -invariant set.

• If we consider the set function

(4.2)ξ
(
Bn(x, ε)

)
= exp

(
sup

y∈Bn(x,ε)

n−1∑

k=0

φ
(
f ky

)
)
,
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Table 4.3

Examples

F ξ ψ η Result

Open
setsU
(or balls)

1 diamU diamU dimH (A)

Bowen
sets
Bn(x, ε)

1 1
n e−n

htop
if A ⊂ X is inv. and
compact

same Eq.(4.2) same same
P(φ) – top pressure
if A ⊂ X is inv. and
compact

Balls
Bε(x)

μ
(
Bε(x)

)q
ε ε

dimq (μ) (if μ is regular)
includingHPq (μ) and
Correlation dimension

Open
sets
U

e−qτ(U) diamU diamU
Dimension for
Poincaré recurrences

ψ(Bn(x, ε)) = 1/n, η(Bn(x, ε)) = exp(−n), whereφ :X → R is continuous,
then we obtain the Carathéodory dimensionαc = P(φ) which is called the
Carathéodory topological pressure of the “potential”φ. It was shown in[97]
that ifA is invariant and compact thenαc coincides with the standard topolog-
ical pressure.

• One can study dimension-like characteristics of a measureμ by using the gen-
eralized Carathéodory construction. For example, if one chooses

ξ
(
Bε(x)

)
= μ

(
Bε(x)

)q and ψ
(
Bε(x)

)
= η

(
Bε(x)

)
= ε,

then one arrives to a characteristic dimq(μ) of the measureμ that is very similar
to so called Hentschel–Procaccia spectrumHPq(μ), see[97]. One can show
also that the Billingsley dimension[24,25] can be expressed in terms of the
Carathéodory dimension.

• We define below the Poincaré recurrenceτ(U) of the setU . If we choose
exp(−qτ(U)) in the capacity of the “gauge function”ξ , and

ψ(U) = η(U) = diamU

we obtain the Carathéodory dimension which we call the spectrum of dimen-
sions for Poincaré recurrences. In fact, the book is devoted to the study of this
dimension.
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4.2. The spectrum of dimensions for recurrences

Typical orbits in Hamiltonian systems and orbits in attractors in dissipative sys-
tems repeat their behavior in time. This repetition can be expressed in terms of
Poincaré recurrences.

Consider a dynamical system(X, f ) whereX is a metric space and the map-
ping f :X → X is continuous. LetA ⊂ X be af -invariant subset. In the
framework of the general Carathéodory construction we consider covers by open
balls. For eachA ⊂ X, denote byBε(A) the class of all finite or countable covers
of A by balls of diameter less than or equal toε. For an open ballB ⊂ X let the
Poincaré recurrencebe defined as

τ(B) = inf
{
τ(x, B): x ∈ B

}
,

whereτ(x, B) = min{t � 1: f t (x) ∈ B} is the first return time ofx ∈ B. Given
G ∈ Bε(A) andα, q ∈ R, consider the sum

(4.3)Mξ (α, q, ε,G,A) =
∑

B∈G
ξ
(
τ(B)

)qdiamBα,

where the real non-negative gauge functionξ :R → R is such thatξ(t) → 0 as
t → ∞. Below we will consider the functionsξ(t) = e−t andξ(t) = 1/t .

Next we define

(4.4)Mξ (α, q, ε,A) = inf
{
Mξ (α, q, ε,G,A): G ∈ Bε(A)

}
.

For fixedq the limitmξ (α, q,A) = limε→0Mξ (α, q, ε,A) has an abrupt change
from infinity to zero as one variesα from minus infinity to infinity. There is a
unique critical value

(4.5)αc(q, ξ, A) = sup
{
α: mξ (α, q,A) = ∞

}

such thatmξ (α, q,A) = ∞ if α < αc(q, ξ, A), provided thatαc(q, ξ, A) �= −∞,
andmξ (α, q,A) = 0 if α > αc(q, ξ, A), provided thatαc(q, ξ, A) �= ∞.

The functionαc(q) := αc(q, ξ, A) is said to be thespectrum of dimensions for
Poincaré recurrences, specified by the functionξ . The quantity

q0 = sup{q: αc(q) > 0}
has been introduced in[9,10] and[11]. It is said to be thedimension for Poincaré
recurrencesof set A ⊂ X specified by the gauge functionξ . In the case
ξ(t) = exp(−t), a quantity similar toq0 was introduced in[95] and was called
the AP-dimension. Roughly speaking,q0 is the smallest solution of the equation
αc(q, ξ, A) = 0.

Not many specific examples are known where the dimension for Poincaré re-
currences has been explicitly computed or estimated ([36,76,78]).
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4.3. Dimension and capacities

We proceed in a slightly different way than in Section4.2to introduce the dimen-
sion for Poincaré recurrences.

Fix an arbitrary monotonically decreasing functionξ(t), t > 0, limt→∞ ξ(t) =
0 and introduce the following structure:F is the collection of all open sets inX;
τ(u) is the Poincaré recurrence for the setu ∈ F . Then, for a compactA ⊂ X,
consider the quantities

Mξ (0, q, ε, A) = inf
G

∑

i

ξ
(
τ(ui)

)q
,

where infimum is taken over all coversG = {ui}, diamui � ε, and

Rξ (0, q, ε, A) = inf
H

∑

i

ξ
(
τ(ui)

)q
,

where infimum is taken over all coversH = {ui}, diamui = ε.

DEFINITION 4.1. Sinceτ(ui) is nondecreasing asε → 0 andξ(t) is monotone,
then there exists the limit

lim
ε→0

Mξ (0, q, ε, A) =: mξ (q,A).

Sinceξ ◦ τ(ui) → 0 asε → 0 then

mξ (q,A) = ∞ if q < 0.

Let

q∗ := sup
{
q: mξ (q,A) = ∞

}
.

The critical valueq∗ is said to be the dimension for Poincaré recurrences of setA,
specified by the functionξ .
Consider next

mξ (q,A) = lim sup
ε→0

R(0, q, ε, A) and mξ (q,A) = lim inf
ε→0

R(0, q, ε, A).

Again,mξ (q,A) = ∞ if q < 0. Letq0 = sup{q: mξ (q,A)}. The upperq0 and
lowerq

0
capacities are said to be the upper and lower capacities of setA, specified

by the functionξ . We denote them as follows:q∗ = dimξ (A), q0 = dimξ (A),
q

0
= dimξ (A).

The following result was established in[95].

LEMMA 4.1. Assumeαc(q) > 0 for q ∈ [0, q∗). Assume thatlimqրq∗ αc(q) = 0.
Thenq0 = q∗.
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It follows from the general theory[97–99]that

dimξ (A) � dimξ (A) � dimξ (A)

for any admissible functionξ(t).
In order to understand the meaning of these notions, let us imagine a nice situ-

ation for which

dimξ (A) = dimξ (A) = dimξ (A) = q0, 0< q0 < ∞,

and dimBA = dimBA = b. Then, we have the following estimate for the average

〈
ξ
(
τ(ui)

)q0
〉
= 1

N

N∑

i=1

ξ
(
τ(ui)

)q0 ∼ εb, ε ≪ 1,

over a coverH = {ui} with diamui = ε. This estimation tells us that we can
expect the average value ofτ(ui) to behave as follows:

〈
τ(ui)

〉
∼ ξ−1(εb/q0

)
.

For a gauge functionξ(t) ∼ 1/t we have

(4.6)
〈
τ(ui)

〉
∼ ε−b/q0, ε ≪ 1.

Similarly, if ξ(t) ∼ e−t , then

(4.7)
〈
τ(ui)

〉
∼ − b

q0
logε, ε ≪ 1,

and so forth. In a general case we may obtain some estimates (from above and
from below) for Poincaré recurrences with the help of the quantitiesdimξ (X) and
dimξ (X) provided that they are finite nonzero numbers.

4.4. The appropriate gauge functions

It is possible to assume that the value of dimξ (X) (or dimξ (X)) is equal to zero
(or infinity). If so, we should change the functionξ and find a suitable one. The
existence of such suitable gauge functions can be proved under the assumption
that the lowest upper bound for recurrences

τ(ε) = sup
{
τ
(
B(x, ε)

)
: x ∈ X

}

is finite, τ(ε) < ∞. This is a very general assumption that implies that every
point inX is non-wandering. Minimal sets are examples of such a situation, i.e.,
the quantityτ(ε) is finite for minimalX. Otherwise, due to compactness ofX, we
could find a sequence of pointsxn → x∗ asn → ∞ with

(4.8)τ
(
B(xn, ε)

)
� n.

However, consider the following remarks.
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1. The discreteness of time implies that for any pointx∗ ∈ X there is a point
y ∈ B(x∗, ε) such that

τ
(
B(x∗, ε)

)
= τ

(
y, B(x∗, ε)

)
.

2. The openness ofB(x∗, ε) implies that

(4.9)ρ(y, x∗) < ε and ρ
(
f τ(y,B(x∗,ε))y, x∗

)
< ε.

3. The assumption that limn→∞ ρ(xn, x∗) = 0 together with the inequalities(4.9)
imply that the pointsy andf τ(y,B(x∗,ε))y belong to the ballB(xn, ε) for every
sufficiently largen, say,n � n0.

Thus,

τ
(
B(xn, ε)

)
= inf
z∈B(xn,ε)

τ
(
z, B(xn, ε)

)
� τ

(
y, B(x∗, ε)

)
.

This inequality contradicts(4.8), soτ(ε) < ∞ for minimalX.
The following statement tells us that an appropriate gauge function exists.

THEOREM 4.1. Assume thatτ(ε) < ∞ in X. Then the following statements
hold.

(1) If dimB X < ∞ then there exists a functionξ1(t), t � t0, limt→∞ ξ1(t) = 0,
such thatdimξ1(X) � dimB X.

(2) If dimB X > 0 then, for t � t0, there exists a functionξ2(t), with
limt→∞ ξ2(t) = 0 and such thatdimξ2(X) � dimB X.

PROOF. First, we prove statement (2). Letε1 � ε2 so that τ(B(x, ε1)) �

τ(B(x, ε2)) for every pointx ∈ X. Therefore,τ(ε1) � τ(ε2).
Assume first thatτ(ε) → ∞ asε → 0. Hence,τ(ε) has a countable number of

points of jump discontinuity on any interval(0, ε0], ε0 > 0. LetΛ ⊂ (0, ε0] be
the set of points of jump discontinuity of the functionτ(ε).

Define a functionξ2(t) as follows. For values of

t ∈ τ(Λ) := {t1, . . . , tn, tn+1, . . .} ⊂ Z+

we set

ξ2
(
τ(ε∗)

)
= ε∗, ε∗ ∈ Λ, ε∗(t) = sup

{
ε /∈ Λ, τ(ε) = t

}
.

For values oft ∈ (tn, tn+1), wheren is an integer, setξ2(t) = At + B where

A = ξ2(tn+1)− ξ2(tn)
tn+1 − tn

, and B = tn+1ξ2(tn)− tnξ2(tn+1)

tn+1 − tn
.

The constructed functionξ2(t) is continuous and has the desired properties:
limt→∞ ξ2(t) = 0; ξ2(t) � ξ2(t

′) if t � t ′; ξ2(τ (ε)) � ε.
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Given ε > 0 consider a finite coverG of X by open ballsB(xi, ε), i =
1, . . . , N(ε). Sinceτ(B(xi, ε)) � τ(ε), thenξ2(τ (B(xi, ε))) � ξ2(τ (ε)) � ε.
Therefore, for anyb > 0 we have

(4.10)Rξ2(0, q − b, ε, ξ2) =
N∑

i=1

ξ2
(
τ
(
B(xi, ε)

))q−b
� Nεq−b,

whereq = dimB X. It follows from the definition of the lower box dimension

that for an arbitrary large constantC there isε0 > 0 such thatNεq−b > C if
0< ε < ε0. Thus,R(q−b, ε, ξ2) > C if ε is small enough and dimξ2(X) � q−b.
Thanks to the arbitrariness ofb, we obtain the desired result.

The proof of statement (1) of the theorem is the same. We substituteτ(ε) =
inf{τ(B(x, ε)): x ∈ X} instead ofτ(ε) and omit the first part of the proof since
τ(ε) < ∞ by definition. In a way identical to the one forτ(ε), we show that
τ(ε) is a monotone function. Moreover, it follows from the definition ofτ(ε)
that limε→0 τ(ε) = ∞. We denote byΛ ⊂ (0, ε0] the set of points of jump
discontinuity of the functionτ(ε) and defineξ1(t), t ∈ τ(Λ) ⊂ Z+, by setting:

1. ξ1(τ (ε∗)) ≡ ε∗, ε∗ ∈ Λ, ε∗(t) = inf{ε /∈ Λ, τ(ε) = t}.
2. ξ1(t) is defined in the same way asξ2(t) for other values oft .

It follows from the definition thatξ1(τ (ε)) � ε. Moreover,

(4.11)ξ1(t) � ξ2(t).

Let q = dimBX < ∞. Then, givenε > 0 consider a finite coverG of X by open
ballsB(xi, ε), i = 1, . . . , N = N(ε). By definition ofξ1(t), we have that

ξ1
(
τ
(
B(xi, ε)

))
� ξ1

(
τ(ε)

)
� ε.

Hence, for anyb > 0

(4.12)
N∑

i=1

ξ1
(
τ
(
B(xi, ε)

))q+b
� N(ε)εq+b � 1

(by definition of the upper box dimensionN(ε)εq+b � 1, ε ≪ 1). Therefore
dimξ1(X) � q + b. Sinceb is chosen to be arbitrary small, thendimξ1(X) � q. �

Remark that ifX contains wandering points, then the conditionτ(ε) < ∞ in
Theorem 4.1could not be satisfied. In this situation we can restrict ourselves to
the center set of the dynamical systems, which contains no wandering points.

The domain of definition of the gauge functions constructed in the proof of
Theorem 4.1is [0,∞) wheneverτ(ε) → ∞ asε → 0. This would not be the
case if for every pointx ∈ X and everyε > 0 the ballB(x, ε) contains a periodic
point of period at mostT < ∞ since then limε→0 τ(ε) → T < ∞ asε → 0.
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However, in this situation the proof ofTheorem 4.1is valid if the gauge function
is defined, e.g., asε exp(T − t) for t ∈ [T ,∞), with ε := inf{ε: τ(ε) < T }.

We note that the functionsξ1 andξ2 (constructed above) satisfy the inequality
ξ1(t) � ξ2(t), t � t1 (see Eq.(4.11)). Therefore, dimξ1(X) � dimξ2(X). It is not
enough to claim the existence of just one function servicing both lower and upper
capacities. We need an additional condition for that.

COROLLARY 4.1. Under the conditions ofTheorem4.1, there exists a function
ξ(t), limt→∞ ξ(t) = 0, such that0< dimξ (X) � dimξ (X) < ∞ if

(4.13)lim
t→∞

ξ2(t)

ξ1(t)
< ∞

whereξ1,2 are functions constructed in the proof ofTheorem4.1.

PROOF. The inequality(4.13)implies that

(4.14)ξ1(t) � Cξ2(t)

if t � t1 > 0, andC is constant. Defineξ(t) = ξ1(t)ξ2(t) whereξ1, ξ2 are
functions constructed in the proof ofTheorem 4.1. Givenε > 0, consider a finite
coverG by ballsB(xi, ε), i = 1, . . . ,N . The condition(4.14)implies (forε ≪ 1)
that

N∑

i=1

Cqξ
2q
2

(
τ
(
B(xi, ε)

))
�

N∑

i=1

ξq
(
τ
(
B(xi, ε)

))
�

N∑

i=1

1

Cq
ξ

2q
1

(
τ
(
B(xi, ε)

))
,

and the desired result follows from Eqs.(4.10) and (4.12). �

The assumption(4.13) can be represented in another form. The inequali-
ties(4.11) and (4.14), i.e.,

(4.15)Cξ2(t) � ξ1(t) � ξ2(t), t � T > 0,

indicate the requirement to have similar asymptotic behavior ast → ∞. In the
proof ofTheorem 4.1we introduced the quantities

τ(ε) = inf
x∈M

τ
(
B(x, ε)

)
and τ(ε) = sup

x∈M
τ
(
B(x, ε)

)
,

so thatξ1(τ (ε)) � ε, ξ2(τ (ε)) � ε, for almost everyε ∈ (0, ε0]. The condi-
tion (4.15)can thus be reflected in some properties ofτ (ε), τ(ε). For example, if
ξ1(t) ∼ A/tβ , ξ2(t) ∼ B/tβ , t ≫ 1 (A, B, andβ are constants), then

lim
ε→0

logτ(ε)

logτ(ε)
< ∞;
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if ξ1(t) ∼ Ae−βt , ξ2(t) ∼ Be−βt , t ≫ 1, then

lim
ε→0

τ(ε)

τ (ε)
< ∞,

etc. Thus, the maximal and minimal Poincaré recurrences for any fixed smallε

should be of the same order (in a corresponding scale).

4.5. General properties of the dimension for recurrences

Specific properties ofq0 are sensible to the kind of gauge functionξ being used.
Originally the dimension for Poincaré recurrences was introduced to deal with
irrational rotations on the circle[9]. By using the gauge functionξ(t) = 1/t the
dimensionq0 happened to be related to the rate of Diophantine approximation of
the rotation number. These results are discussed in Section4.6.2below. Generally,
for systems with zero topological entropy a good choice of gauge function is
ξ(t) = 1/t , while for positive entropy systems a good choice isξ(t) = exp(−t).

The dimension for Poincaré recurrences, when defined over covers by open sets
shares with the topological entropy the property of being a topological invariant.
If the dynamical system(X, f ), on compactX, is generated by a continuous
mapf , then the dimension for Poincaré recurrencesq0 is preserved by uniform
homeomorphisms.

Let (X, d) and(X′, d ′) be two metric spaces. A homeomorphismh :X → X′

is said to be uniform if for everyδ > 0 there existsεδ (which goes to 0 asδ →
0) such that for any pair of pointsx, y ∈ X with distanced(x, y) < εδ, the
inequalityd ′(h(x), h(y)) < δ holds. Two dynamical systems(X, f ) and(X′, f ′)
are uniformly homeomorphic if there exists a uniform homeomorphismh :X →
X′ such thatf ′ ◦ h = h ◦ f .

THEOREM 4.2. Let (X, f ) and(X′, f ′) be uniformly homeomorphic with home-
omorphismh :X → X′. Then, for eachA ⊂ X and A′ = h(A) ⊂ X′,
q0(A) = q ′

0(A
′).

PROOF. LetB′
δ(A

′) be the family of all coveringsG′ of subsetA′ with open sets
of diameter not greater thanδ > 0. Let εδ be such thatd(x, y) < εδ implies
d ′(h(x), h(y)) < δ. Let h(Bεδ (A)) be the set of coverings ofA of diameter not
greater thanεδ pushed forward toX′, with elementsh(G) = {h(u): u ∈ G}, for
eachG ∈ Bεδ (A). ThusB′

δ(A
′) ⊃ h(Bεδ (A)) and then

Mξ (0, q, εδ, A) = inf
G∈Bεδ (A)

∑

u∈G
ξ
(
τ(u)

)q

� inf
G∈B′

δ(A
′)

∑

u∈G
ξ
(
τ ′(u)

)q = M ′
ξ (0, q, δ, A

′)
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whereτ ′ = τ ◦ h−1 is the Poincaré recurrence for the primed system. By inter-
changing the roles of systems(X, f ) and(X′, f ′) in the preceding argument we
conclude that

Mξ (0, q, εδ, A) = M ′
ξ (0, q, δ, A

′).

So,q0 is a topological invariant. �

Further similarities of entropy with theq0 dimension are thatq0(X) coincides
with the dimension of the non-wandering set (whenf is restricted to it) and that
the set of periodic points of system(X, f ) provide an essential contribution to the
dimension of Poincaré recurrences. This is mainly due to the fact that ifx ∈ X
is periodic with smallest periodn, thenτ(u) � n for anyu ∋ x, irrespective of
its diameter. Thus, periodic points put a natural lower bound to the dimension for
Poincaré recurrences.

THEOREM 4.3. (See[95].) The dimension for Poincaré recurrences has the fol-
lowing properties.

(1) q0(X, f ) = q0(NW, f ) = q0(NW, f |NW), whereNW denotes the set of
non-wandering points.

(2) If ξ(t) = exp(−t), and if the number of periodic points of smallest periodk
is finite for everyk, then

q0 � lim sup
n→∞

1

n
log #

{
x: f n(x) = x

}
.

(3) If ξ(t) = exp(−t), then for anyk > 0, we have thatq0(X, f
k) � kq0(X, f ).

(4) If ξ(t) = 1/t , then for anyk > 0, we have thatq0(X, f
k) � q0(X, f ).

In many systems the limit in the statement (2) ofTheorem 4.3coincides with
the topological entropyhtop(X) and the equality sign holds. For themhtop(Ω) =
q0(Ω), and the dimension for Poincaré recurrences is not a new topological in-
variant. Subshifts of finite type are examples of such systems.

THEOREM 4.4. Let (Ω, σ ) be a subshift of finite type, with finite or infinite al-
phabet and such that#{x: f n(x) = x} < ∞ for everyn. Then

q0(Ω) = lim sup
n→∞

1

n
#
{
x: f n(x) = x

}
.

PROOF. Consider the particular cover ofΩ byn-cylinders. In this cover the num-
ber of cylinders with first return timek is at most the number of periodic points
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with periodk. Thus,

Mξ (0, q, ε,Ω) �
∑

k

#Per(k)exp(−qk)

whereξ(t) = exp(−t). The upper bound remains true in theε → 0 limit. The
lower bound is provided by statement 2 ofTheorem 4.3. �

In [36] minimal subshifts of positive entropy are constructed for which 0<
q0 < htop(Ω) with gauge functionξ(t) = exp(−t).

THEOREM 4.5. (See[36].) For each subshiftΩ ⊂ Ω2, q0(Ω) � htop(Ω). There
exist subshiftsΩ ⊂ Ω2 for whichq0(Ω) �= htop(Ω).

4.6. Dimension for Poincaré recurrences for minimal sets

Let X be a metric space with metricρ and letf :X → X be a continuous map.
For example,X is an invariant torus (circle) or cantorus in the phase space of a
conservative system generated by a map,f is the restriction of the map toX, and
ρ is the restriction of a distance in the phase space to the points ofX. The setX
is said to be minimal if it is closed, invariant and does not contain another closed
invariant subset. Minimal sets have the following nice properties:

1. For anyε > 0 there is an integer numberN = N(ε) such that

N−1⋃

k=0

B
(
f kx, ε

)
⊃ X for anyx ∈ X.

HereB(y, ε) is the ball of diameterε centered at pointy. Thus, the minimal
setX can be approximated by the finite piece of any orbit with an arbitrary
accuracyε.

2. For anyx ∈ X, the orbit
⋃∞
k=0 f

kx is everywhere dense inX, i.e.,X is the
closure of any (recurrent) orbit in it.

Of course, a periodic orbit is a (trivial) minimal set. From now on, we will
consider nontrivial compact minimal sets.

A Birkhoff theorem tells us that the closure of a recurrent orbit contains un-
countably many recurrent orbits (see, e.g., Ref.[89]), so nontrivial minimal sets
are formed by many orbits with nontrivial behavior. Let us also remark that from
the ergodic theory viewpoint minimal sets and ergodic systems are very similar
subjects: a Jewett–Krieger theorem implies that every ergodic invertible map of a
Lebesgue space is measurably isomorphic to a minimal uniquely ergodic homeo-
morphism of a zero-dimensional compact metric space (see, e.g., Ref.[120]).
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4.6.1. The gauge functionξ(t) = 1/t

For some minimal sets a good choice of gauge function isξ(t) = 1/t (see the
examples in the following sections). In this case, Kac’s theorem (seeChapter 17)
puts a lower bound for the dimension for Poincaré recurrences.

THEOREM 4.6. (See[95].) Let (X, f ) be a minimal dynamical system, having a
Borel ergodic measureμ. LetA ⊂ X have positive measure,μ(A) > 0. Then

dim(1/t)(A) � 1.

(4.16)Remark that the theorem implies that dim(1/t)(X) � 1.

PROOF. By Kac’s theorem we have that

τ(u) �
1

μ(u)
=
∫
τ(x, u)

μ(dx)

μ(u)
.

Then, for an arbitrary coverG of A ⊂ X with open setsu of diameter less thanε
we may write

M(1/t)(0,1, ε,G,A) =
∑

u∈G

1

τ(u)
�
∑

u∈G
μ(u) � μ(A) > 0.

Since the system is assumed to be minimal (it has no periodic points), this proves
that dim(1/t)(A) � 1. �

In the following sections we consider several examples of minimal sets.

4.6.2. Rotations of the circle

The simplest minimal set is the circleS1 = {x (mod 1)} = R/Z and the sim-
plest recurrent orbits are the orbits generated by the rigid rotationf = fα : x �→
x + α (mod 1) whereα is an irrational number. It is well known thatα can be
approximated by rational numbersm/n (m andn are relatively prime) such that

(4.17)
∣∣∣α − m

n

∣∣∣ < n−ν−1

for some valueν and some pairs(m, n). Let ν(α) = sup{ν} where the supremum
is taken over allν for which the inequality(4.17)has infinitely many solutions
(m, n) with n > 0. In other words, ifν(α) is finite, then for positiveδ ≪ 1 the
inequality

(4.18)
∣∣∣α − m

n

∣∣∣ � n−ν(α)−1−δ
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holds except (possibly) for a finite number of relatively prime pairs(m, n).
We establish a relationship between dimensions for recurrences for rotations

on the circle and the rateν(α) of Diophantine approximations of the (rotation)
numberα.

PROPOSITION4.1.

(i) If ν(α) < ∞ thendim(1/t)(S
1) � ν(α) � dim(1/t)(S1).

(ii) Furthermore, if the representation ofα in the form of the continued fraction

[a1, a2, . . . , αi, . . .]
has bounded elements,0< ai � K0 < ∞, i = 1, . . . , then

dim(1/t)
(
S1) = ν(α) = dim(1/t)

(
S1).

PROOF. (i) Let ε > 0 and letn be the least positive integer number such that
dist(x, f nx) < ε, x ∈ S1. It means thatτ(Iε) = n whereIε is the interval of the
length 2ε centered atx. If we let ν = ν(α) − δ, with δ > 0 an arbitrary small
number, then the inequality(4.17) has an infinite sequence of solutions(m, n),
with the positive value ofn. Thus, let us consider the sequenceε = εn = n−ν ,
with n being such a solution for(4.17). Then, forξ(t) = 1/t

Rξ
(
0, q, εn, S

1) =
N(n)∑

i=1

1

nq
+ O

(
n−q),

whereN(n) = ⌊nν/2⌋, thus

Rξ
(
0, q, εn, S

1) = n−q+ν(α)−δ
(1

2
+ O

(
n−2ν))+ O

(
n−q).

Since

lim
ε→0

Rξ
(
0, q, ε, S1) � lim

n→∞
Rξ
(
0, q, εn, S

1) � lim
ε→0

Rξ
(
0, q, ε, S1)

it follows that dimξ (S
1) � ν(α) − δ � dimξ (S1) and, due to the arbitrariness of

δ, statement (i) follows.
(ii) Let us order the solutions(mk, nk) of Eq.(4.17)in such a way thatnk+1 �

nk, k ∈ Z+. The second assumption of the proposition implies that there exists a
positive constantK such thatnk+1/nk � K < ∞, k � 1. Let us consider now
that for every sufficiently smallε > 0 there exists an integerk = k(ε) such that
ε ∈ [n−ν

k+1, n
−ν
k ]. Thus,τ(Iε) ∈ [nk, nk+1] and

Rξ
(
0, q, ε, S1) �

N(nk)∑

i=1

1

n
q

k+1

� n
−q+ν(α)−δ
k+1

(
1

2
+ O

(
n−2ν
k+1

))
.
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Sinceε is arbitrary andk → ∞ asε → 0, it follows that dimξ (S
1) � ν(α). This,

together with statement (i), allows us to conclude that dimξ (S
1) = ν(α).

Setμ = ν(α) + δ and let(mk, nk) be as in the previous paragraph. Then by
definition ofν(α) we have

(4.19)|nkα −mk| � n
−μ
k

for every k � k0, wherek0 is some positive number. Inequality(4.19) means
that dist(x, f nkx) > n

−μ
k . For everyε > 0 there existsk = k(ε) such that

ε ∈ [n−μ
k+1, n

−μ
k ]. Then, by inequality(4.19)we have thatτ(Iε) > nk, whereIε is

the interval of length 2ε centered at pointx. Therefore

Rξ
(
0, q, ε, S1)

�

⌈1/(2ε)⌉∑

i=1

ξ
(
τ(Iε)

)q
�

⌈nμk+1/2⌉∑

i=1

n
−q
k

� n
−q
k n

μ
k+1

(
1

2
+ O

(
n

−2μ
k+1

))

� Kμn
−q+ν(α)+δ
k

(
1

2
+ O

(
n

−2μ
k+1

))
.

Sinceε is arbitrary andk → ∞ asε → 0, we getdimξ (S1) � ν and, due to the
arbitrariness ofδ > 0, dimξ (S1) � ν(α). �

The proposition tells us that〈τ(u)〉 ∼ ε−1/ν(α), e ≪ 1, diamu = ε, that is
completely consistent with Eq.(4.6).

Consider now a case of the anomalously fast approximation ofα by rational
numbers. For example, assume thatα is chosen in such a way that the inequality

(4.20)
∣∣∣α − m

n

∣∣∣ < 1

n
e−bn

holds for infinitely many relatively prime pairs(m, n), n > 0, provided thatb <
b0, and

(4.21)
∣∣∣α − m

n

∣∣∣ � 1

n
e−bn

if b > b0 andn � n0 > 0.

PROPOSITION4.2. For the gauge functionξ(t) = e−t ,

dimξ (S
1) � b0 � dimξ (S

1).
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PROOF. The scheme of the proof is the same as above. Setεn = e−bn, b = b0−δ,
δ > 0. Then

τ
(
B(x, ε)

)
= n, Rξ

(
0, q, εn, S

1) =
N2(n)∑

i=1

e−qn + O
(
e−BN

)
,

whereN2(q) = ⌊ebn/2⌋, i.e.,

Rξ
(
0, q, e−bn, S1) = eb−qn

(
1

2
+ O

(
e−2bn)

)
.

Therefore dimξ (S
1) � b0 − δ � dimξ (S1). �

As a corollary of the proposition we obtain that if dimξ (S
1) = dimξ (S1) then

〈τ(u)〉 ∼ − logε/b0, diamu = ε ≪ 1 (compare with Eq.(4.7)).
In the same way, we can show that if
∣∣∣α − m

n

∣∣∣ ∼ e−b0q
2
,

then dimξ (S1) = b0, if the gauge function isξ(t) = e−t
2
, i.e., 〈τ(u)〉 ∼√− logε/b0, diamu = ε, ε ≪ 1, etc.

These examples show that the gauge functionsξ(t) have to be chosen according
to the rate of approximation of the rotation numberα by rational numbers, other-
wise the dimensionsdimξ (S1) = ∞ or 0. For example, ifα satisfies Eq.(4.20)
but ξ(t) = 1/t then dimξ (S

1) = ∞. But, since Diophantine numbers (numbers
satisfying Eq.(4.18)with ν(α) < ∞) form a set of full measure on any interval,
then the function 1/t is presumably the most appropriate function for minimal
sets on the circle[28].

4.6.3. Denjoy example

It consists of aC1-smooth diffeomorphism, sayf , of the circleS1 = {x (mod 1)}
which generates a dynamical system with a non-trivial minimal Cantor-like set,
sayX (see, e.g., Refs.[73,90,48]). The idea of the construction is to start with
a rigid rotationfα on the circle, with the rotation numberα, and replace points
of one orbit by suitably chosen intervals. Let{xn} be an orbit, i.e.,xn = f nα (x0),
n ∈ Z, and letLn be the length of thenth interval, sayIn. Fix a value ofγ ,
0 < γ < 1, and letLn = (|n| + C)−1/γ , whereC is a constant which will be
chosen below. According to the Denjoy construction (see Ref.[73]) we have to
choose the constantC in such a way that

(4.22)
∑

n∈Z
Ln < 1
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(the length ofS1 equals 1). Note that

∑

n∈Z

Ln = C−1/γ + 2
∞∑

n=1

(N + C)−1/γ

� C−1/γ + 2

∞∫

0

(x + C)−1/γ dx

= C−1/γ
(

1 + 2γ

1 − γ C
)
< 1

if

(4.23)C > C∗(γ ),

whereC∗(γ ) is the unique root of the equation

1 + 2γ

1 − γ c = c1/γ .

Let us remark thatγ is the Hölder exponent off ′ (see Ref.[73]).
SetL =

∑
n∈Z Ln. Now, we have to blow up the orbitxn to the intervalsIn

so that they are ordered in the same way as the pointsxn and so that the distance
between any two intervalsIm andIn is exactly

(4.24)(1 − L) dist(xm, xn)+
∑

xk∈(xm,xn)
Lk.

It can be seen from Eq.(4.24) that not only rotation numberα and the num-
ber ν(α), reflecting the rate of decreasing dist(xm, xn), but also the numberγ ,
reflecting the rate of decreasing of the lengthLn, has to be essential for Poincaré
recurrences. Roughly speaking if 1/γ is large enough, we may neglect the dy-
namics inside the intervalsIn and treat them as points.

PROPOSITION4.3. If ν(α) < ∞, ξ(t) = 1/t andγ < (ν(α)+ 1)−1 then

ν(α)dimB(X) � dimξ (X) � ν(α) dimB(X).

PROOF. Let a = dimBX, a = dimBX. Denote byy′
n < y

′′
n the endpoints of the

intervalIn and byyn eithery′
n or y′′

n .
(1) Letμ = ν(α) + δ, 0 < δ ≪ 1. Then the inequality(4.19)holds for any

sufficiently large integer numbern, i.e.,

(4.25)dist(xn, xm) � |m− n|−μ.
Chooseε(ℓ) = (1 − L)/ℓμ, ℓ ≫ 1, and consider a finite coverG = {ui} of X by
open intervalsui , diamui = ε. Then, thanks to Eqs.(4.24) and (4.25), we have
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for any endpointsym, yn ∈ ui

(1 − L) 1

ℓμ
= ε(ℓ) > dist(ym, yn) � (1 − L)dist(xm, xn)

� |m− n|−μ(1 − L).
Thus,ℓμ < |n−m|μ. Thereforeτ(ui) > ℓ. Consequently,

R
(
q, ε(ℓ), ξ

)
�
∑

i

1

τ(ui)q
�

1

ℓq
N(ε) � (const)

1

ℓq
ε(ℓ)−(a+δ)

� (const) ℓ−q+μ(a+δ).

Hence,R(q, ε, ξ) ≪ 1 if q > μ(a + δ) and due to arbitrariness ofℓ,

dimξX �
(
ν(α)+ δ

)
(a + δ).

Therefore,

dimξX � ν(α) a.

(2) Let ν = ν(α) − δ. Then there is a sequence(mk, nk)k�1 of solutions
to (4.17), such that

dist(xm, xm+nk ) � n−ν
k

for any k andm. Furthermore, we may assume without loss of generality that
the pointxm+nk lies on the right ofxm for any k, m and the sequencexm+nk is
monotone (see, e.g., Refs.[90] and[48]). Consider a finite cover{ui}, diamui =
ε, whereε = 2(1−L)/nνk . Then for everyui there exist an endpointyn, such that

(4.26)dist(yn, ai) <
1

2
(1 − L) 1

nνk

whereai is the left endpoint of the intervalui . Moreover, if the pointxm ∈
(xn, xn+nk ) then

|m| > Knnk,
whereKn is some constant. We have

dist
(
yn, f

nkyn
)

� (1 − L)dist(xn, xn+nk )+
∑

xm∈(xn,xn+nk )
Lm

� (1 − L) 1

nνk
+ 2

∞∫

Knnk

dx

(x + C)1/γ

� (1 − L) 1

nνk
+K2

(
1

nk

)1−1/γ

,
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whereK2 is a constant. Therefore, if 1− 1/γ > ν, i.e.γ < (1 + ν)−1, then

(4.27)dist
(
yn, f

nkyn
)
<

3

2
(1 − L) 1

nνk
< ε

provided thatk ≫ 1. The inequalities(4.27) and (4.26)imply thatf nkyn ∈ ui (as
well asyn), thus

(4.28)τ(ui) � nk,

and
∑

i

1

τ(ui)q
� N(ε)

1

n
q

k

.

Since{ui} is an arbitrary cover, then

R(q, ε, ξ) � N(ε)
1

n
q

k

� (const)
1

n
q

k

ε−(a−δ)

� (const) n−q+ν(a−δ)
k

andR(q, ε, ξ) ≫ 1 if q < ν(a − δ). Therefore

dimξX �
(
ν(α)+ δ

)
(a − δ). �

An immediate consequence ofProposition 4.3is the following.

COROLLARY 4.2. SincedimB(X) = dimB(X) = dimB(X) = 1, then

dimξ (X) = ν(α).

REMARK 4.1. We think that for linearly recurrent dynamical systems[46] the
right gauge function is alsoξ(t) = 1/t , but it not settled yet.

4.6.4. Multidimensional rotation

Consider the map

f : (x1, . . . , xn) �→ (x′
1, . . . , x

′
n), x′

k = xk + αk (mod 1), k = 1, . . . , n,

of then-dimensional torus,Sn, where all numbersα1, . . . , αn are irrational and
linearly independent over the field of rational numbers. Thus, the torus is a mini-
mal set for the mapf and all orbits are recurrent.

Let

‖ℓαk‖ = inf
m∈Z

|ℓαk −m|, k = 1, . . . , n,
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be the distance from the nearest integer, and introduce a rate of approximation of
the vectorα = (α1, . . . , αn) by integer vectors: set

ν(α) = sup
{
ν: max

k
‖ℓαk‖ < ℓ−ν has infinitely many integer solutions

}
.

The following proposition can be proved in the same way asProposition 4.17.

PROPOSITION4.4. If ν(α) < ∞ thendim(1/t)(Sn) = ν(α).

Thus, we can expect that
〈
τ(ui)

−ℓν(α)〉 ∼ εℓ,

i.e.,
〈
τ(ui)

〉
∼ ε−1/ν(α).

Here diamui = ε ≪ 1.
Let us remark that the vectorsα with ν(α) < ∞ form a sufficiently large set.

For example, it is known that its Hausdorff dimension is positive,

dimHJ (β) = n+ 1

β + 1
,

whereJ (β) = {α: ν(α) = β}, see[69].
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Chapter 5

Uniformly Hyperbolic Repellers

Let (F, f ) be a dynamical systems over a Cantor setF ⊂ Rd whose geometric
construction is described symbolicallyà la Moran with a functionλ which is
uniformly contracting, i.e.,λmax < 1. Such sets appear as hyperbolic repellers,
i.e., locally maximal invariants sets for which the stable set is just the repeller. In
other words, the set is repelling in every direction in phase space. Let us further
assume thatf has the specification property and has positive topological entropy
(for which we useξ(t) = e−t in (4.3)).

To apply the formalism we have to make sure that the set functionMξ (α, q, ·)
is an outer measure. Consider the distance defined by the property that the diam-
eter of anyn-cylinder is exp(−n). The set functionMξ (α, q, ·) is not an outer
measure for the parameters rangeq < 0 andα � −q. To see it, remark that
such system(F, f ) contains a subsystem(E, f |E) which is not minimal and
has arbitrarily small topological entropy, such thatMξ (α, q,E) < ∞. More-
over, since(E, f |E) is not minimal, then there exists an orbit{x} ⊂ E such that
inf{d(x0, xn): n > 0} > 0. This implies thatMξ (α, q, {x}) = ∞. For q < 0
andα < −q the measure of a specified system is∞: we always haven-cylinders
with return time not greater thann. On the other hand it is an outer measure for
q > 0 and allα. But for α < 0 the measure is infinite if the set contains a
periodic point. Thus, the only interesting parameter range to consider isα > 0
andq � 0.

THEOREM 5.1. Assume that setF either has the controlled-packing property or
it satisfies the gap condition(3.25)–(3.26). Let the system(F, f ) be topologically
conjugate to a subshift(Ω, σ ) with the specification property and positive topo-
logical entropy. Then, forξ(t) = e−t and the parameter regionq � 0 andα � 0,
the spectrumαc(q) is the solution of the equation

(5.1)PΩ(α logλ) = q.

The dimension for Poincaré recurrences coincides with the topological entropy of
the subshift(Ω, σ ), i.e.,q0 = htop(σ |Ω).

77
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COROLLARY 5.1. Formula(5.1) is valid for every fractal setF resulting from a
one-dimensional Moran construction.

It is a direct consequence ofLemma 3.2.

5.1. Connection with the multifractal spectrum of Lyapunov
exponents

When(F, f ) in Theorem 5.1is ad-dimensional conformal repeller[97,15], there
exists a relation between the entropy spectrum of Lyapunov exponents and the
spectrum of dimensions for Poincaré recurrences.

Let us remind that a conformal repellerF is anf -invariant set such that:

(i) Df (x) = L(x)Isom(x), x ∈ F , whereL(x) > 1 is a number and Isom(x) is
an isometry, and

(ii) F is locally-maximal, i.e., there is a neighborhoodU ⊃ F such that⋂
i�0 f

i(U) = F .

Let x ∈ F and denote byΛ(x) the expression

lim
n→∞

1

n

n−1∑

j=0

1

d
log‖Df j (x)f ‖,

whenever this limit exists, and call it the Lyapunov exponent. We denote byE the
set of pointsx ∈ F where the Lyapunov exponent does not exist. Forβ ∈ R we
set

Eβ :=
{
x ∈ F \ E: Λ(x) = β

}
.

We have thatF = E ∪
⋃
β∈R Eβ .

Let us define theentropy spectrum of the Lyapunov exponentsby η(β) :=
htop(σ |Eβ). Here,htop denotes the topological entropy for non-compact sets as
it is defined in the second example of Section4.1.1 [97,29]. Following the proofs
of Theorem 1 and Theorem 2 in[27] one can show that in this case

η(β) = inf
α

{
PF (αφ)+ αβ

}

whereφ(x) = −(1/d) log‖Dxf ‖. In view ofTheorem 5.1αc(q) fulfills the equa-
tion q = PΩ(αc log(λ(ω))). Since

PΩ
(
αc log

(
λ(ω)

))
= PF

(
−αc
d

log‖Dxf ‖
)

we get

η(β) = min
α

{
α−1
c (α)+ αβ

}
.
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Figure 5.1.

The spectrumη(β) is strictly concave and defined on a closed interval. Hence, the
following result holds.

THEOREM 5.2. (See[2].) The entropy spectrum of Lyapunov exponentsη(β)

and the inverseα−1
c of the spectrum for Poincaré recurrences form a Legendre-

transform pair.

In this case the spectrumαc is strictly decreasing. It is strictly convex iff
φ(x) = −(1/d) log‖Dxf ‖ is not cohomologous to a constant. In the latter case
the support ofη(β) reduces to a point andαc(q) is linear:

αc(q) = q − htop(σ |Ω)
logλ

.

For all the systems we consider we have thatαc(htop(f |F)) = 0 andαc(0) =
dimH (F ). Hence, for the quasi-conformal repellers considered in this para-
graph and for 0� q � htop(σ |Ω) the critical valueαc(q) lies in the interval
[0,dimH (F )]. Let us emphasize that ifq = 0 thenαc(0) = −htop/ logλ =
dimHΩA, thus, the spectrum of dimensions can be treated as a family “joining”
the extreme values: the topological entropy and the Hausdorff dimension (see
Figure 5.1).

5.2. Spectra under the controlled-packing condition

The next two lemmas imply that, givenq � 0, αc(q) satisfies the equationq =
PS(αc(q) log(λ)) providedαc(q) � 0. This is the statement ofTheorem 5.1.

LEMMA 5.1. For a fixedq � 0 the quantityM(α, q) = 0 for everyα � 0 such
thatPS(α log(λ)) < q.
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LEMMA 5.2. For a fixedq � 0 the quantityM(α, q) = ∞ for everyα � 0 such
thatPS(α log(λ)) > q.

As we will see below, it is easy to proveLemma 5.1while Lemma 5.2demands
some extra work. The concept behind the proofs of each one of these lemmas is
the use of properties of the topological pressure.

5.2.1. Proof ofLemma 5.1

Given ε > 0 let C ∈ Bε be a cover ofF by balls such that for anyB ∈ C,
B ∩ F = χ[ω] and|ω| =: nε (independent ofB). Trivially nε → ∞ asε → 0.
Because of(3.6),

(5.2)M(α, q, ε) � c
∑

[ω]∈S
|ω|=nε

exp

(
−qτ

(
χ([ω])

)
+ α

nε−1∑

j=0

logλ
(
σ jω

)
)
.

Here and in the following for each cylinder[ω] ⊂ S we choose an arbitrary
ω ∈ [ω]. Because of the specification property, the cylinder[ω] has first return
time k if it contains a periodic sequenceω = ω0, . . . , ωk−1, ω0 . . . of periodk,
and any other periodic sequences in it has a greater period. Denoting byPnε,k the
set of cylinders of lengthnε having first return timek, we conclude that forα � 0
andq ∈ R

M(α, q, ε) � c

nε+n0∑

k=1

(
exp(−qk)

∑

[ω]∈Pnε,k
exp

(
α

nε−1∑

j=0

logλ
(
σ jω

)
))

� c1

nε+n0∑

k=1

∑

[ω]∈Pnε,k
exp

(
−qk + α

k−1∑

j=0

logλ
(
σ jω

)
)

� c1

∞∑

k=1

∑

[ω]∈S
|ω|=k

exp

(
−qk + α

k−1∑

j=0

logλ
(
σ jω

)
)
,

where the sums in the series are defined in(2.9)andc1 = c(λmin)
−αn0. Then

(5.3)M(α, q, ε) � c1

∞∑

k=1

Zk(−q + α logλ, S).

According to(2.10) and (2.11)for q > PS(α logλ) the expressions

Zk(−q + α logλ, S)
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converge exponentially to zero ask → ∞. Hence, the series in the right hand side
of (5.3)converges, and the result follows. �

Before proceeding with the proof ofLemma 5.2we need the following techni-
cal result (let us remind that the length of a cylinder[ω] is denoted by|ω|).

LEMMA 5.3. LetF ⊂ Rd have controlled packing of cylinders with exponenta.
LetG be a finite or countable cover ofF by open balls. Then forα � 0, q � 0
there is a positive constantC such that

(5.4)M(α, q,G) � C
∑

[ω]∈CMax(G)

exp
(
−q|ω|

)
|ω|−a

|ω|−1∏

j=0

λ
(
σ jω

)α
.

PROOF. LetB ∈ C. For an arbitrary 0< ρ < 1 we denote byNB the integer for
which the diameter

D := max
{∣∣χ([ω])

∣∣: [ω] ∈ CMax(B)
}

belongs to the interval(ρNB+1, ρNB ]. Then condition(3.27)implies that

∑

[ω]∈CMax(B)

∣∣χ([ω])
∣∣α � C0

∞∑

k=NB
ρkαka

� C0

(D
ρ

)α ∞∑

k=0

(
ρα
)k
(NB + k)a

(5.5)� C1|B|αNaB ,

where

C1 =
(
C0/ρ

α
) ∞∑

k=0

ρkα(1 + k)a .

Taking into account that|χ([ω])| < ρNB for every[ω] ∈ CMax(B), we obtain
from (5.5) that

|B|α � C−1
1 N−a

B

∑

[ω]∈CMax(B)

∣∣χ([ω])
∣∣α,

(5.6)� C2

∑

[ω]∈CMax(B)

|χ([ω])|α
| log |χ([ω])| |a ,

whereC2 = C−1
1 | logρ|a .
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In view of the specification propertyτ(B) � τ([ω]) � |ω| + n0 for all [ω] ∈
CMax(B). Inequality(3.6) implies that

∣∣log
∣∣χ([ω])

∣∣ ∣∣ � | logd| + |ω| | logλmin|,

whereλmin := minω∈S{λ(ω)}. Therefore,

|B|α exp
(
−qτ(B)

)
� C3

∑

[ω]∈CMax(B)

exp
(
−q|ω|

)∣∣χ([ω])
∣∣α|ω|−a,

where

C3 = C2

(| logλmin| + | logd|)a .

Finally, sinceq � 0
∑

B∈G

∑

[ω]∈CMax(B)

exp
(
−q|ω|

)∣∣χ([ω])
∣∣α|ω|−a

� dα
∑

[ω]∈CMax(G)

exp
(
−q|ω|

)
|ω|−a

|ω|−1∏

j=0

λ
(
σ jω

)α

and the result follows withC = C3 d
α. �

5.2.2. Proof ofLemma 5.2

We fix ε small enough to ensure that inequality(3.27)holds. LetG be a cover of
F by open balls of radius less than or equal toε. Thus, byLemma 5.3

M(α, q,G) � C
∑

[ω]∈CMax(G)

exp

(
−|ω|

(
q + a log |ω|/|ω|

)

(5.7)+ α
|ω|−1∑

j=0

logλ
(
σ jω

)
)
,

where CMax(G) is the cover ofS by all B-maximal cylindersB ∈ G. Let us
remark that|χ([ω])| � ε for any cylinder[ω] ∈ CMax(G). Let

nε = min
{
|ω|: [ω] ∈ CMax(G)

}
.

Since

a log |ω|/|ω| � a lognε/nε



5.3. Spectra under the gap condition 83

we have that for all[ω] ∈ CMax(G)

M(α, q,G) � C
∑

[ω]∈CMax(G)

exp

(
−|ω|

(
q + a log(nε)/nε

)

+ α
|ω|−1∑

j=0

logλ
(
σ jω

)
)

(5.8)= CZ
(
q + a lognε/nε, φ,CMax(G), S

)
,

whereZ is defined in(2.16)andφ(ω) = α logλ(ω). Sincenε → ∞ asε → 0
we see that for allδ > 0

(5.9)lim
ε→0

inf
G∈Bε

M(α, q, C) � C lim
n→∞

inf
G∈Gn

Z
(
q + δ, φ,CMax(G), S

)
,

whereGn is the class of all covers ofS by cylinders with lengths greater thann.
Hence, for allδ > 0 the inequalityq + δ < PS(α logλ) implies

(5.10)lim
ε→0

inf
G∈Bε

M(α, q,G) = ∞.

Theorem 5.1under the controlled-packing condition follows from the two previ-
ous lemmas. �

5.3. Spectra under the gap condition

The strategy is to prove that ford = 1 all fractal sets resulting from a Moran
construction satisfy the gap condition. Then, we prove that every fractal setF

resulting from a strong Moran construction is equivalent to a fractal set inR1.

LEMMA 5.4. Let (F, f ) be a system topologically conjugate to a subshift(S, σ )

and F ⊂ Rd a fractal set satisfying the gap condition. Then there exists a
one-dimensional conformal repeller with the same spectrum of dimensions for
Poincaré recurrences as(F, f ).

PROOF. We define a one-dimensional expanding map(JS, g) as follows. LetIi ,
i = 0, . . . , p − 1, be a collection of pairwise disjoint closed intervals inR. Con-
sider a piecewise expanding mapg :

⋃p−1
i=0 Ii → R with branchesgi : Ii → R

such that for eachi, g(Ii) ⊃
⋃p−1
j=0 Ij . The system(

⋃p−1
i=0 Ii, g) has a conformal

repeller

J =
∞⋂

n=1

⋃

ω∈Ωp
g−1
ω0

◦ g−1
ω1

◦ · · · ◦ g−1
ωn−1

(
[0, L]

)
,
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which results from a Moran-like construction satisfying the conditions (M1)–
(M3). The coding functionχ ′ : S → J is a topological conjugacy of the full shift
(Ωp, σ ) with (J, g). Such a repeller exists for any mappingg with expanding
branchesgi . In particular, we chooseg such that

λ(ω) = 1

|g′
i(χ

′(ω))| < 1

for everyω ∈ S ⊂ Ωp, whereλ andS correspond to the construction ofF . We
also assume that for every wordω = (ω0, . . . , ωi−1) theΔ-sets

Δω0...ωi−1 := g−1
ω0

◦ · · · ◦ g−1
ωi−1

(
[0, L]

)

satisfy the extra conditions(3.25) and (3.26)of a strong-Moran construction,
namely

(5.11)dist(Δi ωi ,Δi ω′
i
) � GdiamΔ(w0, . . . , wi−1),

where dist is the usual absolute value metric inR. The resulting one-dimensional
system is denoted by(JS, g|JS), whereJS = χ ′(S).

The coding function corresponding to the construction ofF is χ : S → F . By
construction, the systems(F, f ) and(JS, g|JS) are topologically conjugate and
the conjugacy is given by

χ ′ ◦ χ−1 =: κ :F → JS .

Since the rates of contraction in the Moran constructions forF andJS are the
same, the systems(F, f ) and(JS, g|JS) have the same spectra of Poincaré recur-
rences. We consider the pushed-forward metricη onJS

(5.12)η(x, y) = distd
(
κ−1(x), κ−1(y)

)
,

where distd is the Euclidean metric onF . The conjugacyκ is by definition an
isometry between the setF with the Euclidean metric and the setJS with the
metricη. This proves that(F, f ) and(JS, g|JS) with the pushed-forward metric
η have the same spectra. Finally, the equivalence of the usual metric dist and the
metricη on JS is implied by inequality(5.11)and the fact that any two pointsx
andx′ in JS ⊂ R, satisfy

(5.13)G

n−1∏

i=0

λ
(
σ iω

)
� dist(x, x′) � c

n−1∏

i=0

λ
(
σ iω

)
.

�

REMARK 5.1. Since the two systems are topologically conjugated the proof of
Lemma 5.4is independent of the functionξ(t) in the definition of the outer mea-
sureMξ (α, q, ·).
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REMARK 5.2. We believe that the developed here machinery can be used to study
Poincaré recurrences for, not only repellers, but other hyperbolic invariant sets of
dynamical systems. In this direction the ideas and results of[20] will be very
essential.
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Chapter 6

Non-Uniformly Hyperbolic Repellers

If a repeller is hyperbolic then it can be obtained as the result of a geometric
construction with rates of contraction uniformly smaller than 1. In this situations
the Hausdorff dimension of the invariant set is the root of the Bowen’s equation,
and it was shown inTheorem 5.1that the spectrum of dimensions for Poincaré
recurrences satisfies the non-homogeneous Bowen’s equation. Such a representa-
tion provides us a new possibility to study multifractal features of invariant sets.
Moreover,Theorem 5.2states that in the case of conformal repellers the entropy
spectrum of Lyapunov exponents and the inverse function for the spectrum of
dimensions for Poincaré recurrences form a Legendre-transform pair.

But if a repeller is non-hyperbolic or non-uniformly hyperbolic then there can
be a point in it that belongs to an infinite sequence of balls accumulating to this
point “with sub-exponential speed”, and the corresponding rates of contraction
are not disjoint from 1. In this Section we extend the previous results valid for
hyperbolic systems to the case where the inductive geometric procedure is still
governed by a specified subshift but rates of contraction contains 1 as a point of
accumulation. Such a kind of problems was proposed in[8].

Usually, for non-hyperbolic and non-uniformly-hyperbolic systems there is no
finite Markov partition, and we cannot describe our system in terms of topological
Markov chains (TMC) with finitely many states. The problem thus arises to cal-
culate the topological pressure, and so, the Hausdorff dimension and dimensions
for Poincaré recurrences in those cases.

The goal in the present chapter is to extend the validity ofTheorem 5.1to the
case whereλmax = 1. So, letΛc := {ω ∈ Ω | λ(ω) = 1} andFc := χ(Λc) ⊂ F

be called critical sets. They are closed sets which we assume non-empty. There
are two logical possibilities: eitherFc contains or does not contain an orbit.

The validity of Theorem 5.1for the case when the critical setFc does not
contain an orbit is proved in the next section. The extension is a direct conse-
quence of the fact that cylinder sets form, in this case, a basis. When the critical
setFc does contain orbits we cannot useLemma 6.1below. Nevertheless, we
identify situations where one can approximate an invariant set by a sequence of
topological Markov chains. Since it is well known how to calculate the topo-

87
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logical pressure for TMCs, the approximation scheme allows one to calculate
or/and estimate the topological pressure of the original system. This is done in
Section6.2.

6.1. The critical set does not contain an orbit

The extension ofTheorem 5.1follows almost straightforwardly. We only need
to ensure that covers by cylinder sets form a basis. This follows from the next
result.

LEMMA 6.1. Assume thatΛc does not contain an orbit. Then there exist con-
stants0< μ < 1 andC � 1, and a positive integer numberNc, such that

max

{
n∏

j=0

λ
(
σ jω

)
: ω ∈ S

}
� Cμn for n > Nc.

PROOF. SinceΛc does not contain an orbit, for eachω ∈ Ω there exists a mini-
malnω ∈ N such thatσ nω(ω) /∈ Λc. For eachk ∈ N let

Λ(k)c ≡ {ω ∈ Λc: nω = k}.

We may writeΛc as the disjoint unionΛc =
⋃∞
k=1Λ

(k)
c . Note that

n⋂

k=0

σ k(Λc) =
∞⋃

k=n+1

Λ(k)c

is closed, therefore its complement inΛc is relatively open. Thus,
{
n⋃

k=1

Λ(k)c : n ∈ N

}

is an open cover for the compact setΛc, implying thatΛc =
⋃Nc
n=1Λ

(n)
c for some

Nc ∈ N.
Now, beingΛc andσ(Λ(1)c ) disjoint compact sets, andσ a continuous function,

for eachε > 0 sufficiently small there existsδ = δ(ε) > 0 such that

d
(
ω,Λ(1)c

)
< δ ⇒ d

(
σ(ω),Λc

)
� ε.

For ε > 0 sufficiently small, defineλ1 ≡ max{λ(ω): d(ω,Λc) � ε}, which is
smaller than one. For eachk ∈ {0,1, . . . , Nc − 1} let

Uk ≡ σ−k{ω ∈ Ω: d
(
ω,Λ(1)c

)
< δ(ε)

}
,
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andU ≡
⋃Nc−1
k=0 Uk. This is an open set containingΛc, then

λ2 ≡ max
{
λ(ω): ω /∈ U

}

is smaller than one.
Finally, for eachω ∈ Ω and everyn � Nc + 1 we have

n∏

j=0

λ
(
σ jω

)
� λ

n
Nc+1
m ,

by takingλm = max{λ1, λ2}, and the lemma follows withμ = λ
1

Nc+1
m andC =

μ−1. �

COROLLARY 6.1. For eachε > 0, there existsnε ∈ N such thatdiam(χ[ω]) < ε
for all ω such that|ω| � nε.

Thus, if the critical set does not contain an orbit, then the cylinder sets form
a basis. This result makes validLemma 3.1andTheorem 5.1to the present case
(word by word, proofs are the same).

EXAMPLE 6.1. The mapping is inspired in the Manneville–Pomeau example
(see[117]) and its critical set does not contain an orbit.

For δ ∈ (0,1/2) defineI0 = [0,1/2 − δ] andI1 = [1/2 + δ,1]. Let a map
f : I0 ∪ I1 → [0,1] be such that

(E1) f is strictly increasing and twice continuously differentiable in the interior
of I0 andI1, and it is such thatf (I0) = f (I1) = [0,1].

Figure 6.1.



90 Chapter 6. Non-Uniformly Hyperbolic Repellers

(E2) f ′(x) > 1 for all x ∈ I0 ∪ (I1 \ {1/2+ δ}), f ′(1/2+ δ) = 1 andf ′′(x) � 0
for all x ∈ I0 ∪ I1.

See, for instance, the sketch inFigure 6.1. The repeller

F :=
{
x ∈ I0 ∪ I1: f n(x) ∈ I0 ∪ I1 ∀ n ∈ N

}

associated to the map is a Cantor set that can be obtained by a Moran construction,
modeled by the full shift in two symbols as follows. The inverse functions of the
two branches off , g0 := (f |I0)−1 andg1 := (f |I1)−1, are contractions. Then,
for eachω ∈ ZN

2 andn ∈ N, let us consider

Δ(ω0, ω1, . . . , ωn) := gω0 ◦ gω1 ◦ · · · ◦ gωn([0,1])
to be the basic sets of a Moran construction forF with conjugacyχ : zzN2 → F ,

χ(ω) =
∞⋂

n=0

gω0 ◦ · · · ◦ gωn([0,1]).

By Taylor’s theorem, and applying the chain rule, there existsω ∈ [(ω0, ω1, . . . ,

wn)] such that

diamΔ(ω0, ω1, . . . , ωn) =
n∏

j=0

λ
(
σ jω

)
,

whereλ(ω) := 1/|f ′(χ(ω))|.
It is easily verified thatΛc is the singleton{1000000. . .}, which is not a fixed

point. So,Λc does not contain an orbit and conditions ofLemma 6.1andTheo-
rem 5.1are satisfied. Thus,

PZN
2
(αc logλ) = q. �

6.2. The critical set contains an orbit

In this caseLemma 6.1is not valid andTheorem 5.1cannot be extended so
straightforwardly as above. The alternative is to compute the spectra for Poincaré
recurrences for a sequence of subsetsFn ⊂ F , modeled by subshiftsΩn ⊂ Ω

that do not contain any critical point. Then, under reasonable assumptions, we
will prove thatαc(q, Fn) → αc(q, F ) asn → ∞.

The approximating sets,Fn ⊂ F are defined as follows. For eachn ∈ N let

Gn :=
{
ω isΩ-admissible:|ω| = n, [ω] ∩Λc = ∅

}
.

LetΩn be a specified subshiftΩn ⊂ Ω, such that(ω0, ω1, . . . , ωn−1) ∈ Gn for
all ω ∈ Ωn. It is easy to verify thatΩn ⊂ Ωn+1 for all n ∈ N. We will also
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consider, for eachn ∈ N, the sets

G̃n+1 :=
{
(ω0, ω1, . . . , ωn) ∈ Gn+1: (ω0, ω1, . . . , ωn−1) /∈ Gn

}
.

For eachn ∈ N, the nth level approximationto (F, f ) is the sub-system
(Fn, f ), with Fn := χ(Ωn).

For eachn ∈ N let

λ(n) := max
{
λ(ω)n: ω ∈ Ωn

}
,

δn := max
{
k � n: τ([ω]) � n− k ∀ω ∈ G̃n

}
.

The quantityδn measures the delay in the Poincaré recurrence for cylinders of the
nth level approximation. The sequence{(Fn, f )}n∈N is a good approximationif
the following conditions hold.

(H1) The critical setFc has zero Hausdorff dimension.
(H2) For eachω /∈ Λc there existsn � N such that(ω0, ω1, . . . , ωn−1) isΩn-

admissible.
(H3) For eachq, η > 0,

∑

n

exp
(
qδn + η logλ(n)

)
< ∞.

Condition (H3) establishes a relation between the speed of convergence of
maxΩn λ(ω) and the Poincaré recurrence time of setΩn \Ωn−1.

THEOREM 6.1. Assume that setF either has the controlled-packing property or
it satisfies the gap condition(3.25)–(3.26). Let the system(F, f ) be topologically
conjugate to a subshift(Ω, σ ) with the specification property and positive topo-
logical entropy. Let{(Fn, f )}n∈N be a good approximation for(F, f ). Then, for
ξ(t) = e−t ,

αc(q, ξ, F ) = sup
n
αc(q, ξ, Fn)

in the parameter regionq � 0 andα � 0.

PROOF. SinceF ⊃ Fn for eachn ∈ N, we only have to prove that

αc(q, ξ, F ) � sup
n
αc(q, ξ, Fn)

for eachq � 0. Note thatq �→ αc(q, ξ, A) is a non-increasing function and,
because of (H1),αc(q, ξ, Fc) = 0 for all q > 0. Therefore,

αc(q, ξ, F ) = αc(q, ξ, F \ Fc)
for all q � 0.
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For eachm ∈ N let

Gm :=
{
B(ω): ω ∈ Gm ∪

⋃

n>m

G̃n

}
,

whereB(ω) is an open ball such thatB(ω) ∩ F = χ([ω]). Sinceχ : S → F is
a homeomorphism, hypothesis (M3) allows us to choose such open ball for each
Ω-admissible word. Hypothesis (H2) ensures thatGm is a cover forF \Fc, while
(H3) and (M2) imply

diam(Gm) � cmax

{
n−1∏

j=0

λ
(
σ jω

)
: ω ∈ Sn, n � m

}

� cmax
n�m

λ(n) → 0 asm → ∞.

Then, for eachm ∈ N we have

Mξ,Gm(α, q, F \ Fc) ≡
∑

B∈Gm
exp
(
−qτ(B)

)
diam(B)α

� c
∑

ω∈Gm
exp

(
−qτ

(
B(ω)

)
+ α

m−1∑

j=1

logλ
(
σ jω

)
)

+ c
∞∑

n=m+1

∑

ω∈G̃n

(
−qτ

(
B(ω)

)
+ α

n−1∑

j=1

logλ
(
σ jω

)
)
,

whereω is any point inside the respective cylinder[ω]. Now, using specification
and the definition of the delayδn, we obtain

Mξ,Gm(α, q, F \ Fc) � c(λmin)
−α

m+n0∑

k=1

Zm(−q + α logλ,Ωm)

+ c
∞∑

n=m+1

exp(qδn)Zn(−q + α logλ,Ωn),

whereλmin := min{λ(ω): ω ∈ Ω}, andZn is the “partition function” defined in
Section2.4.

It is a general result that

Zn(ψ,Ω
′) � p enPΩ ′ (φ),

for any Hölder continuous potentialψ :Ωp → R and each specified subshift
Ω ′ ⊂ Ωp. On the other hand, for eachη > 0 andα = η + supn αc(q, ξ, Fn), we
have

PΩn(−q + α logλ) � η log(max
Ωn

λ).
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With this, and hypothesis (H3) we obtain that

Mξ,Gm(α, q, F \ Fc) � c(λmin)
−α p

1 − maxΩm λη

+ cp
∞∑

n=1

exp
(
qδn + η logλ(n)

)
< ∞,

for everym ∈ N. This implies that, for eachη > 0 andα = η+supn αc(q, ξ, Fn),
Mξ (α, q, F \ Fc) < ∞, from which we deduce

αc(q, ξ, F \ Fc) � sup
n
αc(q, ξ, Fn).

In this way, the proof of the theorem is finished. �

EXAMPLE 6.2. A minor change inExample 6.1that makes the critical set to
contain an orbit makes impossible to applyLemma 6.1.

Consider the mappinĝf : I0 ∪ I1 → [0,1] such that

(F1) f̂ is strictly increasing and twice continuously differentiable in each branch
I0 andI1, and it is such that̂f (I0) = f̂ (I1) = [0,1].

(F2) f̂ ′(x) > 1 for all x ∈ I1 ∪ (I0 \ {0}), f̂ ′(0) = 1, andf ′′(x) � 0 for all
x ∈ I0 ∪ I1.

See the sketch inFigure 6.2. The repeller associated to this map is the set

F̂ =
{
x ∈ I0 ∪ I1: f̂ n(x) ∈ I0 ∪ I1 ∀ n ∈ N

}
.

Let ĝ0 ≡ (f̂ |I0)−1 andĝ1 = (f̂ |I1)−1. These are the inverses of the branches
of f̂ , which are contractions. We repeating all the arguments of the previous ex-

Figure 6.2.
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ample, we can defining the corresponding conjugacyχ̂ , and potential̂λ. In this
case, the critical set̂Λc := {00000. . .} is an orbit. To compute the spectrum of
dimensions for Poincaré recurrences forF̂ , we will use the approximation from
below.

For this specific example consider the following approximating sets

Sn :=
{
ω ∈ ZN

2 : (ωk, ωk+1, . . . , ωk+n) �= (0,0, . . . ,0) ∀ k ∈ N
}
,

defining specified subshifts(Snσ) approaching(S, σ ). Since the critical set̂Fc :=
χ̂(Λ̂c) contains only a point, its Hausdorff dimension is zero. Hence, hypothesis
(H1) is satisfied. On the other hand, it is clear that any sequenceω �= 00000. . .
is such that(ω0, ω1, . . . , ωn−1) is Sn-admissible for somen ∈ N, therefore (H2)
also holds. In this example, for eachn ∈ N, Gn = Zn2 \ {(0,0, . . . ,0)} and
G̃n+1 = {(0,0, . . . ,0,1)}. It is straightforward to verify thatδn = 0. Sincef̂ is a
convex function on each branch, then

λ(n) =
(
ĝ0

′ ◦ χ
((

0n−11
)∞))n

for everyn sufficiently large. Hence, the condition (H3) becomes

∞∑

n=1

n log
(
ĝ0

′ ◦ χ̂
((

0n−11
)∞))

< ∞.

Let a0 > 1/2 + δ be such thatf̂ (a0) = 0, and for eachn ∈ N let an = ĝn0(a0).
It is easy to see that̂χ−1(an) = 0n10∞. In this example, the conjugacŷχ maps
lexicographic order inZN

2 to the real-line order inF . Sincef̂ ′ is increasing in
each one of the branchesI0 andI1, then

∞∑

n=1

n log
(
ĝ0

′
(an)

)
< ∞.

It is enough to ensure condition (H3). For that we assume thatf̂ ′(an) � exp(n−β),
for eachn ∈ N and for someβ > 0.



Chapter 7

The Spectrum for a Sticky Set

Let us adopt the assumptions of Section3.5, i.e., a sticky setF , the phase space
of the dynamical system(F, f ), is a result of a strong Moran geometric construc-
tion, so that inequalities(3.4) and (3.5)are satisfied and(F, f ) is topologically
conjugate to a multipermutative system(T ,Ωp). Every minimal multipermutative
system is topologically conjugate to the adding machine(Ωp, T ). Theorem 2.1
tells us about universality of sticky sets in the case when the sticky riddle requires
the same number of symbols for every level.

7.1. The spectrum of dimensions for Poincaré recurrences

Sincehtop(T ) = 0, then the gauge functionξ(t) should be different from e−t . We
know that if a multipermutative system is minimal, the time needed to come back
to a cylinder of the lengthn is exactlypn. It allows us to guess that the right gauge
function isξ(t) = 1/t . So, we find the spectrumαc(q, ξ,Λ) for ξ(t) = 1/t .

THEOREM 7.1. Assume thatF is modeled by the full shift(Ωp, σ ) and satisfies
the gap condition. Let the system(F, f ) be topologically conjugate to a minimal
multipermutative system(Ωp, T ). Then, forξ(t) = 1/t and the parameter region
q � 0 andα � 0, the spectrumαc(q, ξ) is the solution of the equation

(7.1)PΩp (α logλ) = q logp.

The dimension for Poincaré recurrencesq0 is equal to1.

Thus, we see that again forq = 0,αc(0, ξ,Λ) = dimHF , the Hausdorff dimen-
sion of setF . Moreover, ifα = 0, the equation becomes:htop(v|F) = q logp,
wherev = ξ ◦ σ ◦ ξ−1, and, sincehtop(v|F) = logp, thenq0(ξ) = 1. This result
is completely consistent with the observation thatτ([ω0, . . . , ωn−1]) = pn.

PROOF. For an arbitrary minimal multipermutative system the proof is, in fact,
the same as for its conjugate system(Ωp, T ). For the sake of definiteness, we
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96 Chapter 7. The Spectrum for a Sticky Set

prove the theorem for the system(Ωp, T ). Therefore, we will proceed as in the
proof of Theorem 5.1under the assumption of a gap condition. The first step in
the proof is the technicalLemma 5.3that is adapted for multipermutative systems,
using the gauge functionξ(t) = 1/t , as follows. �

LEMMA 7.1. LetF ⊂ Rd have controlled packing of cylinders with exponenta.
LetG be a finite or countable cover ofF by open balls. Then there is a positive
constantC0 such that

(7.2)Mξ (α, q,G) � C0

∑

[ω]∈CMax(G)

exp
(
−q|ω| log(p)

)
|ω|−a

|ω|−1∏

j=0

λ
(
σ jω

)α

provided thatα � 0 andq � 0.

PROOF. The proof is similar to the one forLemma 5.3. The inequality(5.6) is
valid. Moreover, for all[ω] ∈ CMax(B) we haveτ(B) � τ([ω]). By minimality
τ([ω]) = p|ω|. Inequality(3.6) implies that

∣∣log
∣∣χ([ω])

∣∣ ∣∣ � | logd| + |ω| | logλmin|.

Therefore,

|B|αξ
(
τ(B)

)q
� C3

∑

[ω]∈CMax(B)

exp
(
−q|ω| log(p)

)∣∣χ([ω])
∣∣α|ω|−a,

whereC3 = C2/(| logλmin| + | logd|)a . Finally, sinceq � 0
∑

B∈G

∑

[ω]∈CMax(B)

exp
(
−q|ω| log(p)

)∣∣χ([ω])
∣∣α|ω|−a

� dα
∑

[ω]∈CMax(G)

exp
(
−q|ω| log(p)

)
|ω|−a

|ω|−1∏

j=0

λ
(
σ jω

)α

and the result follows withC = C3 d
α. �

Now we obtain estimates from above and from below. Let us remind that we
are in the caseξ(t) = 1/t .

LEMMA 7.2. For a fixedq � 0 the set functionMξ (α, q) = 0 for everyα such
thatPΩp (α log(λ)) < q logp.

PROOF. As in the proof ofLemma 5.1, for a givenε > 0 let C ∈ Bε be a cover
of F by balls with the property that for anyB ∈ C, B ∩ F = χ[ω] and|ω| =: nε
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(independent ofB). Trivially nε → ∞ asε → 0. Again

Mξ (α, q, ε) � c
∑

[ω]∈S
|ω|=nε

exp

(
−qnε logp + α

nε−1∑

j=0

logλ
(
σ jω

)
)

(7.3)� cZnε
(
−q log(p)+ α log(λ),Ωp

)
.

It follows thatMξ (α, q) = 0 providedPΩ2(α logλ) < q logp. �

LEMMA 7.3. For a fixedq � 0 the set functionMξ (α, q) = ∞ for everyα � 0
such thatPΩp (α log(λ)) > q logp.

PROOF. LetG be a cover ofF by open balls of radius less or equal toε, with
ε small enough to ensure that the inequality(3.27)holds. Thus, byLemma 7.1
(a = 1 in our case, because ofLemma 3.2)

Mξ (α, q,G) � C0

∑

[ω]∈CMax(G)

exp

(
−q|ω| logp + log |ω|

(7.4)+ α
|ω|−1∑

j=0

logλ
(
σ jω

)
)
.

Let nε = min{|ω|: [ω] ∈ CMax(G)}. Since

1

|ω| log |ω| �
1

nε
lognε

for all [ω] ∈ CMax(G) we get

M(α, q,G) � C
∑

[ω]∈CMax(G)

exp

(
−|ω|

(
q log(p)+ log(nε)/nε

)

+ α
|ω|−1∑

j=0

logλ
(
σ jω

)
)

(7.5)= CZ
(
q log(p)+ lognε/nε, φ,CMax(G)

)
,

whereZ is the “statistical sum” in the dimensional definition (Section2.4.1) of
the topological pressure for the potentialφ(ω) = α logλ(ω). From this point on,
the proof is the same as the one forLemma 5.2. �

We prove inChapter 8a generalization of the theorem to the case of a multi-
permutative minimal system.
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It is amazing how just the change of the gauge function allowed one to adjust
the proof for hyperbolic repeller to this non-chaotic case here. In fact, this change
means that we are calculating the return times in a special scale in which they
behave in a similar way to the ones for hyperbolic repellers. Such a similarity be-
tween a purely chaotic and a completely non-chaotic system could have a deeper
nature than we observed in this chapter. For the moment it is just a guess, so we
will not speculate about it (some results of such a type for a very specific case can
be found in[125]).



Chapter 8

Rhythmical Dynamics

We consider a dynamical system(X, T ), whereX is compact metric space with
a distanced andT is a continuous map. In a dynamical system with discrete
time a pointx in phase space changes its position at integer moments of time,
i = 1,2,3, . . . . But it can be easily imagined that the generating map acts at not
necessarily integer moments,t1, t2, . . . ti . . . , which depend on the position of the
point xi and maybe on integer timei. Simple examples of such a situation are
Poincaré maps for some flow, induced maps, etc. We provide below another non-
trivial example of such a case. In these examples we take into account not only
the position of the point in phase space, but also the temporal interval between
two successive occurrences of the generating map. In other words, we deal with
rhythmical dynamics. Such a dynamics is much more rich that the familiar one,
since a large amount of the information can be hidden in return times. It was sup-
posed[105] that neural networks take into account not only spatial but temporal
information as well. In[86] a symbolic dynamics for a stochastic layer has been
suggested, but intervals of time for different states were not justified. In fact,[86]
deals with rhythmical dynamics.

It is then natural to study Poincaré recurrences for rhythmical dynamical sys-
tems. The present chapter considers rhythmical dynamical systems modeled by
some symbolic systems. We study spectra of dimensions for Poincaré recurrences
and derive some general formulas for two models. One of them describes a sit-
uation for Poincaré maps, another one deals with multipermutative systems and
sticky sets. In the first case the temporal interval between two successive iterations
depends only on the position of the pointxi ; in the second one it depends only on
the integer timei. Thus, we study two extreme cases of rhythmical dynamics.

8.1. Set-up

Assume that there exist a continuous nonnegative functionφ :X × N → R that
is responsible for the rhythm, i.e., for any pointxi = T ix0, the temporal interval
betweenxi andxi+1 is φ(xi, i). Generally, the functionφ could depend on the
past of the pointxi as well, but we consider here the simplest situation.
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Assume that there exists a finite invariant partitionξ of X and denote byξn the
dynamical refinement ofξ , that is:ξn :=

∨n−1
j=0 T

−j ξ , whereξ0 := ξ . The atom
of the refined partitionξn that containsx is denoted byξn(x) and will be referred
to as then-cylinder aboutx. We assume the following hypothesis are satisfied:

(H1) atoms ofξn are pairwise disjoint;
(H2) the intersection

⋂
n�0 ξn(x) = x for everyx ∈ X;

(H3) the distanced can be represented as follows: there exists a continuous func-
tionu :X → (0,∞) such thatd(x, y) = e−u(ξn(x)) whenevery ∈ ξn(x) and
y /∈ ξn+1(x), where

u
(
ξn(x)

)
:= sup

k�n

sup
z∈ξn(x)

(
u(z)+ u(T z)+ · · · + u

(
T k−1z

))
,

n = 1,2, . . . .

The case of symbolic systems was described in Section2.1already. Quite sim-
ilarly, here we chooseu(x) = − logλ(x) which is a constant on every atom
of ξ0 and is bounded, i.e., there are positive constantsλ < λ < 1 such that
λ � λ(x) � λ, for everyx ∈ X. Then

(8.1)d(x, y) =
n−1∏

ℓ=0

λ
(
T ℓx

)
and diamξn(x) =

n−1∏

ℓ=0

λ
(
T ℓx

)
,

wheren = max{i: y ∈ ξi(x)}.
It is not difficult to see that every open ball is a cylinderξn(x) for somen and

x. Remind that a ball of radiusε centered aty is by definition

Bε(y) :=
{
z ∈ X: d(z, y) < ε

}
.

For details, see Section2.1.

8.2. Dimensions for Poincaré recurrences

8.2.1. The case of an autonomous rhythm functionφ

We consider here a special situation whereφ(xi, i) ≡ φ(xi). We will follow the
scheme of the work[3] and take into account that the first return time in the ball
Bε(x) is notk := min{t � 1: T t (x) ∈ Be(x)} but

∑k−1
j=0 φ(T

jx).
For an open ballB ⊂ X let the Poincaré recurrence be defined by

τ(B) = inf
{
τB(x): x ∈ B

}
,

where

τB(x) =
kB (x)−1∑

j=0

φ
(
T jx

)
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is the first continuous return time ofx ∈ B and

kB(x) := min
{
t � 1: T t (x) ∈ B

}
,

the first discrete return time ofx ∈ B. The discrete recurrence time ofB is defined
to bek(B) := inf{kB(x): x ∈ B}. We assume that the rhythm functionφ is Hölder
continuous onX, with exponentβ > 0, i.e., there isK > 0 such that

(8.2)
∣∣φ(x)− φ(y)

∣∣ � K d(x, y)β

for everyx, y ∈ X. We further assume thatφ is strictly positive and bounded on
X, i.e., there exist positive constantsϕ, ϕ > 0 such thatϕ � φ(x) � ϕ for every
x ∈ X.

For eachA ⊂ X, denote byBε(A) the class of all finite or countable cov-
ers ofA by balls of diameter less than or equal toε. GivenG ∈ Bε(A) and
α, q ∈ R, in the general Carathéodory construction, consider the statistical
sumMη(α, q, ε,G,A) with a real nonnegative functionη : R → R such that
η(t) → 0 as t → ∞. Below we will consider the functionsη(t) = e−t and
η(t) = 1/t .

Let us recall that for a fixedq the limit

mη(α, q,A) = lim
ε→0

Mη,ε(α, q, ε,A)

has an abrupt change from infinity to zero as one variesα from minus infinity to
infinity and that the unique critical value

(8.3)αc(q, η) := αc(q, η,A) = sup
{
α: mη(α, q,A) = ∞

}

is the spectrum of dimensions for Poincaré recurrences, specified by the function
η.

We consider a dynamical system(X, T ), whereX ⊂ Rd is a Cantor set whose
geometric construction is described symbolicallyà la Moran andT has the spec-
ification property and positive topological entropy (for which we useη(t) = e−t

in (4.3)). Details are given in Section8.3.1.

8.2.2. The case of non-autonomous rhythm functionφ

We assume that there exists a functionφ(xi, i) ≡ φi such that for anyn-cylinder
B, τ(B) =

∑n−1
i=0 φi . Such an exotic situation occurs when we deal with multiper-

mutative minimal systems (for which we useη(t) = 1/t in (4.3)). The spectrum
is defined in the same way as in Section4.2 of Chapter 4. Details are given in
Section8.3.2.
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8.3. The spectrum of dimensions

8.3.1. Autonomousφ

It follows from the conjectures (H1) and (H2) that the mapT is topologically
conjugate to a subshift(Ω, σ ) (see Section2.1). In our situation the number of
symbolsp coincides with the number of atoms inξ0. Let us label atoms ofξ0
by symbols{0,1, . . . , p − 1}: ξ0 = {ξ0

0 , ξ
1
0 , . . . , ξ

p−1
0 }. Then by definitionω =

ω0ω1 . . . ωn−1 . . . ∈ Ω iff there existsx ∈ X such thatT jx ∈ ξ
ωj
0 for every

j � 0. The conjugacy is the coding mapχ :Ω → X, χ(ω) =
⋂
j�0 T

−j ξ
ωj
0 .

The subshiftΩ is assumed to have the specification property. Therefore, there
exists an integern0 such that for alln-cylinder[ω] the “standard” first-return time
k([ω]) = infw′∈[ω]{k � 1: σ kw′ ∈ [ω]} satisfies thatk([ω]) � |ω| + n0.

THEOREM 8.1. Let the system(X, T ) be topologically conjugate to a subshift
(Ω, σ ) with the specification property and positive topological entropy. Then, for
η(t) = e−t and the parameter regionq � 0 andα � 0, the spectrumαc(q) is the
solution of the equation

(8.4)PΩ(−qφ + α logλ) = 0

wherePΩ(−qφ + α logλ) is the topological pressure of the function−qφ +
α logλ on the setΩ with respect toσ . The dimensionq0 for Poincaré recurrences
coincides with the root of Bowen equationPΩ(qφ) = 0.

Let us remark that the standard dynamics is recovered forφ ≡ 1. In this
case, because of(2.11), αc(q) is the root of nonhomogeneous Bowen equation
PS(α logλ) = q. This formula was obtained inTheorem 5.1.

PROOF. First we prove thatMη(α, q,X) = ∞, wheneverα < αc(q). For an
arbitrary cover ofX, C ∈ Bε(X), we write

(8.5)Mη,G(α, q,X) =
∑

B∈G
e
−qτB (x∗(B))+α

∑nB−1
j=0 logλ(T j x)

,

wherex∗(B) ∈ B is such thatτ(B) = τB(x∗(B)). For eachB ∈ C, let xB ∈ B be
periodic with minimal periodkB . It is clear thatτB(xB) � τB(x∗(B)). Then,

(8.6)Mη,G(α, q,X) �
∑

B∈G
e
−q
∑kB−1
j=0 φ(T j xB )+α

∑nB−1
j=0 logλ(T j xB ).

Due to the specification property ofT , we have thatkB � nB + n0, for every
B ∈ C. Thus,

(8.7)Mη,G(α, q,X) � e−qn0ϕ
∑

B∈G
e
∑nB−1
j=0

(−qφ(T j xB )+α logλ(T j xB )
)
.
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Let α < αc(q). Then, for any choice ofC ∈ Bε(X) the right hand side of(8.7)
diverges asε → 0.

The proof of theorem is completed by proving thatMη(α, q,X) < ∞, when-
everα > αc(q). Consider a finite coverC = Cn ∈ Bε such that eachB ∈ Cn has
symbolic lengthn. As ε → 0, n → ∞. For this particular cover we have that

(8.8)Mη,ε(α, q,X) �
∑

B∈G
e
−qτ(B)+α

∑n−1
j=0 logλ(T j x)

.

Denote byPk ⊂ C the subcollection of balls inC having first discrete return time
k. Then, by the specification property ofT we have that

Mη,ε(α, q,X)

�

n+n0∑

k=1

∑

B∈Pk
e
−qτ(B)+α

∑k−n0−1
j�0 logλ(T j x)

� λ−n0α

n+n0∑

k=1

∑

B∈Pk
e
−qτ(B)+α

∑k−1
j=0 logλ(T j x)

.

For cylinderB ∈ Pk, let the integerk∗B and the pointx∗B ∈ B be such that
τ(B) =

∑k∗B−1
j=0 φ(T jx∗B). Then, sincek∗B � k,

Mη,ε(α, q,X)

� λ−n0α

n+n0∑

k=1

∑

B∈Pk
e
−q
∑k−1
j=0 φ(T

j x∗B )+α
∑k−1
j=0 logλ(T j x)

(8.9)� λ−n0α

∞∑

k=1

∑

B∈Ck
e
∑k−1
j=0

(−qφ(T j x∗B)+α logλ(T j x∗B )
)
,

whereCk is a cover ofX by all nonempty cylinders of lengthk. Forα > αc(q)

the upper bound in(8.9)remains finite in the limitε → 0. Indeed, in this limit the
first sum in(8.9)behaves as exp(kPS(−qφ + α logλ)) with topological pressure
PS(−qφ + α logλ) < 0 such that the second sum ink converges. �

8.3.2. Non-autonomousφ

Letp∗ := (p0, p1, . . . , pi, . . .) be a sequence of integers,pi � 2, i = 0,1,2, . . . .
Let

F :
∏

i�0

Zpi →
∏

i�0

Zpi
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be a multipermutative map for which the sequence of integerspi is “regular”
enough so that the following limit exists,

(8.10)〈logp〉 := lim
n→∞

1

n

n∑

i=0

logpi .

An example of a multipermutative system is thep-adic adding machine, de-
scribed in Section2.3. In that case the symbolic system is minimal.

THEOREM 8.2. Let the system(X, T ) be topologically conjugate to a minimal
multipermutative system(Ωp∗ , F ). Then, forξ(t) = 1/t and the parameter region
q � 0 andα � 0, the spectrumαc(q, ξ) is the solution of the equation

(8.11)PΩp (α logλ) = q〈logp〉,
wherePΩp∗ (α logλ) is the topological pressure of the functionα logλ on the set
Ωp∗ with respect toσ . In this case the dimension for Poincaré recurrences,q0,
specified byξ(t) = 1/t , is equal tohtop/〈logp〉, wherehtop is the topological
entropy ofσ on the(generally non-invariant) setΩp∗ (see Section4.1 for the
definition).

The formula(8.11)was proved inTheorem 7.1for the casepi = constant= p.

COROLLARY 8.1. q0 = 1.

PROOF OFTHEOREM 8.2. We consider covers ofΩp∗ , Cε, by cylinders of diam-
eterε > 0 sufficiently small such that for everyδ > 0

(8.12)

∣∣∣∣∣
1

n

n−1∑

i=1

logpi − 〈logp〉
∣∣∣∣∣ < δ,

for anyn � nε. Notice thatε → 0 asδ → 0.
First we prove thatMη(α, q,Ωp∗) < ∞ wheneverq〈logp〉 > PΩp∗ (α logλ).

For anyδ > 0 and the class of covers considered we have that

Mη,ε(α, q,Ωp∗) �
∑

B∈Cε
e
−q
∑|B|−1
j=0 logpj+α

∑|B|−1
j=0 log(λσ jω)

(8.13)�
∑

B∈Cε
e
−q|B|(〈logp〉−δ)+α

∑|B|−1
j=0 log(λσ jω)

where we are using the gauge functionη(t) = 1/t . The inequality(8.13)follows
from (8.12)since|B| � nε for everyB ∈ Cε. The sum in(8.13)has the form of
the statistical sum in the dimension-like definition of topological pressure(2.17).
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Then,Mη,ε(α, q,Ωp∗) < ∞ whenever

q
(
〈logp〉 − δ

)
� PΩp∗ (α logλ).

Sinceδ is arbitrary we let it vanish to get the announced result.
Finally we prove thatMη(α, q,Ωp∗) = ∞ wheneverq〈logp〉 � PΩp∗ (α logλ).

For anyδ > 0, letCε be a cover ofΩp∗ such that(8.12)is satisfied withn = |B|
for everyB ∈ Cε. For any such cover we have that

(8.14)Mη,ε(α, q,Ωp∗) �
∑

B∈Cε
e
−q|B|(〈logp〉+δ)+α

∑|B|−1
j=0 log(λσ jω)

.

As δ → 0 the sum in(8.14)diverges for everyCε (recall thatε → 0 asδ → 0)
wheneverq(〈logp〉 + δ) � PΩp∗ (α logλ), i.e.,Mη(α, q,Ωp∗) = ∞ whenever
q〈logp〉 � PΩp∗ (α logλ). �

PROOF OFCOROLLARY 8.1. The topological entropyhtop is the threshold value
β0 in the statistic sum

∑
B∈Cε e

−β|B|, whereCε is a cover ofΩp∗ by cylinders of
length greater thannε, nε → ∞ asε → 0 (see Section4.1). Direct calculations
show that if|B| = constant= n, then

∑
B∈Cε e

−β|B| → 0, provided thatβ >
〈logp〉. It means thatβ0 � 〈logp〉. Assume thatβ < 〈logp〉. Then

∑

B∈Cε
e−β|B| �

∑

B∈Cε
e−βne �

ne−1∏

i=0

pie
−βne → ∞

asε → 0. Thus,β0 � 〈logp〉. �
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PART III

ONE-DIMENSIONAL SYSTEMS
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Chapter 9

Markov Maps of the Interval

The formula inTheorem 5.1for zero-dimensional systems holds for Markov maps
of the interval,T : I → I (see[52]). They were defined in Section3.1.2. An im-
portant feature of Markov maps is that they have a finite Markov partition{Ik}p−1

k=0
by means of which a mapχ :ΩA → I is constructed such thatT ◦ χ = χ ◦ σ .
The subshiftΩA is determined by a transition matrixA : {0, . . . , p−1}×{0, . . . ,
p − 1} → {0,1} with entriesAi,j = 1 wheneverT (Ii) ⊃ Ij andAi,j = 0
otherwise. To better follow this chapter, the reader will find convenient to review
Section2.2and Section3.1.2. The graph of a Markov map, withp = 3, is shown
in Figure 9.1to highlight main facts. Remark that there are no gaps between the
basic intervalsI0–I1 andI1–I2. We will see that the disconnectedness condition
in Theorem 5.1can be relaxed in the case of uniformly hyperbolic systems.

The main result in this chapter isTheorem 9.1, the proof of which has its own
interest. Indeed, it shows that the construction of mixing subshifts{(Ωn, σ )}n�N ,
for someN , of a given Markov chain(ΩA, σ ) discussed in Section2.2 provides
us with a method for approximating a Markov map(T , I ) by a sequence of maps
restricted on invariant Cantor setsΛn, T |Λn, that are conjugated to mixing sub-
shifts of finite type,(Ωn, σ ). The mapχ |Ωn provides the conjugacy.

Figure 9.1.
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The interest of the method is that it could be used for other situations. It can,
for instance, be used to compute the pressure of some non-uniformly hyperbolic
Markov maps of the interval, although in this case the conditions ofTheorem 9.1
are not sufficient. However, if further conditions on the diameter of cylinders are
provided the method of approximations applies.

The main steps in the proof ofTheorem 9.1are to applyTheorem 5.1to the
zero-dimensional approximations and then prove the convergence of the pressure
of the sequence of approximations to the pressure of the full Markov map (Propo-
sition 2.5). We should point out that convergence to the full pressure does not
follow from the well-known continuity of the pressure with respect to the poten-
tial function[108].

9.1. The spectrum of dimensions

THEOREM 9.1. LetT be a Markov map on an intervalI such that the associated
topological Markov chain(ΩA, σ ) is mixing. Then, in the domainα, q ∈ R+,
the spectrum of dimension for Poincaré recurrencesαc(q, I ) is the solution of the
equationPΩA(α logλ) = q.

Hence, the Poincaré spectrum for mixing Markov maps is again the solution of
a nonhomogeneous Bowen equation. In the case of piecewise affine maps whose
topological Markov chain is the full shift onp symbols, it is a simple exercise to
show that the pressure is given by

PΩA(α logλ) = log
p−1∑

i=0

λαi ,

where the numberλ−1
i is the inverse of the modulus ofT ′|Int(Ii) and Ii are

intervals of continuity. For these maps, the spectrum then satisfies the nonho-
mogeneous Bowen equation

log
p−1∑

i=0

λ
αc(q)
i = q.

PROOF OFTHEOREM 9.1. We compute the spectrum of(I, T ) by taking cover-
ings by images of cylinders of(ΩA, σ ) (which we also call cylinders) rather than
balls. We denote the outer measureM(α, q, Y,B) and the spectrumαc(q, Y,B)
when using covers by balls, and denote them byM(α, q, Y, C) and byαc(q, Y, C)
when using covers by cylinders. In the case of a map on a Cantor setΛ ⊂ R con-
jugated to a specified subshift, it was proved in[2] that

αc(q,Λ) := αc(q,Λ,B) = αc(q,Λ, C).
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The corresponding statement in our framework is the following.

PROPOSITION9.1. If the topological Markov chain associated to a Markov map
is mixing, then in the domainα, q ∈ R+, we have

αc

(
q,

∞⋃

n=N
Λn, C

)
= sup
n�N

αc(q,Λn, C) = αc(q, I,B) =: αc(q, I )

where the invariant subsetsΛn are the Cantor sets constructed in Section2.2.

The monotonicity of the pressure implies that, for eachn � N , we have

PΩn
(
αc(q, I ) logλ

)
� q,

and then byProposition 2.5we havePΩA(αc(q, I ) logλ) � q. On the other hand,
if α < αc(q, I ), then there existsnα such thatPΩn(α logλ) � q, n � nα, and
thusPΩA(α logλ) � q. Finally, the continuity ofPΩA(α logλ) with α implies
thatPΩA(αc(q, I ) logλ) � q, and the theorem follows. �

REMARK 9.1. If we consider a measure with support the full interval, we observe
that the set

⋃∞
n=N Λn does not contain any typical point. However,Proposition 9.1

states that this set has full dimensionαc(q, I ) for everyq � 0. In particular, this
set has full Hausdorff dimension,αc(q = 0, I ), and full topological entropy,
αc(htop, I ) = 0.

PROOF OFPROPOSITION9.1. We divide the proof in two parts. First we prove

(9.1)αc

(
q,

∞⋃

n=N
Λn, C

)
= sup
n�N

αc(q,Λn, C).

For anyn � N , we haveΛn ⊂
⋃∞
n=NΛn. SinceM(α, q, ·, C) is an outer

measure, the condition

α > αc

(
q,

∞⋃

n=N
Λn, C

)

implies thatα � αc(q,Λn, C) and then

αc(q,Λn, C) � αc

(
q,

∞⋃

n=N
Λn, C

)
.

Consequently

sup
n�N

αc(q,Λn, C) � αc

(
q,

∞⋃

n=N
Λn, C

)
.
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To prove the converse inequality, letε > 0 and letkε ∈ Z+ be such that
for anyk > kε and for any cylinder[ω0 . . . ωk], we have diam(χ[ω0 . . . ωk]) �

ε. Consider the finite covering ofΛn by cylinders of lengthkε + 1. From this
covering, we construct another covering, denoted byCn,ε, using the following
procedure.

If the Poincaré recurrenceτ([ω0 . . . ωkε ]) of a given cylinder[ω0 . . . ωkε ], is not
greater thankε, then its imageχ([ω0 . . . ωkε ]) belongs toCn,ε. Otherwise, con-
sider all the cylinders[ω0 . . . ωkε+1] contained in[ω0 . . . ωkε ]. For each cylinder,
if τ([ω0 . . . ωkε+1]) � kε + 1, thenχ([ω0 . . . ωkε+1]) ∈ Cn,ε. Otherwise repeat
the process.

Because of mixing, there exists an integerm such that for every cylinder
[ω0 . . . ωk] ⊂ Ωn we haveτ([ω0 . . . ωk]) � k + m. Therefore, the process
ends after a finite number of iterations, i.e.,Cn,ε is a finite covering. The set
Cε =

⋃∞
n=N Cn,ε is a countable covering of

⋃∞
n=N Λn by cylinders. We compute

the value ofM(α, q,
⋃
Λn, C) for this covering.

Since all the terms in the sum ofM(α, q,
⋃
Λn, C) are non-negative, the se-

ries can be computed first by summing over the Poincaré recurrences and then
by summing over the cylinders with given Poincaré recurrence. Any cylinder
χ[ω0 . . . ωℓ] ∈ Cε belongs toχ[ω0 . . . ωτ([ω0...ωℓ])]. Therefore we have that

M

(
α, q,

∞⋃

n=1

Λn, Cε

)

=
∞∑

t=1

∑

χ([ω0...ωℓ])∈Cε : τ([ω0...ωℓ])=t
e−qt

(
diamχ

(
[ω0 . . . ωℓ]

))α

�

∞∑

t=1

∑

χ([ω0...ωℓ])∈Cε : τ([ω0...ωℓ])=t
e−qt

(
diamχ

(
[ω0 . . . ωt ]

))α
.

LetCt be the set of cylindersχ[ω0 . . . ωt ] ∈ Λt such thatω0 = ωt . If a cylinder
of Cε with Poincaré recurrencet � N belongs toΛt , then it belongs toCt .
Moreover,Proposition 2.1tells us that the number of periodic orbits of periodn
not belonging toΛn is bounded by a constantm, for everyn � N . Therefore, the
number of cylinders ofCε with return timet � N not belonging toΛt is bounded
bym. Accordingly, we decompose the last sum into three sums

∞∑

t=1

∑

χ([ω0...ωℓ])∈Cε : τ([ω0...ωℓ])=t
e−qt

(
diamχ

(
[ω0 . . . ωt ]

))α = Σ1 +Σ2 +Σ3.

The first sum

Σ1 =
N−1∑

t=1

∑

χ([ω0...ωℓ])∈Cε : τ([ω0...ωℓ])=t
e−qt

(
diamχ

(
[ω0 . . . ωt ]

))α
,
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can be bounded from above by a number depending only onN because

#
{
χ
(
[ω0 . . . ωℓ]

)
∈ Cε: τ

(
[ω0 . . . ωℓ]

)
< N

}

� #
{
[ω0 . . . ωt ] ∈ ΩA: t � N

}
.

Using the upper bound in condition(3.11), the second sum can be bounded as
follows

Σ2 =
∞∑

t=N

∑

χ([ω0...ωℓ])∈Cε\Ct : τ([ω0...ωℓ])=t
e−qt

(
diamχ

(
[ω0 . . . ωt ]

))α

�

∞∑

t=N
me−qt (diamI )αλtαmax,

whereλmax = maxω∈ΩA λ(ω) < 1. Consequently,Σ2 is bounded by a number
independent ofε if max{α, q} > 0. The third sum is

Σ3 =
∞∑

t=N

∑

χ([ω0...ωℓ])∈Cε : χ([ω0...ωt ])∈Ct
e−qt

(
diamχ

(
[ω0 . . . ωt ]

))α

� eq
∞∑

t=N

∑

χ([ω0...ωt ])∈Ct
e−q(t+1)(diamχ

(
[ω0 . . . ωt ]

))α
.

Using again the upper bound of(3.11), the conditionsq � 0 and 0< λ < 1, one
can write

∑

χ([ω0...ωt ])∈Ct
e−q(t+1)(diamχ

(
[ω0 . . . ωt ]

))α

� ρα
p−1∑

i=0

∑

ω∈[i]: σ tω=ω

t∏

j=0

e−q
(
λ
(
σ jω

))α

� ρα
p−1∑

i=0

(
Lt−q+α logλ,t1[i]

)(
ωi
)
,

for anyp-tuple{ωi}p−1
i=0 with ωi ∈ [i]. Here

(Lϕ,tf )(ω) =
∑

ω′∈σ−1(ω)

exp
(
ϕ(ω′)

)
f (ω′)

is the Ruelle–Perron–Frobenius operator on the continuous functionsf :Ωt → R

and 1[i] is the characteristic function of the set[i].
Because(Ωt , σ ) is mixing and the potential−q+α logλ is Hölder continuous,

the Perron–Frobenius Theorem ensures the existence of an eigenfunctionht > 0
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such that

L−q+α logλ,t ht = exp
(
PΩt (−q + α logλ)

)
ht

wherePΩt (−q + α logλ) is the topological pressure associated to the potential
−q + α logλ [108].

For eachi ∈ {0, . . . , p−1} we normalizeht such that min{ht (ω): ω ∈ [i]} = 1
and we denote the normalized eigenfunction byhit . We havehit � 1[i] and, since
the Ruelle operator is positive, it results thatLkϕ,t1[i] � exp(kPΩt (ϕ))h

i
t for all

k � 1. Hence, choosing for eachi, ωi ∈ [i] such thathit (ω
i) = 1, we obtain

(9.2)
p−1∑

i=0

(
Ltϕ,t1[i]

)(
ωi
)

� p exp
(
tPΩt (ϕ)

)
,

and then

Σ3 � pραeq
∞∑

t=N
etPΩt (−q+α logλ).

Now assume thatα = supt�N αc(q,Λt , C)+ δ for someδ > 0. Then, for each
t � N , we have−q + α logλ � −q + αc(q,Λt , C) logλ+ δ logλmax. It follows
from the definition of the pressure that

PΩt (−q + α logλ) � PΩt
(
−q + αc(q,Λt , C) logλ

)
+ δ logλmax.

SinceΛt andΩt are topologically conjugated and relation(3.11) holds, then
each setΛt satisfies the assumptions ofTheorem 5.1. It results thatPΩt (−q +
α logλ) � δ logλmax, and consequently

Σ3 � pραeq
∞∑

t=N

(
λδmax

)t
,

i.e.,Σ3 is bounded by a number independent ofε. Sinceα > 0, the sumΣ2 is
also bounded by a number independent ofε. Sinceε is arbitrary, we conclude that
the conditionα > supn�N αc(q,Λn, C) implies that

α � αc

(
q,

∞⋃

n=N
Λn, C

)

which proves the equality(9.1).
Let us now prove the equality

(9.3)sup
n�N

αc(q,Λn, C) = αc(q, I,B).
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SinceΛn ⊂ I , we haveαc(q,Λn,B) � αc(q, I,B). FromTheorem 5.1and
Proposition 9.1, it follows that

αc

(
q,

∞⋃

n=N
Λn, C

)
= sup
n�N

αc(q,Λn, C) � αc(q, I,B),

and one inequality is proved.
To prove the converse inequality we consider the set

Λe = I \
∞⋃

n=N

⋃

[ω0...ωn]⊂ΩA
∂Iω0...ωn ,

where intervalsIω0...ωn are thenth dynamical refinement of the basic intervalsIω0

(see Section3.1.2). SinceI andΛe only differ by a countable set of points, we
haveαc(q, I ) = αc(q,Λe).

Let ε > 0 and letkε � N be such that the diameter of theχ-image of any
cylinder of lengthkε + 1 is at mostε. Consider the collection

Bε =
{
Int(Iω0...ωkε

): [ω0 . . . ωkε ] ⊂ ΩA
}
.

The setBε is a cover ofΛe. ComputingM for this cover, we obtain using the
relation(3.11)

M(α, q,Λe, Bε) � ρα
∑

[ω0...ωkε ]⊂ΩA
e−qτ([ω0...ωkε ])

k∏

i=0

(
λ
(
σ iω

))α

� ρα
kε+k0∑

t=1

∑

[ω0...ωkε ]⊂ΩA
exp

(
t∑

i=0

ϕ
(
σ iω

)
)

(9.4)� ρα
∞∑

t=1

CetPΩA (ϕ),

whereϕ = −q + α logλ andk0 is the mixing time of(ΩA, σ ), i.e., k0 is the
smallest integer number such that the matrixAk0 is positive.

Moreover, as follows from the proof ofProposition 9.1, the condition

α � αc

(
q,

∞⋃

n=N
Λn, C

)
+ δ

for someδ > 0 implies thatPΩn(ϕ) � δ logλmax for all n � N . UsingProposi-
tion 2.5, the previous condition then impliesPΩA(ϕ) � δ logλmax and then

M(α, q,Λe, Bε) < M,

andM does not depend onε. Since the result holds for anyε > 0, equality(9.3)
follows. �
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REMARK 9.2. In the proof we used essentially the theory of ordered topologi-
cal Markov chains, described in Section2.2, and the assumption that the map is
Markov. Nevertheless, we believe that for any piece-wise expanding map of the
interval the Bowen equation is still valid. At least we know that the technique
used above can be extended to the maps semi-conjugated with sophic symbolic
systems satisfying the specification condition.



Chapter 10

Suspended Flows

10.1. Suspended flows over specified subshifts

This chapter is devoted to a special flow over a specified mixing subshift. It inher-
its, of course, all chaotic properties of the subshift but the behavior of Poincaré
recurrences can be very different (see, for instance,[6]). To expose the fact that it
still satisfies the Bowen-type equation we exploit essentially the Bowen–Walters’
distance and, as the reader will see, it is a nontrivial task.

Let (X, σ ) be a subshift of(ΩN , σ ). For the sake of simplicity of notations, in
this section we denote byX a subshift and byx, y, z, . . . points inX. Denoteζ the
partition ofX into 1-cylinders, andζ n =

∨n−1
j=0 σ

−j ζ the dynamical refinements

of this partition. Finally, let us denoteζ 0 the trivial partition{X,∅}.
We assume that(X, σ ) is weakly specified, i.e., there exists an integer number

n0 > 0 such that for any two cylindersc ∈ ζ n andc′ ∈ ζm, and for each integer
numberℓ � n+m+ 2n0, there exists a periodic point of periodℓ such thatx ∈ c
andσ n+n0x ∈ c′.

For eachx ∈ X let ζ n(x) be the atom ofζ n containingx. We now remind the
definition of the metric onX generating the product topology, introduced in Sec-
tion 2.1.1. Let u :X → (0,∞) be a continuous function, and define the distance
dX(x, y) = exp(−u(ζ n(x))), wheren = max{k ∈ N: ζ k(x) = ζ k(y)} and

u
(
ζ n(x)

)
= max
z∈ζ n(x)

n−1∑

j=0

u
(
σ jz
)
.

In the sequel we will assume thatu is Hölder continuous.
We have already proved inChapter 2thatdX is an ultrametric. We have seen

that open balls coincides with cylinder sets, i.e., for eachx ∈ X andε > 0 there
exists a uniquenx,ε ∈ Z+ such thatB(x, ε) = ζ nx,ε (x). And vice versa, for each
x ∈ X andn ∈ N there existsεx,n > 0 such thatζ n(x) = B(x, εx,n), thought this
εx,n is not unique.

117
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10.1.1. Poincaré recurrences

Let us remind that

τσ (U) = min
{
k ∈ N: σ k(U) ∩ U �= ∅

}

is the Poincaré recurrence of the setU ⊂ X. Note thatτσ (U) = τσ (σ
−1U) for

eachU ⊂ X, and thatτσ (A) � τσ (B) wheneverA ⊂ B.

10.1.2. Suspended flow

Let φ :X → (0,∞) be a Hölder continuous function. Consider the interval
[0,∞) with the usual topology, and endowX × [0,∞) with the product topol-
ogy. Define now the equivalence relation∼φ in X × [0,∞) as follows. For
(x, t) ∈ X × [0,∞), let

n(x, t) := max

{
n ∈ N:

n∑

k=0

φ
(
σ kx

)
� t

}
,

ands(x, t) := t −
∑n(x,t)
k=0 φ(σ kx). Then let

(x, t) ∼φ
(
σ n(x,t)x, t − s(x, t)

)
,

and extend this relation by symmetry and transitivity. The suspended space is the
quotientXφ := X × [0,∞)/∼φ . To simplify notation, let us identify each class
in Xφ with its representative in{(x, t): x ∈ X, 0 � t < φ(x)}.

In the suspended spaceXφ we define the suspended flow

Φ :Xφ × R+ → Xφ

such that

Φ
(
(x, t), t ′

)
=
(
σ n(x,t+t

′), t + t ′ − s(x, t + t ′)
)

with n(·, ·) ands(·, ·) as before.

10.2. Bowen–Walters’ distance

Forφ = 1 there exists a natural metric compatible with the quotient topology on
X1, which was first introduced in[31]. This definition can be readily adapted for
the general case.

Denote(x, tφ(x)) by xt , and consider thet-horizontal sections

Xt :=
{(
x, tφ(x)

)
∈ Xφ : x ∈ X

}
, t ∈ [0,1).
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Supply thet-horizontal section with the distance

ρt (xt , yt ) = (1 − t)dX(x, y)+ tdX(σx, σy).

A pathp betweenxt andyt ′ is a finite sequence

p =
{
xt = x

(0)
t0
, x
(1)
t1
, . . . , x

(n−1)
tn−1

, x
(n)
tn

= yt ′
}
,

such that for each 0� i < n, eitherx(i+1) ∈ {x(i), σx(i)}, or ti = ti+1. The length
of the pathp is given by|p| ≡

∑n−1
i=0 |{x(i)ti , x

(i+1)
ti+1

}|, with

∣∣{x(i)ti , x
(i+1)
ti+1

}∣∣ =
{

1 − ti + ti+1 if σx(i) = x(i+1),

ρti (x
(i)
ti
, x
(i+1)
ti

)+ |ti+1 − ti | otherwise.

Finally, the distance in the suspended space is given by

dXφ (xt , yt ′) = inf
{
|p|: p ∈ [xt → yt ′]

}
,

where[xt → yt ′ ] denotes the set of all paths fromxt to yt ′ .

10.3. Spectrum of dimensions

In the computation of the Poincaré spectrum forΦ, we will use covers ofXφ by
suspended open sets we call rectangles.

Given ε > 0 andxt ∈ Xφ , define thet-horizontal open ball of radiusε,
S(xt , ε) = {yt ∈ Xt : ρt (xt , yt ) < ε}. Let us remind thatyt := (y, tφ(y)).
The rectangle with baseS(xt , ε) and of heightδ > 0 is the set

R(xt , ε, δ) =
⋃

yt∈S(xt ,ε)

⋃

0<s<δ

Φ
(
ys, φ(y)s

)
.

These sets are of course open inXφ .

10.3.1. The Poincaré recurrence

The Poincaré recurrenceτΦ(B), for a setB ⊂ Xφ , is the minimal time that an
orbit starting inB spends inXφ \ B before it reentersB. In the particular case of
a rectangleR(xt , ε, δ), the Poincaré recurrence can be computed as follows. For
eachyt ∈ S(xt , ε) let

τΦ
(
yt , R(xt , ε, δ)

)
= inf

{
s � φ(y)δ: Φ(yt , s) ∈ R(xt , ε, δ)

}
,

then

τΦ
(
R(xt , ε, δ)

)
= inf

{
τΦ
(
yt , R(xt , ε, δ)

)
: yt ∈ R(xt , ε, δ)

}
.
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10.3.2. The spectrum

Let R be a finite cover ofXφ by rectanglesRi ≡ R(x
(i)
ti
, εi, δi), α, q ∈ R, and

Z ⊂ Xφ . Define

M(Z, α, q,R) =
∑

Ri∈R
exp
(
−qτΦ(Ri)

)
(diamRi)

α.

Monotonicity implies that the limit

M(Z, α, q) ≡ lim
ε→0

(
inf

diam(R)�ε
M(Z, α, q,R)

)

exists. Here, by diam(R) we mean the maximum of the diameters of rectangles
in R, and the infimum is taken over all finite covers ofXφ by rectangles satisfying
the condition diam(R) � ε. Note that for each fixedq ∈ R, M(α, q) = ∞ for
α small enough. We can now define the spectrum for Poincaré recurrences for
Z ⊂ Xφ as

α(Z, q) ≡ sup
{
α ∈ R: M(α, q) = ∞

}
.

10.3.3. Main results

THEOREM 10.1. For α � 1 andq � 0, the spectrum for Poincaré recurrences
α∗ ≡ α(Xφ, q) satisfies the equation

PX
(
(1 − α∗)u− qφ|σ

)
= 0.

The validity of the equation follows from two inequalities.

CLAIM 10.1. If α and q ∈ R are such thatPX((1 − α)u − qφ|σ) < 0, then
α � α∗ ≡ α(Xφ, q).

CLAIM 10.2. If α � 1 andq � 0 are such thatPX((1 − α)u− qφ|σ) > 0, then
α � α∗ ≡ α(Xφ, q).

The first inequality can be proven by exhibiting a sequences{Rn}∞n=1 of covers
by rectangles such that limn→∞ M(Xφ, α, q,Rn) < ∞, for all α satisfying the
inequalityPX((1−α)u−qφ|σ) < 0. The second statement requires a variational
reasoning. In both cases we will need the following results.

LEMMA 10.1. Let xt , yt ′ ∈ Xφ , with ζ 1(x) = ζ 1(y), be such thatρs(xs, ys) +
2|t − t ′| � 1, wheres = min(t, t ′). ThendXφ (xt , yt ′) = ρs(xs, ys)+ |t ′ − t |.
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PROOF. We will say that the path

p =
{
z
(0)
t0
, z
(1)
t1
, . . . , z

(m−1)
tm−1

, z
(m)
tm

}
∈ [xt → yt ′ ]

is traversing at the pointz(k)tk if z(k+1) = σz(k). On the contrary, the pathp is
non-traversing ifz(i) = z(i+1) wheneverti �= ti+1.

Traversing paths. Note that for a non-traversing pathq ∈ [z(0)t0 → z
(m)
tm

] we have
that

|q| �

m∑

i=1

(
ρsi
(
z(i)si , z

(i−1)
si

)
+ |ti−1 − ti |

)
�

m∑

i=1

|ti − ti−1| � |tm − t0|.

Now suppose that

p =
{
z
(0)
t0
, z
(1)
t1
, . . . , z

(m−1)
tm−1

, z
(m)
tm

}
∈
[
z
(0)
t0

:= xt → z
(m)
tm

:= yt ′
]

traverses only atz(k)tk , so that bothp0 := {z(0)t0 , . . . , z
(k)
tk

} andp1 := {z(k+1)
tk+1

, . . . ,

z
(m)
tm

} are non-traversing. In this case

|p| = |p0| + |p1| + 1 − tk + tk+1 � |t0 − tk| + |tk+1 − tm| + 1 − tk + tk+1.

Taking into account thattk+1 − tk � |tk − t0| + |t0 − tm| + |tk+1 − tm| and the
hypothesisρs(xs, ys)+ 2|t − t ′| � 1, we readily obtain

|p| � 1 − |t0 − tm| � ρs(xs, ys)+ |t − t ′|.

If p ∈ [z(0)t0 := xt → z
(m)
tm

:= yt ′] traverses atℓ different points, then we can
write

p =
{
z
(0)
t0

:= z
(k0)
tk0
, . . . , z

(k1)
tk1
, . . . , z

(k2)
tk2
, . . . , z

(kℓ)
tkℓ

:= z
(m)
tm

}
,

where for eachj = 0,1, . . . , ℓ − 1 we have that the sectionpj := {z(kj )tkj
, . . . ,

z
(kj+1)

tkj+1
} traverses only at one point, andtkj = t0. For this it is enough to add, if

necessary, intermediate points to the original path. Hence, according to the in-
equality we just obtained,

|p| =
ℓ−1∑

j=1

|pj | � ℓ−
ℓ−1∑

j=1

|tkj+1 − tkj | = ℓ− |tm − t0|,

from which we derive|p| � ρs(xs, ys)+ |t − t ′|.
Therefore, for each traversing pathp ∈ [xt → yt ′ ] we have|p| � ρs(xs, ys)+

|t − t ′| as far as the hypothesisρs(xs, ys)+ 2|t − t ′| � 1 holds.
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Non-traversing paths. First consider

p =
{
z
(0)
t0
, z
(1)
t1
, . . . , z

(m−1)
tm−1

, z
(m)
tm

}
∈
[
xt := z

(0)
t0

→ yt ′ := z
(m)
tm

]

such thatζ 1(z(i)) = ζ 1(z(0)) for i = 0,1, . . . , m, that is to say, theX-projection
of p is completely contained in the 1-cylinderζ 1(x). Forp of this kind we have
dX(σz

(i), σz(i+1)) � dX(z
(i), z(i+1)) for i = 0,1, . . . , m − 1. In this case, for

s � t we have

ρt
(
z
(i)
t , z

(i+1)
t

)
≡ (1 − t)dX

(
z(i), z(i+1))+ tdX

(
σz(i), σz(i+1))

= (1 − s)dX
(
z(i), z(i+1))+ sdX

(
σz(i), σz(i+1))

+ (t − s)
(
dX
(
σz(i), σz(i+1))− dX

(
z(i), z(i+1)))

� ρx
(
z(i)s , z

(i+1)
s

)

for eachi = 0,1, . . . , m − 1. Let s′ = mini ti ands = min(t0, tm), then (see
illustration inFigure 10.1), then

|p| =
m−1∑

i=0

(
ρti
(
z
(i)
ti
, z
(i+1)
ti

)
+ |ti+1 − ti |

)

�

m−1∑

i=0

ρs′
(
z
(i)

s′ , z
(i+1)
s′

)
+
m−1∑

i=0

|ti+1 − ti |

� ρs′
(
z
(0)
s′ , z

(m)

s′
)
+ |tm − t0| + 2(s − s′)

= ρs
(
x(0)s , x

(m)
s

)
+ |t0 + tm| + (s − s′)

(
2 − δ

(
y(0), y(m)

))

� ρs
(
x(0)s , x

(m)
s

)
+ |t0 − tm|.

Therefore, each non-traversing pathp ∈ [xt → y′
t ] whoseX projection belongs

to the a single 1-cylinder satisfies the inequality|p| � ρs(xs, ys)+ |t − t ′|.
For a general non-traversing path, each one of its segments with theX-

projection entirely contained in a single 1-cylinder can be replace by a minimal
path with the same end points. In this way the length of a general non-traversing
pathp ∈ [xt → yt ′] can be bounded from below by the length of a concatenation

q =
{
z
(0)
t0

}
α0β0,1 · · ·βm−1,mαm

{
z
(2m+1)
tm+1

}
∈ [xt → yt ′],

where forj = 0,1, . . . , m, the pathαj = {z(2j)sj , z
(2j+1)
sj }, with sj = min(tj , tj+1)

and ζ 1(z(2j)) = ζ 1(z(2j+1)), replaces a section ofp whoseX-projections is
completely included a 1-cylinder; forj = 0,1, . . . , m − 1, the pathβj,j+1 =
{z(2j+1)
tj+1

, z
(2j+2)
tj+1

}, with ζ 1(z(2j+1)) �= ζ 1(z(2j+2)), corresponds to the section



10.3. Spectrum of dimensions 123

Figure 10.1. The broken line represents a non-traversing path whoseX-projection is entirely con-
tained in the 1-cylinderζ1(z(0)). The continuous curve represents the corresponding path having a

shorter length.

of p whoseX-projection joints consecutive 1-cylinders (see illustration inFig-
ure 10.2). Since

dX(z, z
′) = 1 wheneverζ 1(z) �= ζ 1(z′),

then|βj,j+1| = 1 − tj + tjdX(σz(2j−1), σz(2j)) for j = 0,1, . . . , m− 1.

Figure 10.2. The broken line represents a non-traversing path whoseX-projection intersects three
1-cylinders. The continuous curve represents the corresponding path intersecting only the first and last

1-cylinders, and having a shorter length.
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The number of different 1-cylinders intersecting theX-projection of the pathq
may be reduced as follows. For

β0,1α1β1,2 :=
{
z
(1)
t1
, z
(2)
t1
, z(2)s1 , z

(3)
s1
, z
(3)
t2
, z
(4)
t2

}
,

we have that

|β0,1α1β1,2| = ρs1
(
z(2)s1 , z

(3)
s1

)
+ |t1 − t2| + 1 − t1 + 1 − t2

+ t1dX
(
σz(1), σz(2)

)
+ t2dX

(
σz(3), σz(4)

)

� ρs1
(
z(1)s1 , z

(4)
s1

)
+ |t1 − t2| + 1 − t1 + 1 − t2

+ t1dX
(
σz(1), σz(2)

)
+ t2dX

(
σz(3), σz(4)

)

+ s1
(
dX
(
σz(2), σz(3)

)
− dX

(
σz(1), σz(4)

))

+ (1 − s1)
(
dX
(
z(2), σz(3)

)
− dX

(
σz(1), σz(4)

))
.

Taking into account thatt1, t2 � s1, and using the triangle inequality, we obtain

|β0,1α1β1,2| � ρs1
(
z(1)s1 , z

(4)
s1

)
+ |t1 − t2| + 1 − max(t1, t2)

+ s1
(
dX
(
σz(2), σz(3)

)
+ dX

(
σz(1), σz(2)

)

+ dX
(
σz(3), σz(4)

)
− dX

(
σz(1), σz(4)

))

+ (1 − s1)
(
1 + dX

(
z(2), σz(3)

)
− dX

(
σz(1), σz(4)

))

� ρs1
(
z(1)s1 , z

(4)
s1

)
+ |t1 − t2| + 1 − max(t1, t2)

�
∣∣{z(1)t1 , z

(1)
s1
, z(4)s1 , z

(4)
t2

}∣∣.
Hence,|q| � |q ′| where

q ′ :=

⎧
⎨
⎩

{z(0)t0 }α0{z(1)t1 , z
(4)
t1
, z
(4)
t2

}α2 · · ·αm{z(2m+1)
tm+1

} if t1 � t2,

{z(0)t0 }α0{z(1)t1 , z
(1)
t2
, z
(4)
t2

}α2 · · ·αm{z(2m+1)
tm+1

} if t1 > t2.

This can be further reduce, so that|q ′| � |q ′′| with

q ′′ :=

⎧
⎪⎨
⎪⎩

{z(0)t0 }α0{z(1)t1 , z
(4)
t1
, z
(4)
s′1
, z
(5)
s′1
, z
(5)
t3

}β2,3 · · ·αm{z(2m+1)
tm+1

} if t1 � t2,

{z(0)t0 , z
(0)
s′0
, z
(1)
s′0
, z
(1)
t2
, z
(4)
t2

}α2 · · ·αm{z(2m+1)
tm+1

} if t1 > t2.

In this way we obtain a pathq ′′ ∈ [xt → yt ′ ] whoseX-projection intersects one
less 1-cylinder thanp, and such that|p| � |q ′′|. By repeating this reduction, we
finally obtain

|p| �
∣∣{z(0)t0 , z

(0)
sβ
, z(1)sβ , z

(2m)
sβ

, z(2m+1)
sβ

, z
(2m+1)
tm+1

}∣∣
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wheresβ = min{ti : i = 1,2, . . . , m}. Since theX-projection of the path
{
z
(0)
t0
, z(0)sβ , z

(1)
sβ
, z(2m)sβ

, z(2m+1)
sβ

, z
(2m+1)
tm+1

}
∈ [xt → yt ′]

is completely contained inζ 1(x), then|p| � ρs(xs, ys)+ |t − t ′|.
To conclude the proof, note that the path{xt , xs, ys, yt ′} reaches the minimum

length. �

REMARK 10.1. Note that for arbitraryxt , y′
t ,

dXφ (xt , yt ′) � ρs(xs, ys)+ |t − t ′|,
sincep = {xt , xs, ys, yt ′} has lengthρs(xs, ys)+ |t − t ′|. Therefore,

diamR(xt , ε, δ) � δ + max
0<η<δ

diamS(xs+η, ε).

If s + δ < 1, then we have that

max
0<η<δ

diamS(xs+η, ε) � δ max
z,z′∈S(xs ,ε)

(
dX(σz, σz

′)− dX(z, z′)
)

+ diamS(xs, ε) � ε + δ.
If δ + s > 1 then

max
0<η<δ

diamS(xs+η, ε) � max
z,z′∈S(xs ,ε)

ρδ
(
(σz)δ, (σz

′)δ
)

� emaxudiamS(xs, ε) � emaxuε.

In both cases diamR(xt , ε, δ) � emaxuε + 2δ.

For each rectangleR(xs, ε, δ) let RX(xs, ε) := {y ∈ X: ys ∈ S(xs, ε)} be its
X-projection, which does not depend onδ. Furthermore, as we prove below, it is
a cylinder sets.

PROPOSITION10.1. For eachxs ∈ Xφ andε > 0 there existsm(xs, ε) ∈ N such
thatRX(xs, ε) = ζm(xs ,ε)(x).

PROOF. For everyy ∈ X \ {x}, the values of the distancesρs(xs, ys) belong to
the countable set

Dx,s :=
{
dx,s,n := (1 − s)e−u(ζ n(x)) + se−u(ζ n−1(σx)): n ∈ N

}
,

with no accumulation points other than zero. Furthermore, sinceu > 0, then
dx,s,n = dx,s,m if and only ifm = n. Clearlydx,s,n decreases withn, so that the
elements inDx,s form a sequencedx,s,0 > dx,s,1 > · · · converging to zero. Since
y ∈ RX(xs, ε) ⇐⇒ ρs(xs, ys) = dx,s,m < ε with

m = max
{
n ∈ N: ζ n(x) = ζ n(y)

}
,
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then the result follows with

m(xs, ε) = min{n ∈ N: dx,s,n < ε}. �

LEMMA 10.2. There exists a constanta � 0 such that for anyxs ∈ Xφ and
0< δ, ε < 1,

max
z∈RX(xs ,ε)

τ∑

j=0

φ
(
σ jz
)
− a � τΦ

(
R(xs, ε, δ)

)
� max
z∈RX(xs ,ε)

τ∑

j=0

φ
(
σ jz
)
+ a

whereτ := τσ (RX(xs, ε)).

PROOF. Let τ = τσ (RX(xs, ε)). For eachz ∈ RX(xs, ε) ∩ σ−τ (RX(xs, ε)), and
eachη ∈ (0,min(δ,1 − s)), if

s
(
φ
(
σ τ (z)

)
− φ(z)

)
− ηφ(z)

< t −
τ−1∑

j=0

φ
(
σ j (z)

)
< (s + η)

(
φ
(
σ τ (z)

)
− φ(z)

)
,

then bothzs+η andΦ(zs+η, t) belong toR(xs, ε, δ). Therefore

τΦ
(
R(xs, ε, δ)

)
� max
z∈RX(xs ,ε)

τ∑

j=0

φ
(
σ jz
)
+ 2 maxφ.

In this way we prove one of the inequalities. Now, for eachz ∈ RX(xs, ε) let
τ(z) := min{k ∈ N: σ k(z) ∈ RX(xs, ε)}. Sinceτ = minz∈RX(xs ,ε) τ(z), then

τΦ
(
R(xs, ε, δ)

)
� −(s + δ)maxφ + min

z∈RX(xs ,ε)

τ (z)−1∑

j=0

φ
(
σ jz
)

� −(s + δ)maxφ + min
z∈RX(xs ,ε)

τ−1∑

j=0

φ
(
σ jz
)
,

regardless the value ofδ ∈ (0,1). Furthermore, sinceφ is a Hölder continu-
ous function, then there exists a constantθ > 0 such that|φ(z) − φ(y)| �

exp(−θu(ζ n(z))), with n = max{k ∈ N: ζ k(y) = ζ k(z)}. Therefore

τΦ
(
R(xs, ε, δ)

)

� max
z∈RX(xs ,ε)

τ∑

j=0

φ
(
σ jz
)

−
(
(s + ε + 1)maxφ + 1

1 − exp(−θ minφ)

)
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with maxφ = maxz∈X φ(z) and similarly for minφ. Finally, the result follows
with a = 3 maxφ + (1 − exp(−θ minφ))−1. �

10.3.4. Proof ofClaim 10.1

For eachn � 2 let Xn = {x(1), x(2), . . . , xp(n)} ⊂ X be such thatζ n =
{ζ n(x(i)): x(i) ∈ Xn}. For eachi ∈ {1,2, . . . , p(n)} defines(i,0) = 0, and
recursively

εi,j = sup
{
ε > 0: RX

(
x
(i)
s(i,j)

, ε
)

= ζ n
(
x(i)
)}
,

s(i, j + 1) = s(i, j)+ εi,j
(
1 − e−nmaxu),

for everyj � 1. Note thatεi,0 = εn,x , and boths(i, j) andεi,j increase withj .
Finally, for eachi ∈ {1,2, . . . , p(n)} let n(i) = max{j � 0: s(i, j) � 1}. The
collection

Rn =
{
Ri,j := R

(
x
(i)
s(i,j)

, εi,j , εi,j
)
: x(i) ∈ Xn, j ∈

{
0,1, . . . , n(i)

}}
,

is a cover ofXφ by (squared) rectangles. We use this particular cover to compute
an upper bound for the spectra. ApplyingRemark 10.1, Lemma 10.2, and taking
into account the definition ofRi,j , we obtain

M
(
Xφ, α, q,Rn

)
=
p(n)∑

i=1

n(i)∑

j=0

exp
(
−qτφ(Ri,j )

)
diamRαi,j

� eqa
p(n)∑

i=1

n(i)∑

j=0

e−qφ(ζ
τi (x(i))

((
2 + emaxu)εi,j

)α

� eqa
(
2 + emaxu)α

p(n)∑

i=1

n(i)∑

j=0

e−qφ(ζ
τi (x(i)))εαi,j

with τi = τσ (ζ
n(x(i))). Furthermore, since

εi,j < e
−u(ζ n−1(σx(i))) < e−u(ζ

n(x(i)))+2 maxu,

we have

M
(
Xφ, α, q,Rn

)
� eqa

(
3e3 maxu)α

p(n)∑

i=1

(
n(i)+ 1

)
e−qφ(ζ

τi (x(i)))−αu(ζ n(x(i))).

On the other hand, sincee−u(ζ
n(x(i))) � εi,j and

1 � s
(
i, n(i)

)
=
(
1 − exp(−nmaxu)

)
(
n(i)−1∑

j=0

εi,j

)



128 Chapter 10. Suspended Flows

we deduce the inequalityn(i) � exp(u(ζ n(x(i))))(1 − exp(−nmaxu))−1, and
from this we obtain

M
(
Xφ, α, q,Rn

)

� C0

p(n)∑

i=1

(
eu(ζ

n(x(i))

1 − e−nmaxu + 1

)
e−qφ(ζ

τi (x(i)))−αu(ζ n(x(i)))

�
C0(1 + enminu)

1 − e−nmaxu

p(n)∑

i=1

e−qφ(ζ
τi (x(i)))+(1−α)u(ζ n(x(i))),

with C0 := 3α exp(qa+ 3αmaxu). Next, definePn,k = {1 � i � p(n): τi = k}.
Since(X, σ ) is specified, thenPn,k = ∅ for all k � n+ n0. We have,

M(X, α, q,Rn) � C1e
n0 maxu

n+n0∑

k=1

∑

i∈Pn,k
e−qφ(ζ

k(x(i)))+(1−α)u(ζ k(x(i))),

with C1 := C0(1 + e−nminu)(1 − e−nmaxu)−1. Now, α, q ∈ R such thatδ +
PX(−qφ + (1 − α)u|σ)) < 0 there existsδ > 0 andkδ ∈ N such that

∑

c∈ζ k
e−qφ(c)+(1−α)u(c) � e−δ/2,

for all k � kδ. Then, since{ζ k(x(i)): i ∈ Pn,k} ⊂ ζ k, we obtain

M(X, α, q,Rn) � C1e
n0 maxu

∞∑

k=1

∑

c∈ζ k
e−qφ(c)+(1−α)u(c)

� C1e
n0 maxu

(
Σkδ + e−kδ×δ/2

1 − e−δ/2
)
< ∞,

with

Σkδ :=
k+δ∑

k=1

∑

c∈ζ k
e−qφ(c)+(1−α)u(c).

Now,C1 = C1(n) tends toC0 asn goes to infinity, therefore

M
(
Xφ, α, q

)
� lim
n→∞

M
(
Xφ, α, q,Rn

)

� C0e
n0 maxu

(
Σkδ + e−kδ×δ/2

1 − e−δ/2
)
< ∞

as far asPX(−qφ + (1 − α)u|σ) < −δ. With this the proof is done. �
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10.3.5. Proof ofClaim 10.2

Vertical dimension. Given a coverR = {R(xs, ε, δ)} of Xφ by rectangles, to
each rectanglesR(xs, ε, δ) ∈ R we associate the integern(xs, ε, δ) := ⌈δ ×
eu(RX(xs ,ε))⌉.

For eachR(xs, ε, δ) ∈ R such thats + δ < 1 andε + 2δ � 1, Lemma 10.1
implies that

diamR(xs, ε, δ) = diamS(xs, ε)+ δ
= ε + δ
� ε + e−u(RX(xs ,ε))

(
n(xs, ε, δ)− 1

)
.

Taking into account thatε � exp(−u(RX(xs, ε))), we obtain

diamR(xs, ε, δ) � e−u(RX(xs ,ε))n(xs, ε, δ).

Therefore, forα � 1 we have
{
diamR(xs, ε, δ)

}α
� e−αu(RX(xs ,ε))n(xs, ε, δ).

Now, sincen(xs, ε, δ) � δeu(RX(xs ,ε)), we obtain that
{
diamR(xs, ε, δ)

}α
� δe−(α+1)u(RX(xs ,ε)),

for eachR(xs, ε, δ) ∈ R with s + δ < 1 andε + 2δ � 1.

Horizontal dimension. Fix N ∈ N and for each 0� j < N let

SN,j :=
{
xt ∈ Xφ : x ∈ X andj/N < t < (j + 1)/N

}

be thej th horizontal slice. Thej th slice is properly covered byR if the collection

RN,j :=
{
R(xs, ε, δ) ∈ R: s < j/N < (j + 1)/N < s + δ

}

is a cover forSN,j . If SN,j is properly covered byR, then the projection

CN,j :=
{
RX(xs, ε): R(xs, ε, δ) ∈ RN,j

}

is a cover forX.
The number of coversRN,j containing a given rectangleR(xs, ε, δ) ∈ R is

bounded. Indeed, givenR(xs, ε, δ) ∈ R we have

#
{
0 � j < N : R(xs, ε, δ) ∈ RN,j

}
� δ ×N.

ForN sufficiently large, the majority of the horizontal slices are properly cov-
ered by rectangles inR. Indeed, ifSN,j is not properly covered, then it intersects
at least one of the two horizontal bordersS(xs, ε) or {ys+δ: y ∈ S(xs, ε)}, of a
rectangleR(xs, ε, δ) ∈ R. Hence,

#{0 � j < N : SN,j is not properly covered byR} � 2#R.
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Projecting the statistical sum. According toLemma 10.2, and taking into ac-
count the specification property, we have

τΦ
(
R(xs, ε, δ)

)
� max
z∈RX(xs ,ε)

τ∑

j=0

φ
(
σ jz
)
+ a

� φ
(
RX(xs, ε)

)
+ a + n0 maxu.

Let us assume thatR is such that

max diam
(
R(xs, ε, δ)

)
:= ε0 < 1/3.

Sinceε, δ < diam(R(xs, ε, δ)) thenε + 2δ < 1 for eachR(xs, ε, δ) ∈ R. Now,
let R′ := {R(xs, ε, δ) ∈ R: s < 1 − ε0}. With all the previous estimates we
obtain,

M
(
Xφ, α, q,R

)
�

∑

R(xs ,ε,δ)∈R′

{
diam

(
R(xs, ε, δ)

)}α
e−qτΦ (RX(xs ,ε))

� C0

∑

j∈PN

∑

R(xs ,ε,δ)∈RN,j

δ × e−(α+1)u(RX(xs ,ε))−qφ(RX(xs ,ε))

#{0 � j < N : R(xs, ε, δ) ∈ RN,j }

�
C0

N

∑

j∈PN

∑

R(xs ,ε,δ)∈RN,j

e−(α+1)u(RX(xs ,ε))−qφ(RX(xs ,ε)),

whereC0 := exp(−q(n0 maxu+ a)) and

PN :=
{
0 � j < ⌊N(1 − ε0)⌋: SNj is properly covered byR

}
.

As was mentioned before, there are at most 2#R indicesj , 0 � j < N , such that
SN,j is not properly covered byR, hence #PN � N(1 − ε0) − 2#R − 1. From
this we obtain

M
(
Xφ, α, q,R

)

� C0

(
1 − ε0 − 2#R + 1

N

)
min
j∈PN

∑

c∈CN,j

e−(α+1)u(c)−qφ(c).

Let CR := {RX(xs, ε): R(xs, ε, δ) ∈ R} the collection containing all the hori-
zontal projections of rectangles inR. Notice thatCR is a cover ofX by cylinder
sets, and thatCN,j ⊂ CR is a subcover for eachN andj ∈ PN . With this we have,

M
(
Xφ, α, q,R

)
� C0

(
1 − ε0 − 2#R + 1

N

)
min
C⊂CR

∑

c∈C
e−(α+1)u(c)−qφ(c),
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where the minimum is taken over all subcovers ofX by cylinder sets. This holds
for arbitraryN , hence, takingN � 2#R/ε0 we obtain

M
(
Xφ, α, q,R

)
� C0(1 − 2ε0) min

C⊂CR

∑

c∈C
e−(α+1)u(c)−qφ(c).

Relating it to the topological pressure. Proposition 10.1ensures that theX-
projection of the rectangleR(xs, ε, δ) is the cylinder setζm(xs ,ε)(x), with
m(xs, ε) → ∞ as ε → 0. Indeed, it is easy to derive from the computations
we did in the proof ofProposition 10.1that if ε � ε0, then, irrespectively of the
value ofs,

m(xs, ε) � m(ε0) :=
⌈

log(exp(minu)− 1)− log(ε0)

minu

⌉
.

Therefore, as we consider covers ofXφ by rectangles whose diameter decreases
to zero, we obtain

M
(
Xφ, α, q

)
� C0 × lim

m→∞
inf
{
Z
(
0,
(
(1 − α)u− qφ

)
, C, X

)
: |C| � n

}
,

with Z as defined in(2.16). According to what was exposed therein, the limit in
the right hand side of the previous inequality diverges as long asPX((1 − α)u −
qφ|σ) > 0, i.e.,PX((1 − α)u− qφ|σ) > 0 implies thatM(Xφ, α, q) = ∞, and
with this we have proved the claim. �

As was mentioned above,Theorem 10.1follows directly from Claims 10.1
and 10.2.
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Chapter 11

Invariant Measures and Poincaré Recurrences

In this chapter we will make use of an ergodic invariant measureμ (one can
find main results about such measures in[26,45,49,104,106]or other books). We
consider a pointwise dimension for Poincaré recurrences, similar to the pointwise
dimension for a measure introduced by L.-S. Young[124], and show that it exists
almost every where and is equal to a number independent of the point. Then we
show that this number is, in fact, the dimension for a measure. On the way to prove
this result we study local rates for Poincaré recurrences which were introduced
independently in[5] and[113]. Chapter 13is devoted to a proof of the variational
principle which is possible to fulfill mainly because of the validity of the Bowen-
type equation for the spectrum of dimensions for Poincaré recurrences.

11.1. Pointwise dimension and local rates

The framework will be the same as inChapter 10, i.e.,(Ω, σ ) is a specified sub-
shift ofΩp, endowed with the ultrametric

(11.1)dΩ(ω,̟) := e−u(ζ
n(ω)), ∀̟ ∈ ζ n(ω) \ ζ n+1(ω)

which as we already mentioned, is compatible with the product topology onΩp.
Let us just remind thatu :Ω → R+ is a Hölder continuous function, and that

(11.2)u
(
ζ n(ω)

)
:= max

̟∈ζ n(ω)

n−1∑

j=0

u
(
σ j̟

)
.

As in Chapters 5 and 6, the specified subshift will be used as the model for a
geometric construction as those introduced inChapter 3. Additionally, we con-
sider inΩ a Borel probability measureμ, which we suppose to be ergodic with
respect to the shift. Theq-pointwise dimension (for Poincaré recurrences) of the
measureμ at the pointω ∈ Ω is defined by

(11.3)dμ,q(ω) := lim
ε→0+

inf
̟∈B(ω,ε)

logμ(B(̟, ε))+ qτ(B(̟, ε))
logε

,

135
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whenever this limit exists. Below we will show that this limit exists and it is
constant in a set of full measureμ, whenμ has positive entropy with respect to
the shift. We already proved in Section3.1.1that the open ballB(ω, ε) is nothing
else but the cylinder setζ nω,ε (ω), where

nω,ε := min
{
n ∈ N: e−u(ζ

n(ω)) < ε
}
.

Furthermore, sincedΩ is a ultrametric,B(̟, ε) = B(ω, ε) for eachε > 0 and
every̟ ∈ B(ω, ε). Therefore

(11.4)dμ,q(ω) := lim
ε→0+

logμ(ζ nω,ε (ω))+ qτ(ζ nω,ε (ω))
log ε

,

whenever the limit exists.
The proof of the existence of a local spectrum of dimensions for Poincaré relies

essentially on two facts:

(a) the Shannon–McMillan–Breiman theorem, and
(b) the existence of local rates of return times.

The first fact will be discussed in details inChapter 19where a proof, not based
on the martingale convergence theorem, will be provided. (See also[91].) Due to
its novelty and its relevance for the subject matter of this book we devote more
attention to the fact (b), and to some of its consequences. We will do this in Sec-
tions11.4–11.5.

Givenq ∈ R, theq-dimension of Poincaré recurrences of the measureμ is give
by

(11.5)αμ(q) := inf
{
α(Ω ′, q): Ω ′ ⊂ Ω andμ(Ω ′) = 1

}
.

In this way, the spectrum of dimensions for Poincaré recurrences of the measureμ

is the functionq �→ αμ(q). This definition applies directly to the general frame-
work of discrete dynamical systems supplied with a Borel probability measure.

Following the approach of Pesin[97] and Chazottes and Saussol[39], we will
prove in Section12 thatαμ(q) coincides with the constant value ofdμ,q(ω) in a
set of full measureμ.

The nodal point of this chapter is that, at least in the framework we con-
sider here, the local dimensiondμ,q(ω) may be computed. Indeed, thanks to
Theorem 11.3, the Birkhoff’s individual ergodic theorem (stated and proved in
Chapter 18), and the Shannon–McMillan–Breiman theorem (Chapter 19), we can
computedμ,q(ω) and relate it to the metric entropy and to the Lyapunov exponent
of the measure. We will do it in Section11.6.
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11.2. The Shannon–McMillan–Breiman theorem

Here we are consideringμ to be an ergodic probability measure onΩ. The en-
tropy ofμ with respect to the shift is the limit

(11.6)h(μ) := − lim
n→∞

1

n

∑

ζ n(ω)∈ζ n
μ
(
ζ n(ω)

)
logμ

(
ζ n(ω)

)
,

whose existence is ensured by subadditivity (see[120] for instance), and it is
always finite for a subshiftΩ ⊂ Ωp. The Shannon–McMillan–Breiman theorem
establishes that

(11.7)μ

{
ω ∈ Ω: lim

n→∞
− logμ(ζ n(ω))

n
= h(μ)

}
= 1.

As usual when for a propertyP we haveμ{ω ∈ Ω: P(ω)} = 1, we will
alternatively use the phrases “P(ω) holdsμ-almost everywhere”, or “P(ω) for
μ-almost allω ∈ Ω”, or “P(ω) for all ω in a set of full measureμ”.

11.3. Kolmogorov complexity and Brudno’s theorem

LetM be a Turing machine on the alphabet ofp symbols. Letω be a finite word,
prefix ofω ∈ Ωp of the lengthn = |ω|. The Kolmogorov complexityKM (ω) of
ω with respect toM is the length of the shortest program such that it yields the
outputω for the inputn ∈ N. For any universal Turing machineU there exists a
constantC > 0 such that

KU (ω) � KM (ω)+ C.

Forω ∈ Ωp, the average upper complexity is the upper limit

(11.8)K(ω) := lim sup
|ω|→∞

KU (ω)

|ω| .

Note that by the previous inequality the upper average complexity does not de-
pend on the choice of the universal Turing machine. The lower average complex-
ity K(x) is defined in a analogous way, replacing in(11.8)lim sup by lim inf. For
details, see for instance[79].

In [35] Brudno establishes the equality between the upper average complexity
and the metric entropy, which in our context may be paraphrased as follows.

THEOREM 11.1. For ω in a set of full measureμ we have

K(ω) = h(μ).
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In his Ph.D. work White extended Brudno’s results. An adapted version of one of
White’s results, which immediately follows from Proposition 2.5 in[121], is the
following.

THEOREM 11.2. For ω in a set of full measureμ we have

K(ω) = K(ω) = h(μ).

We will use this theorem in the second proof ofTheorem 11.3below.

11.4. The local rate of return times

For a specified subshift(Ω, σ ) such thath(σ |Ω) > 0, one has

(11.9)lim
n→∞

τ(ζ n(ω))

n
= 1.

Below we will expose two alternative proofs of this result. The first one is based
on the SMB theorem and inspired on the proof presented in[7]. Our second proof
is taken, almost unchanged, from[113]. It is based on Brudno’s theorem relating
the Kolmogorov complexity to the metric entropy.

THEOREM 11.3. Let (Ω, σ ) be a specified subshift of the full shift onp symbols,
and letμ be a Borel probability measure on(Ω, dΩ ). Suppose thatμ isσ -ergodic
and such thath(μ) > 0, then

lim
n→∞

τ(ζ n(ω))

n
= 1

for μ-almost everyω ∈ Ω.

As an example of calculating local rates see[77].

11.4.1. Proof ofTheorem 11.3based on the SMB Theorem

Since(Ω, σ ) is specified, it immediately follows thatτ(ζ n(ω)) � n+ n0, where
n0 is the specification length. Then lim supn τ(ζ

n(ω))/n � 1 for all ω ∈ Ω,
which in particular implies that

μ

{
ω ∈ Ω: lim sup

n→∞

τ(ζ n(ω))

n
� 1

}
= 1.

With this we conclude thelimsup-partof the proof.
The Egorov theorem ensures that for eachε > 0 there is a Borel setXε ⊂ Ω

with measureμ(Xε) > 1−ε, such that− logμ(ζ n(ω))/n converges toh := h(μ)

uniformly onXε.
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Fix ε > 0, 0 < δ < h andC = C(ε, δ) � 1 such that for eachω ∈ Xε and
eachn ∈ N we have

(11.10)C−1e−(h+δ)n � μ
(
ζ n(ω)

)
� Ce−(h−δ)n.

The constantC is needed to ensure that these inequalities hold for smalln.
The strategy of theliminf-part of the proof is the following. For eachn ∈ N we

fix the set

Xδε,n :=
{
ω ∈ Xε: τ

(
ζ n(ω)

)
�
h− δ
h+ δ

(
n− 2 log(n)

h− δ

)}

and then prove that the series
∑∞
n=1μ(X

δ
ε,n) converges. According to the Borel–

Cantelli lemma (see for instance[26]) this result implies thatμ(lim supnX
δ
ε,n) =

0, or equivalently

μ
(
lim inf
n

(
Xε \Xδε,n

))
= μ(Xε) � 1 − ε.

This inequality implies then that for allε > 0 and 0< δ < h

μ

(
ω ∈ Ω: lim inf

n→∞
τ(ζ n(x))

n
�
h− δ
h+ δ

)
� 1 − ε.

Thus, to conclude the proof all we are left to do is to show that
∑∞
n=1μ(X

δ
ε,n)

converges. For eachn andk ∈ N consider the collection of cylinder sets

Rn,k :=
{
c ∈ ζ n: c ∩Xε �= ∅ andτ(c) = k

}
.

Using the inequalities(11.10)derived from the SMB theorem we obtain

μ
(
Xδε,n

)
�

⌊ h−δ
h+δ (n−

2 log(n)
h−δ )⌋∑

k=1

∑

c∈Rkn

μ(c)

� C

⌊ h−δ
h+δ (n−

2 log(n)
h−δ )⌋∑

k=1

∑

c∈Rkn

e−n(h−δ)

� C2

⌊ h−δ
h+δ (n−

2 log(n)
h−δ )⌋∑

k=1

e−n(h−δ)+k(h+δ)
(
C−1

∑

c∈Rkn

e−k(h+δ)
)
.

Sinceτ(c) = k for eachc ∈ Rkn, then everyω ∈ c ∈ Rkn satisfiesωi = ωi+k for
0 � i < n − k − 1. Thus, a cylinderc = [ω] ∈ Rkn is completely determined
by the prefixω of length k of any ω ∈ c. Furthermore, ifc ∩ Xε �= ∅, then
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ζ k(ω) ∩Xε �= ∅ for anyω ∈ c. Because of this, the last inequality implies

μ
(
Xδε,n

)
� C2

⌊ h−δ
h+δ (n−

2 log(n)
h−δ )⌋∑

k=1

e−(n−k
h+δ
h−δ )(h−δ)

(
C−1

∑

c∈ζ k,ε
e−k(h+δ)

)
,

whereζ k,ε := {c ∈ ζ k: c ∩Xε �= ∅}. Using once again(11.10)we obtain

μ
(
Xδε,n

)
� C2

⌊ h−δ
h+δ (n−

2 log(n)
h−δ )⌋∑

k=1

e−(n−k
h+δ
h−δ )(h−δ)

� C2
∞∑

ℓ=⌈ 2 log(n)
h−δ ⌉

e−ℓ(h−δ) �

(
eh−δC2

1 − e−(h+δ)
)

1

n2
,

from which it follows that
∑∞
n=1μ(X

δ
ε,n) < ∞. Thus, as mentioned above, for

eachε > 0 and 0< δ < h we have

μ

(
ω ∈ X: lim inf

n→∞
τ(ζ n(ω))

n
�
h− δ
h+ δ

)
� 1 − ε.

The result follows from the factε andδ may be taken arbitrarily small.

11.4.2. Proof ofTheorem 11.3based on Brudno’s Theorem

The limsup-partof the proof is exactly the same as in the previous proof. For the
liminf-part we have the following. Fix the universal Turing machineU , read-
ing input sequencesω ∈ Ω on p symbols. For any pointω ∈ Ω such that
τ(ζ n(ω)) = k} we have thatωi = ωi+k for each 0� k < n − k. Therefore
in order to output the prefixω(n) of lengthn it is enough to compute the prefix
ω(k) of lengthk and then output this prefix repeatedly until a word of lengthn is
completed. Let us denote by[n] the finite word ofp-digits encoding the natural
numbern in the basep. Then, there is a constantC > 0 such that

KU
(
ω(n)

)
� KU

(
ω(k)

)
+KU ([n])+ C ∀ x ∈ Rkn.

HereC stands for the length of the section of the program which orders the repe-
tition of the prefix of lengthk andRkn := {ω ∈ Ω: τ(ζ n(ω)) = k}. On the other
handKU ([n]) � C′ + logp(n), which corresponds to the worst case of a pro-
gram (encoded in a sequence of lengthC′) outputing directly the word[n], whose
length is bounded by logp(n). Therefore, there is a positive constantC′′ > 0 such
that

KU
(
ω(n)

)
� KU

(
ω(k)

)
+ logp(n)+ C′′ ∀ ω ∈ Rkn.
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From this it follows

K(ω) � lim inf
n→∞

KU (ω(τ(ζ
n(ω))− 1))+ logp(n)

n

= lim inf
n→∞

KU (ω(τ(ζ
n(ω))− 1))

τ (ζ n(ω))

τ (ζ n(ω))

n

� lim sup
n→∞

KU (ω(n− 1))

n
lim inf
n→∞

τ(ζ n(ω))

n

= K(ω) lim inf
n→∞

τ(ζ n(ω))

n
.

By usingTheorem 11.2we obtain

K(ω) � K(ω) lim inf
n→∞

τ(ζ n(ω))

n
,

for all ω in a set of full measureμ, which implies theliminf-part, namely

τ(ζ n(ω))

n
� 1,

for all ω in a set of full measureμ.
We studied local rates for specified systems with positive entropy. The situation

is different for non-chaotic cases. We consider here one of simplest such systems.

11.4.3. Rotations of the circle

Consider a rotationfν : x �→ x − ν, mod 1 (i.e.,f−1
ν x = x + ν, mod 1), on the

circleS1 = {x, mod1}, where 0< ν < 1 is an irrational number. The numberν
can be approximated by rational numbersp/q (p andq are relatively prime) in
such a way that

(11.11)
∣∣∣ν − p

q

∣∣∣ < 1

qβ+1

for some valueβ and some pair(p, q). Letβ(ν) := supβ where the supremum is
taken over allβ for which inequality(11.11)has infinitely many solutions(p, q)
with q > 0. Assume thatβ(ν) < ∞, i.e., ν is a Diophantine number. Then for
everyδ ∈ (0,1) the inequality

(11.12)
∣∣∣ν − p

q

∣∣∣ < 1

qβ(ν)+1−δ

holds for infinitely many relatively prime pairs(pi, qi), with qi → ∞, asi → ∞.
Consider a partitionζ 0 of S1 made with two closed intervals[0, ω] and [ω,1],
and letζ n :=

∨n−1
i=0 f

−i
ν ζ

0. Denote byζ n(x) an element ofζ n containing a point
x (the definition is correct for allx except for a point belonging to the set of
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the endpoints of intervals inζ n). The rotation is metrically isomorphic to the
subshift clos(π([0,1))), where the coding mapπ : [0,1] → {0,1}N is defined in
the following way:π(x)n = 0 isf nν (x) ∈ [0, ν) andπ(x)n = 1 if f nν (x) ∈ [ν,1).
We now state the following.

THEOREM 11.4. ([5]) If β(ν) > 3 then

(11.13)lim inf
n→∞

1

n
τ
(
ζ n(x)

)
= 0

for almost everyx with respect to the Lebesgue measure onS1.

PROOF. Start by choosingδ to be so small that

(11.14)β(ν)− δ > 3.

Without loss of generality we may assume that
∣∣∣ν − pi

qi

∣∣∣ = inf
p∈Z

∣∣∣ν − p

qi

∣∣∣.

Then because of(11.12), we have

(11.15)dist
(
x, f qiν x

)
= inf
p∈Z

|x + qiν − x − p| = qi

∣∣∣ν − pi

qi

∣∣∣ < 1

q
β(ν)−δ
i

.

Now introduce a numberα > 1 such that 1+ 2α < β(ν) − δ. Letmi := [q1+α
i ]

the integer part ofq1+α
i and let

Ami := #

{
ζmi (x): diamζmi (x) �

1

q1+2α
i

}
,

Bmi := #

{
ζmi (x): diamζmi (x) <

1

q1+2α
i

}
.

SinceAmi + Bmi = 2mi thenAmi + Bmi � 2q1+α
i . This inequality implies that

Bmi � 2q1+α
i . Moreover,

μ(Bmi ) � 2q1+α
i · q−(1+2α)

i = 2q−α
i ,

where

Bmi :=
⋃

diamζmi (x)<q−(1+2α)
i

ζmi (x),

the union of the elements of the partitionζmi of small diameter. In view of Borel–
Cantelli Lemma (recall thatα > 1) – see for instance[26], we have thatμ-almost
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every pointx belongs to the complement ofBmi provided thatmi is large enough,

i.e., diamζmi (x) � q
−(1+2α)
i .

Now because of(11.15)and the assumptionβ(ν) > 3, we have

τ
(
ζmi (x)

)
� qi .

Therefore,

lim inf
τfν (ζ

n(x))

n
� lim
i→∞

qi

q1+α
i

= 0

Lebesgue-almost everywhere. �

11.5. Remarks on local rates

REMARK 11.1. Following exactly the same lines as forTheorem 11.3above, one
can prove the following.

THEOREM 11.5. Given a discrete dynamical system(X, T ), a finite Borel parti-
tion ζ , and an ergodic Borel probability measureμ. Let the metric entropy ofT
with respect toζ (defined in exact analogy to(11.6)) be positive. Then

lim inf
n→∞

τ(ζ n(x))

n
� 1

for μ almost allx.

In Section11.4.3we considered rotationsx �→ x+α (mod 1) in the unite circle
S1. We proved therein that, forζ := {[0,1 − α), [1 − α,1)}, it could happen that

lim inf
n→∞

τ(ζ n(x))

n
= 0

for all x in a set of full Lebesgue measure. The positivity of the entropy is there-
fore a unavoidable condition for the lower local rate to be greater or equal to 1.
This fact suggests that the converse ofTheorem 11.5may hold, however this was
disproved in[38]. Instead it was proved the following partial converse.

THEOREM 11.6. Given a discrete dynamical system(X, T ), a finite Borel parti-
tion ζ , and an ergodic Borel probability measureμ, let

lim inf
n→∞

τ(ζ n(x))

n
� 1

for μ almost allx and every non-trivial(made of at least two atoms, all of them
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with positive measure) measurable partitionζ . Thenμ is weakly mixing with
respect toT , i.e.,

lim
n→∞

1

n

n−1∑

i=0

∣∣μ
(
A ∩ T −iB

)
− μ(A)μ(B)

∣∣ = 0,

for every pairA, B of Borel sets.

Relationships between mixing and the positiveness of entropy have been
widely studied, and the general situation here is that some property concerning
the entropy implies some kind of mixing. For instance,for a discrete dynam-
ical system(X, T ) and μ an ergodic Borel probability measure, let the met-
ric entropy ofT with respect to every non-trivial partitionζ be positive(i.e.,
(X, T , μ) is a K-system), then(X, T ) is strongly mixing with respect toμ, i.e.,
limn→∞ μ(A ∩ T −nB) = μ(A)μ(B) for every pairA, B of Borel sets. See for
instance[120].

REMARK 11.2. In some special cases, by using the lower bound given byThe-
orem 11.5, it is possible to derive a relationship between the local rate of return
times and the Lyapunov exponent of an invariant measure. In[113] such a rela-
tionship is established for a special class of piecewise monotonic transformations
including expanding Markov maps. In the particular case of a piecewise expand-
ing Markov mapT (which we already studied inChapter 9) andμ an ergodic
Borel probability measure with positive entropy, the equality

lim
r→0

τ(B(x, r))

log(1/r)
= 1

λμ

holds forμ almost allx ∈ X. Hereλμ :=
∫

|T ′(x)| dμ(x) is the Lyapunov
exponent of the measureμ. In [114], the same authors generalize such kind of
relationship between local rates and Lyapunov exponents to higher dimensional
transformations.

REMARK 11.3. The local rate of return times has also appeared in the study of
statistics of return times. In the same framework, and keeping the same notations
as in the previous remarks, let

(11.16)Fζ n(x)(t) := μ{x′ ∈ ζ n(x): τ(x′, ζ n(x)) > t/μ(ζ n(x))}
μ(ζ n(x))

.

The Kac’s theorem justifies the chosen normalization. Indeed, this theorem states
that

∫
ζ n(x)

τ(x′, ζ n(x)) dμ(x′) = 1, so that the mean return time toζ n(x) diverges

like μ(ζ n(x))−1 asn goes to infinity. The asymptotic behavior of the lawFζ n(x)
has been studied since the early 1990s[103,67], and it was found to be exponential
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for mixing systems. To be more precise, one can be derive from Theorem 2.1 and
Lemma 2.4 in[68] the following.

THEOREM 11.7. Let (X, T ) be a discrete dynamical system,ζ a finite or count-
able Borel partition, andμ a Borel probability measure. If the partition isα-
mixing, then

lim
n→∞

sup
t>0

∣∣Fζ n(x)(t)− e−t
∣∣ = 0

for any non-trivial finite or countable partitionζ , and forμ-almost allx ∈ X.

Let us remind that the partitionζ is said to beα-mixing with respect toμ if the
function

α(n) := sup
k,ℓ

sup
c∈ζ k, c′∈ζ ℓ

∣∣∣∣
μ(c ∩ T −(n+k)c′)

μ(c)
− μ(c′)

∣∣∣∣→ 0

(11.17)asn → 0.

The supremum is taken over cylindersc such thatμ(c) > 0.
The convergence rate in(11.7)can be related to the local rate of return times in

the following way. Forx ∈ X let

(11.18)β(x) := lim inf
n→∞

log(supt>0 |Fζ n(x)(t)− e−t |)
logμ(ζ n(x))

,

and defineβ(x) in the analogous way, by replacing lim inf by lim sup. From The-
orem 2.1 and Lemma 2.4 in[68], and following the idea of the proof of Theorem 3
in [112], we can prove the following.

THEOREM 11.8. Let (X, T ) be a discrete dynamical system,ζ a finite or count-
able Borel partition, andμ an ergodic Borel probability measure. If the metric
entropy ofμ with respect toζ is positive,ζ is α-mixing withα vanishing expo-
nentially fast, and(X, T ) satisfies the specification assumption, then

β(x) = β(x) = lim
n→∞

τ(ζ n(x))

n

for μ-almost everyx ∈ X.

11.6. Theq-pointwise dimension for Poincaré recurrences

Let us come back to the basic framework of this part of the book. Remind that
we are dealing with a specified subshift(Ω, σ ), supplied with an ultrametricdΩ
defined from a Hölder continuous functionu :Ω → R+ (see Eq.(11.1)). We
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are also dealing with an ergodic Borel probability measureμ such thath(μ), the
metric entropy we defined in(11.6), is positive.

Associated to the ultrametricdΩ we define the Lyapunov exponent of the mea-
sureμ,

(11.19)λμ :=
∫

Ω

u(ω) dμ(ω).

This definition is in agreement with the traditional notion of Lyapunov expo-
nent. To see this, think of(Ω, σ ) as a model for a piecewise differentiable map
T : [0,1] → [0,1]. Both systems would be related through a semiconjugacy
χ :Ω → [0,1] such that|T ′(χ(ω))| = exp(u(ω)). Taking into account the Birk-
hoff’s individual ergodic theorem we obtain the relations

lim
n→∞

1

n
log
∣∣T (n)′

(
χ(ω)

)∣∣ = lim
n→∞

1

n

n−1∑

j=0

u
(
σ jω

)
=
∫

Ω

u(ω) dμ(ω).

Therefore, by using the same notationμ for both the original measure inΩ and
the one induced byχ in [0,1], we may write

lim
n→∞

1

n
log
∣∣T (n)′(x)

∣∣ = λμ

for μ-almost allx ∈ [0,1].
We have already all the tools needed to establish a formula for theq-pointwise

dimension for Poincaré recurrences for the measureμ. Let us put this in the form
of a theorem.

THEOREM 11.9. Let (Ω, σ ), dΩ , andμ be as above. Then the limit

dμ,q(ω) := lim
ε→0

logμ(B(ω, ε))+ qτ(B(ω, ε))
logε

exists and it is such that

dμ,q(ω) = h(μ)− q
λμ

for all ω in a set of full measureμ.

PROOF. As we already mention at the beginning of this section, the open
ball B(ω, ε) coincides with the cylinderζ nω,ε (ω) with nω,ε := min{n ∈
N: e−u(ζ

n(ω)) < ε}. On the other hand, sincedΩ is a ultrametric,B(̟, ε) =
B(ω, ε) for eachε > 0 and every̟ ∈ B(ω, ε). Therefore

dμ,q(ω) := lim
ε→0+

logμ(ζ nω,ε (ω))+ qτ(ζ nω,ε (ω))
log(ε)

,
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whenever the limit exists.Theorem 11.3, the Shannon–McMillan–Breiman theo-
rem, and the Birkhoff’s individual ergodic theorem ensures that forμ-almost all
ω ∈ Ω

lim
n→∞

τ(ζ n(ω))

n
= 1,

lim
n→∞

− logμ(ζ n(ω))

n
= h(μ), and

lim
n→∞

1

n

n−1∑

j=0

u
(
σ jω

)
=
∫

Ω

u(ω) dμ(ω) = λμ.

Now, sincenω,ε := min{n ∈ N: e−u(ζ
n(ω)) < ε}, then

− sup
̟∈ζ nω,ε (ω)

nω,ε−1∑

j=0

u
(
σ j̟

)
< log(ε) � − sup

̟∈ζ nω,ε−1(ω)

nω,ε−2∑

j=0

u
(
σ j̟

)
.

For u :Ω → R+ a Hölder continuous function, there exists a constantC > 0
such that

sup
̟∈ζ nω,ε (ω)

nω,ε−1∑

j=0

u
(
σ j̟

)
�

nω,ε−1∑

j=0

u
(
σ jω

)
+ C,

therefore

−
(nω,ε−1∑

j=0

u
(
σ jω

)
− C′

)
< log(ε) � −

(nω,ε−1∑

j=0

u
(
σ jω

)
+ C′

)
,

with C′ = max(C,maxω∈Ω |u(ω)|). From this we get

− logμ(ζ nω,ε (ω))− qτ(ζ nω,ε (ω))
∑nx,ε−1
j=0 u(σ jω)+ C′

�
− logμ(ζ nω,ε (ω))− qτ(ζ nω,ε (ω))

log(ε)

�
− logμ(ζ n

ω,ε
(ω))− qτ(ζ nω,ε (ω))

∑nω,ε−1
j=0 u(σ jω)− C′

.

Finally, sinceε → 0+ is equivalent tonω,ε → ∞, then we obtain

lim
ε→0+

logμ(ζ nω,ε (ω))+ qτ(ζ nω,ε (ω))
log(ε)

= lim
n→∞

− logμ(ζ n(ω))
n

− q τ(ζ
n(ω))
n∑n−1

j=0 u(σ
jω)

n

= h(μ)− q
λμ

,

for μ-almost allω ∈ Ω, and the proof is done. �
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Chapter 12

Dimensions for Measures andq-Pointwise Dimension

12.1. Preliminaries and motivation

Theorems relating local dimensions and dimensions of measures have appeared
in the literature at least since early 1980s. As far as we know, it was in[124] that
Young first introduced the notion of Hausdorff dimension of measure, and proved
a formula relating it to the Lyapunov exponents. More precisely, she proved the
following.

THEOREM 12.1. LetF :M → M be aC2 diffeomorphism of a compact surface
M, and letμ be an ergodic Borel probability measure with Lyapunov exponents
λ1 � λ2. If λ1 × λ2 �= 0, then

dimH (μ) = h(μ)

(
1

λ1
− 1

λ2

)
.

It is worthwhile to remark that the idea behind the proof of this formula (already
implicit in [23]) is just the same one we continue to exploit. The right hand side
of the equation corresponds to a local dimension, which is proved to exist and to
be constant in a set of full measure. This local dimension, when it exists, has to
coincide with the dimension of the measure.

As a matter of motivation consider the following example. LetΩ ⊂ Ωp be a
subshift. To each setX′ ⊂ Ω, we associate the Carathéodory dimension

htop(X
′) := sup

{
β: lim

n→∞

(
inf
{
Z(β, C, X′): |C| � n

})
= ∞

}
,

where

Z(β, C, X′) :=
∑

c∈C
exp
(
−β|c|

)
,

C is a finite or countable cover by cylinders, and|C| � n means that all the
cylindersc in C have length|c| not smaller thann. This definition correspond to
the dimension-like definition of topological pressure (Section2.4.1) for the null
potential.

149
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Consider now a Borel probability measureμ, and define

htop(μ) := inf
{
htop(X

′): μ(X′) = 1
}
.

The following result is a consequence of the Shannon–McMillan–Breiman the-
orem, and we present it here to illustrate the ideas of the main theorem of this
section.

PROPOSITION12.1. LetΩ ⊂ Ωp be a subshift andμ a Borel probability mea-
sure, ergodic with respect to the shift. Then

htop(μ) := hμ(T |Ω).

Let us remark that, because of the Shannon–McMillan–Breiman theorem, the
local dimension

h(μ, ω) := lim
n→∞

μ(ζ n(ω))

n

exists and takes the value, sayh(μ), for μ-almost allω.

PROOF. LetX′′ ⊂ Ω be such thatμ(X′′) = 1. Leth := h(μ) and define

Gh :=
{
ω ∈ Ω: h(μ, ω) = h

}
.

Shannon–McMillan–Breiman theorem ensure thatX′ := X′′ ∩ Gh has full mea-
sure.

The Egorov theorem together with the Shannon–McMillan–Breiman theorem
implies that for eachε > 0 there existsX′

ε ⊂ Ω such that for eachδ > 0 there
existsn(δ) ∈ N such that

(12.1)e−(h+δ)n � μ
(
ζ n(ω)

)
� e−(h−δ)n,

for all n � n(δ) andω ∈ X′
ε.

Fix δ > 0 and letβ � h − δ. Then, for each coverC of X′
ε by cylinders of

lengthn � n(δ) we have

Z(β, C, X′
ε) =

∑

c∈C
e−β|c| �

∑

c∈C
e−(h−δ)|c|,

then, taking into account(12.1), we obtain that

Z(β, C, X′
ε) �

∑

c∈C
μ(c) � μ(X′

ε) � 1 − ε.

Since this is true for any coverC of X′
ε by cylinders of lengthn � n(δ), for all

δ > 0, then

lim
n→∞

(
inf
{
Z(β, C, X′

ε): |C| � n
})

� 1 − ε,
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for β < h. From this it follows thathtop(X
′
ε) � h for all ε > 0. SinceX′ ⊃ X′

ε,
thenhtop(X

′) � h as well.
For the converse inequality fixε > 0 andδ > 0 as before, and letβ � h + δ.

Now, for eachn � n(δ) let Cn be the cover ofX′
ε by cylinders of lengthn. Since

this cover is at the same time a partition, then by using(12.1)we obtain

Z(β, Cn, X
′
ε) =

∑

c∈Cn
e−βn �

∑

c∈Cn
e−(h+δ)n �

∑

c∈Cn
μ(c) � μ(X′

ε) � 1.

Therefore

lim
n→∞

(
inf
{
Z(β, C, X′

ε): |C| � n
})

� lim sup
n→∞

Z(β, Cn, X
′
ε) � 1,

for all β > h. Thereforehtop(X
′
ε) � h for all ε > 0. Let {εn}∞n=1 be any positive

sequence converging to zero, thenX′ =
⋃∞
n=1X

′
εn

. By a general property of
Carathéodory dimensions (see[97]) we have

htop(X
′) = htop

( ∞⋃

n=1

X′
εn

)
= sup

n
htop(X

′
εn
),

thereforehtop(X
′) � h.

We have proved that for eachX′′ ⊂ X such thatμ(X′′) = 1 we havehtop(X
′′ ∩

Gh) = h(μ), from what we readily derive the desired conclusion. �

A general approach, where the existence of pointwise dimension is not needed,
is developed in[39]. However, since we are placed in a framework where the
pointwise dimension does exist, then for the sake of clearness, we have chosen
to present it not in that generality. However we will briefly discuss this general
approach at the end of this section.

12.2. A formula for the dimension for a measure

We place ourselves in the same context as forTheorem 11.9, i.e., (Ω, σ ) is a
specified subshift supplied with the ultrametricdΩ(ω,̟) = exp(−u(ζ n(ω))),
and the Borel probability measureμ is ergodic and such thath(μ) > 0. Let us
remind that, for eachq ∈ R

αμ(q) := inf
{
α(q,X′): X′ ⊂ Ω andμ(X′) = 1

}
,

and that

λμ =
∫

Ω

u(ω) dμ(ω)

is the Lyapunov exponent of the measureμ with respect to the ultrametricdΩ .
We have the following.
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THEOREM 12.2. Let (Ω, σ ), μ anddΩ be as above, then for everyq ∈ R

αμ(q) = h(μ)− q
λμ

.

PROOF. Theorem 11.9ensures that

lim
n→∞

logμ(ζ n(ω))+ qτ(ζ n(ω))
log(diamζ n(ω))

= d := h(μ)− q
λμ

for all q ∈ R andμ-almost allω ∈ Ω. Proceeding as in the previous proof, let
X′′ ⊂ Ω be such thatμ(X′′) = 1 and define

Gd :=
{
ω ∈ Ω: dμ,q(ω) = d

}
.

The setX′ := X′′ ∩ Gd has full measureμ.
Once again we invoke the Egorov theorem which, together withTheorem 11.9,

tells us that forε > 0 it existsX′
ε ⊂ Ω with μ(X′

ε) � 1 − ε, such that for each
δ > 0 there existsn(δ) ∈ N such that

(12.2)e−δμ
(
ζ n(ω)

)
�
(
diamζ n(ω)

)d
e−qτ(ζ

n(ω)) � eδμ
(
ζ n(ω)

)
,

for all n � n(δ) andω ∈ X′
ε. For eachn ∈ N let ηn := maxω∈Ω e−u(ζ

n(ω)). Then,
for each coverC of X′

ε by balls of diameter smaller than or equal toηn(δ), i.e., by
cylinders of lengthn � n(δ), using(12.2)we obtain

M(d, q, C, X′
ε) :=

∑

B∈C

(
diam(B)

)d
e−τ(B) � e−δ

∑

B∈C
μ(B) � e−δμ(X′

ε).

Since this is true for any coverC of X′
ε by balls of diameterη � ηn(δ), and for all

δ > 0, then we have

lim
η→0+

(
inf
{
M(d, q, C, X′

ε): diam(C) � η
})

� 1 − ε.

From this it follows thatα(q,X′
ε) � d. SinceX′ ⊃ X′

ε, thenα(q,X′) � d too.
For the converse inequality fixε > 0 andδ > 0 as before, and letCn be the

cover ofX′
ε by cylinders of lengthn � n(δ), which is also a particular cover by

balls of diameter smaller than or equal toηn(δ). Since this cover is at the same
time a partition, using(12.2)we obtain

M(d, q, Cn, X
′
ε) =

∑

B∈Cn
diam(B)de−qτ(B) � eδ

∑

B∈Cn
μ(B) � eδ,

which holds for allδ > 0. Therefore

lim
η→0+

(
inf
{
M(d, q, C, X′

ε): diam(C) � η
})

� lim sup
n→∞

M(d, q, Cn, X
′
ε)

� 1,
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which implies the inequalityα(q,X′
ε) � d for all ε > 0.

Following the lines of the proof ofProposition 12.1, let {εn}∞n=1 be any positive
sequence converging to zero. ThenX′ =

⋃∞
n=1X

′
εn

, and

α(q,X′) = α

(
q,

∞⋃

n=1

X′
εn

)
= sup

n
α(q,X′

εn
),

thereforeα(q,X′) � d.
We have proved that for eachX′′ ⊂ Ω such thatμ(X′′) = 1 we haveα(q,X′′∩

Gd) = d. The conclusion follows. �

Thus,Theorems 12.2 and 11.9imply thatαμ(q) = dμ,q(ω) for all ω in a set of
full measureμ.

12.3. Theq-pointwise dimension for suspended flows

Theorem 12.2has a direct extension for suspended flows over the specified sub-
shift (Ω, σ ). To show it, we have to start with some definitions. For the suspended
flow (Ωφ, Φ), consider aΦ-invariant ergodic probability measurēμ. Fubini’s
theorem allows us to decomposeμ̄ into a “horizontal projection”μ, which is a
σ -invariant ergodic measure overΩ, and a “vertical projection” equivalent to the
Lebesgue measure on each fiber. Hence,μ̄ is such that the equality

∫

Ωφ

F dμ̄ :=
∫
ω
(
∫ φ(ω)

0 F(ω, t) dt) dμ(ω)∫
Ω
φ(ω) dμ(ω)

holds.
For aΦ-invariant probability measurēμ, and forq ∈ R, let

αμ̄(q) := inf
{
α(Y, q): Y ⊂ Ωφ, μ̄(Y ) = 1

}
,

with α(Y, q) such as inChapter 10. In what follows we will consider, in the defi-
nition ofα(Y, q), covers ofY by squared rectanglesR(xs, ε, ε). In Chapter 10we
have proved that this spectrum coincides with the one defined by using covers by
rectanglesR(xs, ε, δ), as long asα − 1 andq are non-negative.

The analogous ofTheorem 12.2for suspended flows stands as follows.

THEOREM12.3. For q ∈ R and forμ̄ aΦ-invariant ergodic probability measure
such thath(μ) := h(μ|σ) > 0, the spectrum for Poincaré recurrencesαμ̄(q)
satisfies the equation

h(μ)+
∫

Ω

((
1 − αμ̄

)
u(ω)− qφ(ω)

)
dμ(ω) = 0.
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Let us remind thatμ is the horizontal projection of theΦ-invariant measure
μ̄, which is aσ -invariant probability measure onΩ, and the Hölder continuous
functionu :Ω → R is the function defining the ultrametricdΩ in Ω.

The proof ofTheorem 12.3relies on three elements we already have at our
disposal:

(a) Theorem 11.3, which establishes that limn→∞ τ(ζ n(ω))/n = 1, forμ-almost
everyω ∈ Ω.

(b) The SMB-Theorem.
(c) Theorem 12.2, whose proof can readily be adapted to derive the equality

lim
ε→0

μ̄(R(xs, ε, ε))+ qτΦ(R(xs, ε, ε))
log(ε)

= αμ̄(q)

for μ̄ almost everyxs .

PROOF OFTHEOREM 12.3.
Step 1. First we prove that the limit

dμ̄,q := lim
ε→0

log(μ̄(R(xs, ε, ε)))+ qτΦ(R(xs, ε, ε))
log(ε)

exits, and is constant in a set of fullμ̄ measure.
As we proved inChapter 10, the horizontal projectionRX(xs, ε) of the open

rectangleR(xs, ε, ε) coincides with a cylinderζmxs ,ε (ω) with

mxs ,ε := min
{
n ∈ N: (1 − s)e−u(ζ n(ω)) + se−u(ζ n−1(σω)) < ε

}
.

Sinceφ is a Hölder continuous function, there is a constantsC0 � 1 such that

μ̄
(
R(xs, ε, ε)

)
:= ε

∫
ζm(xs ,ε)(ω)

φ(̟) dμ(̟)
∫
Ω
φ(̟) dμ(̟)

= ε μ
(
ζm(xs ,ε)(ω)

) C±1
0 φ(ω)∫

Ω
φ(̟) dμ(̟)

.

HereA = C±1
0 B is a shortcut forC−1

0 B � A � C0B. Thus, the SBM theorem,
ensures that

lim
ε→0

log(μ̄(R(xs, ε, ε)))

m(xs, ε)
= −h(μ)+ lim

ε→0

log(ε)

m(xs, ε)
,

whenever the last limit exist.
Sinceu :Ω → R is also a Hölder continuous function, and because of the

definition ofm(xs, ε) given above, there is a constantC1 � 1 such thatε =
C±1

1 exp(−u(ζm(xs ,ε)(ω))), therefore

logε =
m(xs ,ε)∑

j=0

u
(
T j (ω)

)
± C
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for a positive constantC which depends on log(C1) andu.
As we proved inChapter 10, there is a positive constantC2 such that

τΦ
(
R(xs, ε)

)
=
mxs ,ε−1∑

j=0

φ
(
σ jω

)
± C2.

From all this, and taking into accountTheorem 11.3and Birkhoff’s ergodic theo-
rem we obtain

lim
ε→0

log(μ̄(R(xs, ε, ε)))+ qτΦ(R(xs, ε, ε))
log(ε)

= d := 1 +
∫
Ω
φ(ω) dμ(ω)− h(μ)∫
Ω
u(ω) dμ(ω)

for μ̄ almost everyxs ∈ Ωφ .
Step 2. Now we prove that thēμ almost everywhere constant value of the pre-

vious limit coincides with the dimension of a measureαμ̄(q). We proceed as in
the proofs ofTheorem 12.2above. LetZ ⊂ Ωφ be such that̄μ(Z) = 1 and define

Gd :=
{
ω ∈ Ω: dμ̄,q(ω) = d

}
.

The setY := Z ∩ Gd has full measurēμ. Let {εn}∞n=1 be a positive sequence
converging to zero. The Egorov theorem ensures that forη > 0 there existsYη ⊂
Ωφ with μ̄(Yη) � 1 − η such that for eachδ > 0 there existsn(δ) ∈ N such that

(εn)
de−qτΦ (R(xs ,εn,εn)) = e±δμ̄

(
R(xs, εn, εn)

)

for all n � n(δ) andxs ∈ Yη. Then, for each coverR of Yη by squared rectangles
R(xs, εn, εn), with n = n(δ), we have

M(d, q,R, Yη) :=
∑

R∈R

(
diam(R)

)d
e−τΦ (R)

� Ce−δ
∑

R∈R
μ̄(R) � Ce−δμ(Yη),

whereC = 2d orC = 2−d , depending on the sign ofd. Since this is true for any
coverR of Yη by squared rectanglesR(xs, εn, εn), with n � n(δ), then

lim
ε→0+

(
inf
{
M(d, q,R, Yη): diam(R) � ε

})
� 1 − η.

Here the infimum is taken over all covers by squared rectangles of diameter
smaller than or equal toε. Hence, we haveα(q, Yη) � d, and sinceY ⊃ Yη,
thenα(q, Y ) � d too.

For the converse inequality fixη > 0 andδ > 0 as before. For eachn ∈ N

let Rn be a minimal cover ofYη by squared rectanglesR(xs, εn, εn), all with the
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sameεn. Forn � n(δ) we have

M(d, q,Rn, Yη) =
∑

R∈Rn

diam(R)de−qτ(B)

� C−1eδ
∑

R∈Rn

μ̄(R) � 2C−1eδ,

with C as above. The factor 2 is added becauseRn is not a partition, but an open
cover. Nevertheless, since it is minimal, we can avoid horizontal overlaps, and we
only would have vertical overlaps which are one-dimensional.

Now, since this can be done for allδ > 0, then

lim
ε→0+

(
inf
{
M(d, q,R, Yη): diam(R) � ε

})

� lim sup
n→∞

M(d, q,Rn, Yη) � 2C−1,

which impliesα(q, Yη) � d for all η > 0.
Following the lines of the proof ofProposition 12.1, let {ηm}∞n=1 be any positive

sequence converging to zero, thenY =
⋃∞
m=1 Yηm , and

α(q, Y ) = α

(
q,

∞⋃

m=1

Yηm

)
= sup

m
α(q, Yηm),

thereforeα(q, Y ) � d.
We have proved that for eachZ ⊂ Xφ such thatμ(Z) = 1 we haveα(q, Z ∩

Gd) = d.
Last step. From the parts 1 and 2 of this proof it follows that

1 +
∫
Ω
φ(ω) dμ(ω)− h(μ)∫
Ω
u(ω) dμ(ω)

= αμ̄(q),

which we can write also as

h(μ)+
∫

Ω

((
αμ̄(q)− 1

)
u(ω)− qφ(ω)

)
dμ(ω) = 0.

�

12.4. Multifractal decomposition for sticky sets

In this section we consider some properties of an invariant measure for a polysym-
bolic system in the case when the system is minimal. Let us recall first that, the
unique measureμq∗ is defined on each cylinder[ω0, . . . , ωL−1] by

(12.3)μq∗ = 1

q0 · · · qL−1
.
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Because ofProposition 2.2, the systemf |F is uniquely ergodic either, and the
corresponding measure is the pushed forward one by the conjugacyh. Denote the
measure byνq∗ .

From now on we restrict ourselves to the case of the full shiftΩq∗ = Ω2 :=
{0,1}N. We assume that our sticky set is of the planetary type (see Section3.5.1)
and that there exist numbers 0< λ0 < λ1 < 1 and constantsc, c > 0 such that

(12.4)c

n−1∏

j=0

λωj � diamΔω � c

n−1∏

j=0

λωj

whereΔω ⊃ χ(ω), ω = [ω0, . . . , ωn−1]. As it was shown in Section3.5.1, the
Hausdorff dimension of the sticky setF is the rootα0 of the Moran’s equation

(12.5)λα0 + λα1 = 1.

The measureνq∗ in our case is just the Bernoulli measure, say,ν: ν(h−1(ω)) =
2−n if ω = [ω0, . . . , ωn−1]. If we take into account that the Bernoulli measure
is an invariant with respect to the shift map onΩ2, and remember that the sticky
setF is resulting from a Moran geometric construction (see Section3.5.1), then
we may forget about dynamics onF and just make multifractal analysis of the
measureν in the same way as people do it for conformal repellers (see, for in-
stance,[97] and[100]). In order to apply these results, we need to show that the
measureν is not of full dimension. For that, we need to construct a set of arbitrary
large measure with “small” Hausdorff dimension. The idea is simple enough. The
density of appearance of zeros and ones in a typical sequence of symbols should
be 1/2. So, a desired set should be constructed by cylinders containing approxi-
mately equal numbers of zeros and ones. We prove the following.

THEOREM 12.4. Wheneverλ0 �= λ1, the uniform(Bernoulli) measureν onF is
not of full Hausdorff dimension.

PROOF. We prove, first, that the measureμ is not of full Hausdorff dimension,
provided thatΩ2 is endowed with the metricdΩ . The proof consists of three
lemmas. InLemma 12.1below, sets of arbitrary large measure are constructed. In
Lemma 12.2, an upper boundα for their Hausdorff dimensionαμ is computed.
In Lemma 12.3, we prove that the upper boundα is smaller than the Hausdorff
dimensionα of the setΩ2, if λ0 �= λ1.

ForL ∈ Z+, consider the setsB(δ, L) = {ω ∈ Ω2: |n0(ω[L])− n1(ω[L])| �

δL} whereω[L] = ω0 . . . ωL−1 andni(ω[L]) = #{ωj = i: j = 0, . . . , L − 1},
i = 0, 1. We are interested in the setsC(δ, L0) =

⋂
L�L0

B(δ, L), for L0 ≫ 1 to
get an estimate of the Hausdorff dimension ofμ [97],

dimHμ = lim
δ→0

inf
{
dimHZ: μ(Z) � 1 − δ

}
.



158 Chapter 12. Dimensions for measures

We will choose the setsC(δ, L) in the capacity of the setsZ in the formula above.
Every setB(δ, L) is a union of cylinders defined by the words of lengthL in the

setW(δ,L) = {ω[L] ∈ {0,1}L: |n0(ω[L]) − n1(ω[L])| � δL}. The measure of
each set isμ(B(δ, L)) = NL/2L, whereNL = #W(δ,L). To estimate the value
of NL for L ≫ 1 we use Stirling’s approximation as follows

NL =
⌊L 1+δ

2 ⌋∑

k=⌈L 1−δ
2 ⌉

(
L

k

)
= 2L − 2

∑

k�L 1−δ
2

(
L

k

)

(12.6)≈ 2L
(
1 −Kδ2−L(1−H((1−δ)/2))−(1/2) lnL)

with Kδ a positive number andH(α) := −α lnα − (1− α) ln(1− α). Hence, we
are ready to prove the following result.

LEMMA 12.1. For arbitrary δ > 0 andL0 ≫ 1 there existK > 0 andK ′
δ > 0

such thatμ(C(δ, L0)) � 1 −K ′
δ 2−KL0.

PROOF.

μ
(
C(δ, L0)

)
= μ

( ⋂

L�L0

B(δ, L)

)
� 1 −

∑

L�L0

μ
(
B(δ, L)c

)

where
∑

L�L0

μ
(
B(δ, L)c

)
=
∑

L�L0

(
1 − NL

2L

)
≈ Kδ

∑

L�L0

2−LK−(1/2) lnL

�
Kδ

1 − 2−K 2−L0K

with K = 1 −H((1 − δ)/2) > 0 for sufficiently smallδ > 0. �

LEMMA 12.2.

dimHC(δ, L0) �
ln 2

−1
2(ln λ0 + ln λ1)

=: α.

PROOF. To obtain an estimate from above, we can choose an arbitrary family
of covers of the setC(δ, L0). Let us consider the setsB(δ, L), L � L0, in the
capacity of such a family. Consider the sum

(12.7)
∑

ω0,...,ωL−1

(
L−1∏

k=0

λωk

)α
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with (ω0, . . . , ωL−1) ∈ W(δ,L). Remark that[ω0, . . . , ωL−1] ⊂ B(δ, L) for
(ω0, . . . , ωL−1) ∈ W(δ,L) and thatB(δ, L), for L � L0, coversC(δ, L). As-
sume thatλ1 � λ0, then

L−1∏

k=0

λωk = (λ0λ1)
L/2
(λ0

λ1

)n(L)0 (ω)−L/2
� (λ0λ1)

L/2
(λ1

λ0

)δL/2
.

Thus

∑

ω0,...,ωL−1

(
L−1∏

k=0

λωk

)α
�

[
(λ0λ1)

L/2
(λ1

λ0

)δL/2
]α L 1+δ

2∑

k=L 1−δ
2

(
L

k

)

�

[
2(λ0λ1)

α/2
(λ1

λ0

)δα/2
]L
.

This expression remains finite asL goes to infinity for those values ofα for
which 2(λ0λ1)

α/2 · (λ1/λ0)
αδ/2 � 1. It implies the validity of the inequality

2(λ0λ1)
α/2 � 1 and proves the lemma. �

Denote byαμ the dimension of the measureμ.

COROLLARY 12.1. αμ < α.

The proof follows directly fromLemma 12.2and equality (3.3) of the
book[97], p. 22.

LEMMA 12.3. For λ0 �= λ1, αμ < α, the Hausdorff dimension of the setΩ2.

PROOF. From(12.5)andLemma 12.2, it follows that for every positiveγ ,

(12.8)α(λ0, λ1) = γ α
(
λ
γ

0 , λ
γ

1

)
and α(λ0, λ1) = γ α

(
λ
γ

0 , λ
γ

1

)
.

Assume, first, thatλ1 = 1−λ0. Then, by Moran’s equation(12.5),α(λ0,1−λ0) =
1, and

(12.9)α(λ0,1 − λ0) < max
λ0

2 ln 2

− ln λ0(1 − λ0)
= 1

if λ0 �= 1/2. For arbitraryλ′
0 andλ′

1, due to property(12.8), there existγ and
λ0 such thatλ′

0 = λ
γ

0 , λ′
1 = (1 − λ0)

γ , α(λ′
0, λ

′
1) = γ−1, andα(λ′

0, λ
′
1) =

γ−1α(λ0,1−λ0). Hence, after the inequality(12.9)andCorollary 12.1, it follows
thatαμ < α(λ′

0, λ
′
1) < α(λ

′
0, λ

′
1), for arbitraryλ′

0 �= λ′
1. �

To conclude the proof ofTheorem 12.4, we apply Proposition 4.1 and The-
orem 6.3 of the book[97], which tells us that the Hausdorff dimension is an
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invariant with respect to a Lipschitz continuous homeomorphism with a Lipschitz
continuous inverse. �

REMARK 12.1. For the Markov map of the intervalg of Example 3.1the g-
invariant measurẽν is not of full dimension either. The mapg has a conformal
repellerJ that is the support of the measureν̃, and all assumptions of Theo-
rem 21.1 in the book[97] are satisfied. Thus, it has the multifractal decomposition
described in this theorem.

If the geometric constructions of the setsJ andF are modeled by the same
symbolic system then they are metrically equivalent (seeProposition 12.2below).
Therefore, the multifractal decompositions ofν̃|J and ν|F are the same. This
means the following. Assume that the limit

dν(x) := lim
r→0

logν(B(x, r))

logr

exists. It is called the pointwise dimension at the pointx ∈ F [124]. Let Fα =
{x ∈ F : dν(x) = α} and the Hausdorff dimension dimHFα =: fν(α), then the
functionfν(α) is said to be the multifractal spectrum ofν (see, for instance,[97]).
The representation ofF in the formF =

⋃
α Fα ∪ F̂ , where the irregular part̂F

is the set of points for which the pointwise dimension does not exist, is called the
multifractal decomposition of the setF . Now, let

Tν(q) = − lim
r→0

log infGr
∑
B∈Gr ν(B)

q

logr

where the infimum is taken over all finite coversGr of F by open balls of radius
r. Remark that

Tν(q) = (1 − q)HPq(ν)

whereHPq(ν) is the Hentschel–Procaccia spectrum (provided that corresponding
limits exist, see, for instance,[97]).

The following result holds.

THEOREM 12.5.

(i) Tν(q) = Tν̃(q).
(ii) fν(α) = fν̃(α), andFα = χ(χ̃−1(Jα)) whereJα = {x ∈ J : dν̃(x) = α}.

PROOF. Since the mapχ ◦ χ̃−1 is Lipschitz continuous with a Lipschitz con-
tinuous inverse, then the statement (i) follows from Theorem 8.3 (p. 50), equal-
ity (18.1) (p. 182), and Statement 5 of Theorem 21.1 (p. 214) of the book[97].
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Proof of the statement (ii). Letx ∈ Jα, i.e., limr→0 log ν̃(B(x, r))/ logr = α.
LetL (correspondinglyl) be a Lipschitz constant of the mapχ ◦χ̃−1 (correspond-
ingly χ̃ ◦ χ−1) andy = χ(χ̃−1(x)). Then

B
(
y, l−1r

)
⊂ χ

(
χ̃−1(B(x, r)

))
⊂ B(y,Lr)

and

ν
(
B
(
y, l−1r

))
� ν

(
χ
(
χ̃−1(B(x, r)

)))
= ν̃

(
B(x, r)

)
� ν

(
B(y,Lr)

)
.

Therefore,α = dν(y). In the same way we show that ify ∈ Fα thenχ̃ (χ−1(y)) ∈
Jα. This implies (together with Theorem 6.3 in[97]) the statement (ii). �

COROLLARY 12.2. The theorem, Theorem11.1, and Theorem21.1in [97] imply
that:

(i) The pointwise dimensiondν(x) exists forν-almost everyx ∈ F and

dν(x) = 2 log 2

−(logλ0 + logλ1)
.

(ii) The functionfν(α) is defined on the interval[α1, α2] which is the range of
the functionα(q) (i.e.,0 � α1 � α2 < ∞, α1 = α(∞) andα2 = α(−∞));
this function is real analytic andfν(α(q)) = T (q)+ qα(q).

(iii) The functionsfν(α) andTν(q) are strictly convex and form a Legendre trans-
form pair.

REMARK 12.2. The results of this section tell us that a minimal multipermutative
system, being uniquely ergodic, nevertheless possesses a nontrivial multifractal
decomposition, provided that the rates of contraction are different. If rates of
contraction are the same, then multifractal decomposition is trivial (i.e., has the
only element plus the irregular part). This follows fromProposition 12.2below
and[97].

12.5. Remarks on theq-pointwise dimension and the
dimension of a measure

REMARK 12.3 (Dimension of measures). Now come back to Section4.1 and
assume thatμ is a Borel probability measure supported on the setZ ⊂ Rm. The
quantity

dimcμ := inf
{
αc(Y ): μ(Y ) = 1

}

is said to be the Carathéodory dimension of the measureμ [97]. In particular,
dimHμ = inf{dimHY : μ(Y ) = 1} is called the Hausdorff dimension of the
measureμ.
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In the case wheredμ(x) exists, the quantitydH (μ) can be estimated. Theo-
rem 7.1 in[97] tells us that:

(i) if dμ(x) � d for μ-a.e.x then dimHμ � d;

(ii) if dμ(x) � d for μ-a.e.x then dimHμ � d;
(iii) if dμ(x) = d for μ-a.e.x then dimHμ = d.

It is clear that dimcμ � αc(Z) for any Carathéodory structure and any mea-
sureμ. A measureμ0 is said to be the measure of full dimension ifdimcμ0 =
αc(Z). The measure of full dimension may not exist. For example, even for two-
dimensional Axiom-A diffeomorphisms, the measure of full dimension almost
never exists[82]. Nevertheless, there are interesting situations where it is so.

EXAMPLE 12.1 (Existence of the measure of full dimension). Let us consider
the conformal repellerJ in Example 3.1. We know that the Hausdorff dimension
αc = dimH J is the root of the Moran equation

λ
αc
0 + λαc1 = 1.

For the sake of definiteness, assume thatλ0 < λ1 and letκ := logλ1/ logλ0,
i.e.,λ1 = λκ0. Introduce a numberp > 0 satisfying the equation

p + pκ = 1.

We show thatp = λ
αc
0 . Indeed,

λ
αc
0 +

(
λ
αc
0

)κ ≡ λ
αc
0 + λαc1 = 1,

by definition ofαc. Consider the(p,1−p)-Bernoulli measurem onΩ2 (in other
words, the measure of the cylinderm([ω0, . . . , ωn−1]) =

∏n−1
k=0 pωk wherepωk =

p if ωk = 0, pωk = pκ = 1 − p if ωk = 1). Denote byμ the pushed-forward
measure onJ and show thatμ is the measure of full dimension. We havehμ(f ) =
p logp + (1 − p) log(1 − p), χ+

μ = p logλ0 + (1 − p) logλ1. Furthermore, for
the conformal repellerJ one has

dμ(x) = hμ(f )

χ+
μ

,

whereχ+
μ is the Lyapunov exponent with respect to measureμ (the proof is a

simplified version of the result in[124] – see[97]). Hence,

dμ(x) = p logp + κpκ logp

p logλ0 + pκ logλ1

= logp
1 + pκ−1 logλ1/ logλ0

logλ0 + pκ−1 logλ1

= logp

logλ0
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for μ-a.a.x. Because of the mentioned Theorem 7.1 in[97], we have that

dimHμ = logp

logλ0
= αc logλ0

logλ0
= αc.

This example is a particular manifestation of the general result[100] that says
that ifm is an equilibrium measure on a subshift for the potential(ω0, ω1, . . .) �→
αc logλω0 andμ is pushed-forward onF , the result of the corresponding Moran
type construction with dimHF = αc, thenμ is a measure of full dimension and

(12.10)αc = − hμ∫
Ω

logλω0 dm
.

A similar theorem (Theorem 20.1 in[97]) holds for conformal repellers.

REMARK 12.4. In [39] the authors derive a relationship between a lowerq-
pointwise dimension of the measureμ, and the spectrum of the measure. In that
paper the authors treat the problem in a general context, and their main motiva-
tion was to propose a local quantity always well defined (a lower limit in this
case), from which one could derive the spectrum of dimensions for a measure.
This approach applies to the spectra of dimensions of monotone functions of sets
other than Poincaré recurrences, but it is particularly adapted to the spectrum of
Poincaré recurrences.

The general context is the following:X ⊂ Rn is a Borel set,μ is a Borel
probability measure, andψ is a real-valued set function. Then, forα, q ∈ R and
Y ⊂ X let

Mψ (α, q, Y ) := lim
ε→0+

inf
B: diam(B)�ε

{∑

B∈B
e−qψ(B)(diamB)α

}
,

where the infimum is taken over all finite or countable covers ofY by open balls
of diameter smaller or equalε. The general theory of Carathéodory dimensions
ensures, for eachq ∈ R, the existence of a unique number

αψ (q, Y ) := inf
{
α ∈ R: Mψ (α, q, Y ) = ∞

}
.

The relationq → αψ (q, Y ) defines the spectrum of dimensions forψ of the set
Y . Finally,

α
μ
ψ (q) := inf

{
αψ (q, Y ): μ(Y ) = 1

}

is the spectrum forψ of the measureμ.
Here it comes the main difference between this approach and the more tradi-

tional approach one can find[97]. Let Q ⊂ [0,1] be a countable set such that
0 ∈ closQ. The lowerq-pointwise dimension ofμ atx ∈ X is

dψμ,q(x) := lim inf
Q∋ε→0+

inf
y∈B(x,ε)

logμ(B(y, ε))+ qψ(B(y, ε))
log(ε)

.
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This limit depends onQ, but for a well behaved function set functionψ , a
countable set may be sufficient, i.e., lim infε→0+ and lim infQ∋ε→0+ coincide. For
instance, ifψ is monotonous with respect to the partial orderB & B ′ ⇔ B ⊂ B ′,
thenQ := {1/n: n ∈ N} is sufficient.

The result in[39] is the following.

THEOREM 12.6. For all q ∈ R, αμψ (q) = ess-supdψμ,q .

Let us remind the ess-supg := inf{a: μ{g(x) < a} = 1}. Theorem 12.6applies
to our case, and it allows us to relate the spectrum for Poincaré dimensions of the
measure to the corresponding lowerq-pointwise dimension, in the general case
when the rate of return times does not exist.

REMARK 12.5. The symbolic setting we consider in this chapter is in per-
fect agreement with a generalized Moran construction satisfying the gap condi-
tions(3.25) and (3.26). In that case we have the following.

PROPOSITION12.2. Letχ :X → F be the coding map associated to the gener-
alized Moran construction with model(Ω, σ ). Let the construction satisfy the gap
conditions(3.25)and (3.26). LetdΩ be the ultrametric inX defined as in(11.1)
by the functionu(ω) = − logλ(ω). Then, there exist constants0 < d � d such
that

d dist
(
χ(ω), χ(̟)

)
� dΩ(ω,̟) � d dist

(
χ(ω), χ(̟)

)
,

for all ω,̟ ∈ Ω.

PROOF. Sinceu is a Hölder continuous function, there existsC0 > 1 such that,
for ζ n(ω),

sup
̟ ′∈ζ n(ω)

n−1∏

i=0

λ
(
σ i̟ ′)

� C0 inf
̟ ′∈ζ n(ω)

n−1∏

i=0

λ
(
σ i̟ ′),

uniformly in n andω. Therefore

dist(x, x′) � diam(Δω0···ωn)

� c sup
̟ ′∈ζ n(ω)

n−1∏

i=0

λ
(
σ i̟ ′)

� (C0 c) e
−u(ζ n(ω)) ≡ (C0 c)dΩ(ω,̟),

wherex = χ(ω), x′ = χ(̟) and̟ ∈ ζ n(ω). If the gap conditions are satisfied,
there is a constant (gap)G > 0 such that for allω ∈ Ω and̟ ∈ ζ n(ω)\ ζ n+1(ω)
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we have

dist(x, x′) � dist(Δω0···ωn ,Δ̟0...̟n)

� G diam(Δω0...ωn−1)

� G

(
c inf
̟ ′∈ζ n(ω)

n−1∏

i=0

λ
(
σ i̟ ′)

)

≡ (G c) e−u(ζ
n(ω)) ≡ (G c)dΩ (ω,̟).

Hence, the proposition holds when the gap conditions are satisfied. �

Let f :F → F be such thatf ◦χ = χ ◦T andν af -ergodic Borel probability
measure. The equivalence of distance dist inF and distancedΩ in Ω implies the
following.

THEOREM 12.7. For a Moran construction of a fractal setF satisfying the gap
conditions(3.25) and (3.26) let f :F → F be such thatf ◦ χ = χ ◦ T . Let
μ be af -invariant ergodic Borel probability measure with positive entropy, and
ũ ◦ χ = − logλ. Then the limit

dμ,q(x) := lim
ε→0+

logμ(B(x, ε))+ qτ(B(x, ε))
logε

exists forμ-almost allx ∈ F , and it coincides with

αν(q) = h(ν)− q∫
F
ũ(x) dν(x)

.

This result also holds for transformations satisfying some hyperbolicity condi-
tion like in [114], where for instance the following result is proved.

THEOREM 12.8. Letf be a surface diffeomorphism, andμ andf -invariant er-
godic measure withh(μ) > 0 and Lyapunov exponentsλ1 > λ2. If supp(μ) is a
compact locally maximal hyperbolic set forf , then

αμ(q) =
(
h(μ)− q

)( 1

λ1
− 1

λ2

)
.
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Chapter 13

The Variational Principle

Let us remind that one says[97,118,119]that the Carathéodory dimensionαc(Z)
admits the variational principle (with respect toM) if supμ∈M dimcμ = αc(Z),
where the supremum is taken over some setM of measures (it could be
Borel probability measures, invariant measures with respect to a dynamical sys-
tem, etc.). We shall show that indeed the spectrum of dimensions for Poincaré
recurrences admits the variational principle.

13.1. Preliminaries and motivation

In the framework of this book a variational principle refers to a relationship be-
tween dimension-like quantities, so that a particular dimension coincides with the
extremal value of a collection of dimensions of other kind. In this sense, if we had
an alternative definition of the spectrum of a measure, then the definition we gave
above,

αμ(q) := inf
{
α(q,X′): X′ ⊂ X andμ(X′) = 1

}
,

could be understood as a variational principle, or more precisely, an inverse varia-
tional principle. Instead, in this chapter we deal with a direct variational principle
where a “topological dimension” is obtained as the supremum of a set of “mea-
sure theoretical dimensions”. In order to illustrate this, let us consider the example
we developed in the previous section.

Let us remind that for theT -invariant measureμ onX,

htop(μ) = inf
{
htop(X

′): X′ ⊂ X andμ(X′) = 1
}
.

We proved above (Proposition 12.1) thathtop(μ) = h(μ), which can be seen as
an inverse variational principle. A direct variational principle also holds, indeed,

htop(T ) = sup
{
htop(μ): μ is T -invariant

}
.

This equality is a direct consequence of the variational principle for the topo-
logical pressure, as it appears in the thermodynamical formalism[109]. A more

167
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general version of the variational principle for the topological pressure is pre-
sented[97], and allows one to treat non-compact invariant sets. In our case, since
the fractal set resulting of a generalized Moran construction, the hyperbolic re-
pellers and other examples we are considering, are compact, we may be satisfied
with the particular version that follows.

THEOREM 13.1. LetΩ be a specified subshift of the full shiftΩp. Then for each
Hölder continuous functionψ :Ω → R,

PΩ(ψ) = sup

{
h(μ)+

∫

Ω

ψ dμ: μ is σ -invariant

}
.

HerePΩ (ψ) is the topological pressure associated to the potentialψ , as it was
defined by(2.10), or alternatively by(2.17). For the sake of completeness and also
for pedagogical reasons, we will give a proof of this result following the classical
lines (which can be found for instance in[109]).

PROOF. Letμ be aσ -invariant probability measure. Sinceψ is Hölder continu-
ous, there existθ andC > 0 such that

max
{∣∣ψ(ω)− ψ(̟)

∣∣: ω,̟ ∈ c
}

� Cθn

for eachn ∈ N andc ∈ ζ n. Then, for eachn ∈ N

∫

Ω

ψ(ω) dμ(ω) = 1

n

n−1∑

j=0

∫

Ω

ψ
(
σ jω

)
dμ(ω)

= 1

n

∫

Ω

ψn
(
ζ n(ω)

)
dμ(ω)± 1

n

(
Cθ

1 − θ

)

= 1

n

∑

c∈ζ n
ψn(c)μ(c)±

1

n

(
Cθ

1 − θ

)
.

Here we employ the traditional notationsψn(c) := maxω∈c
∑n−1
j=0ψ(σ

jω), and
A = B ± C for the inequalitiesB − C � A � B + C.

Now, for eachn ∈ N let us define the quantities

Pn(ψ,Ω) := 1

n
log

(∑

c∈ζ n
exp
(
ψn(c)

))
,

hn(μ) := −1

n

∑

c∈ζ n
μ(c) logμ(c),
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which, as we have already seen, are such thatP(ψ,Ω) = limn→∞ Pn(ψ,Ω) and
h(μ) = limn→∞ hn(μ).

By concavity of the functionx �→ log(x), we have that

∑

c∈ζ n
log
(exp(ψn(c))

μ(c)

)
μ(c) � log

(∑

c∈ζ n
exp
(
ψn(c)

))
,

therefore

hn(μ)+
∫

Ω

ψ(ω) dμ(ω) � Pn(ψ,Ω)±
1

n

(
Cθ

1 − θ

)
,

for all n ∈ N. Taking the limitn → ∞ we obtain

h(μ)+
∫

Ω

ψ(ω) dμ(ω) � P(ψ,Ω),

for everyσ -invariant Borel probability measure, and in this way we obtain a legal
proof of the inequality

P(ψ,Ω) � sup

{
h(μ)+

∫

Ω

ψ(ω) dμ(ω): μ is σ -invariant

}
.

The converse inequality is less evident.
For eachn ∈ N consider the atomicσ -invariant probability measure

μψ,n :=
∑

ω∈Pern(σ )

exp(ψn(ω))∑
̟∈Pern(σ ) exp(ψn(̟))

δω,

whereψn(ω) :=
∑n−1
j=0ψ(σ

jω), Pern(σ ) := {ω ∈ Ω: σ nω = ω}, andδω is
the atomic probability measure concentrated atω. The set ofσ -invariant Borel
probability measures is convex and compact with respect to the weak topology
(see[49] for details). Let

Eψ :=
{
μ: μ is a limit point of the sequence{μψ,n}∞n=1

}
.

Let n0 be the specification length ofX, and for eachn ∈ N let

Zn := Zn(ψ,Ω) =
∑

c∈ζ n
exp
(
ψn(c)

)
.

For eachn ∈ N, c ∈ ζ n andm � n + 2n0, the Hölder continuity and the specifi-
cation property imply that

∑

ω∈Perm(σ )

eψm(ω) = Zm−2n0 Zn e
±2(‖ψ‖n0+ Cθ

1−θ ),
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∑

ω∈Perm(σ )∩c
eψm(ω) = Zm−2n0 e

ψn(c)e±2(‖ψ‖n0+ Cθ
1−θ ),

where‖ψ‖ := maxω∈Ω |ψ(ω)|, andA = B e±C stands for the inequalities
B e−C � A � B eC . Then, for eachn ∈ N andm � n+ 2n0 we have

hn(μψ,m) = −1

n

∑

c∈ζ n
μψ,m(c) log

(∑
ω∈Perm(σ )∩c e

ψm(ω)

∑
̟∈Perm(σ ) e

ψm(̟)

)

= log(Zn)

n
− 1

n

∑

c∈ζ n
μψ,m(c)

(
ψn(c)± c0

)

with c0 := 4(‖ψ‖n0 + Cθ(1 − θ)−1). Now, consider a subsequencem1 <

m2 < · · · such thatμψ,mk → μ ∈ Eψ ask → ∞. Then we have

hn(μ)+
1

n

∑

c∈ζ n
μ(c)ψn(c) = log(Zn)

n
± c0

n
,

for eachn ∈ N. On the other hand, taking for eachc ∈ ζ n an arbitrary point
ω∗ ∈ c, we obtain,

1

n

∑

c∈ζ n
μ(c)ψn(c) = 1

n

∑

c∈ζ n
μ(c)

n−1∑

j=0

ψ
(
σ jω∗)± Cθ

n(1 − θ)

= 1

n

n−1∑

j=0

∑

c∈ζ n
μ(c)ψ

(
σ jω∗)± Cθ

n(1 − θ)

= 1

n

n−1∑

j=0

(∫

Ω

ψ
(
σ jω

)
dμ(ω)± Cθn

)
± Cθ

n(1 − θ) .

Sinceμ ∈ Eψ is T -invariant, the inequalities above imply that

hn(μ)+
∫

Ω

ψ
(
σ jω

)
dμ(ω) = log(Zn)

n
±
(2c0
n

− Cθn
)
,

for all n ∈ N, and taking the limitn → ∞ we finally obtain

h(μ)+
∫

Ω

ψ(ω) dμ(ω) = P(ψ,Ω),

for everyμ ∈ Eψ . This concludes the proof. �

It is important to remark that in the particular case under consideration, the
setEψ is composed by a single ergodic measureμψ with positive entropy. This
non-trivial result can be found, for instance, in[107].
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13.2. A variational principle for the spectrum

Theorem 12.2establishes a relationship between the measure theoretical entropy
of a measure, and the spectrum of dimensions for Poincaré recurrences for the
same measure. On the other hand, byTheorem 5.1the spectrum of dimensions
for Poincaré recurrences is the solution of an equation written in terms of the
topological pressure of certain potential. In this subsection we will use the varia-
tional principle for the topological pressure that we have just presented, to deduce
the analogous principle for the spectrum of dimensions for Poincaré recurrences.

THEOREM13.2. For a generalized Moran construction of a fractal setF satisfy-
ing the gap conditions(3.25)and(3.26)letf :F → F be such thatf ◦χ = χ ◦σ ,
andũ ◦ χ = − logλ. In the region0 � q � htop(f ) we have

αc(q) = sup
{
αν(q): ν is f -ergodic withh(ν) > 0

}
.

PROOF. First, Theorem 5.1states thatαc(q) is the unique solution of the equa-
tion P(α logλ) = q, which – thanks to the gap conditions and the topological
conjugacyχ : Ω → F – corresponds to the equationP(−αũ) = q. Therefore,
for q ∈ [0, htop(f )], αc(q) is the unique solution of the equationP(−αũ) = q.

On the other hand,Theorem 12.2ensures that for eachf -ergodic Borel proba-
bility measureν in F such thath(ν) > 0, the quantityαν(q) is the unique solution
of the equation

q = h(ν)−
∫

F

αũ(x) dν(x).

The variational principle for the topological pressure tell us that

h(ν)−
∫

F

αũ(x) dν(x) � P(−αũ),

for everyf -invariant Borel probability measure, and, in particular, for eachf -er-
godic Borel probability measure with positive entropy. Thus

P
(
−αc(q)ũ

)
= q � h(ν)−

∫

F

αc(q)ũ(x) dν(x),

q = h(ν)−
∫

F

αμ(q)ũ(x) dν(x),

therefore∫

F

(
αc(q)− αν(q)

)
ũ(u) dν(x) � 0.
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Sinceũ(x) > 0 for eachx ∈ F , we obtain the inequality

αc(q) � sup
{
αν(q): ν is f -ergodic withh(ν) > 0

}
.

Associated to the Hölder continuous functionω �→ αc(q) logλ(ω) in Ω,
define Eαc(q) logλ as we did in the proof of the variational principle. As we
mentioned above, a result from Ruelle’s (Theorem 2.1 in[107]) implies that
Eαc(q) logλ := {μαc(q) logλ}, andμ := μαc(q) logλ is σ -ergodic with positive en-
tropy. The corresponding measureν := μ ◦ χ−1 onF satisfies

h(ν)−
∫

F

αc(q)ũ(x) dν(x) = P(−αcũ).

Sinceχ is a measure theoretical isomorphism, the induced measureν = μ ◦ χ−1

inherits ergodicity and has positive entropy as well. With this we conclude the
proof. �

13.3. The variational principle for suspended flows

In Chapter 10we computed the spectrum for Poincaré recurrences for a suspended
flow (Xφ, Φ) over a specified subshift(Ω, σ ). Let us rephrase the main result of
that chapter:

Forα � 1 andq � 0, the spectrum for Poincaré recurrencesα∗ ≡ α(Xφ, q)

satisfies the equation

PX
(
(1 − α∗)u− qφ|σ

)
= 0.

With this andTheorem 12.3we just proved, we obtain the following

THEOREM 13.3. LetMe be the set of all ergodicΦ-invariant probability mea-
sures inXφ . Then, ifα(Xφ, q) � 1, q � 0, we have

α
(
Xφ, q

)
= sup

{
αμ̄(q): μ̄ ∈ Me, h(μ) > 0

}
,

whereμ is theσ -invariant probability measure projected onΩ from μ̄.

The proof of this result follows the same lines as the proof ofTheorem 13.2above,
substitutingα by α − 1.
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Chapter 14

Intuitive Explanation of Some Notions and Results
of this Book

In spite of sophisticated calculations and estimates in the proofs of theorems
of our book, the main ideas are simple and natural for people who are familiar
enough with statistical mechanics machinery. The goal of this chapter is to ex-
plain on a physical level of rigorousness (in the spirit of the articles[43,47,66]),
why and how topological pressure, topological entropy, Lyapunov exponents and
spectra of dimensions for Poincaré recurrences fuse together to form Bowen-type
equations.

14.1. Topological entropy, Lyapunov exponents and Poincaré
recurrences for ergodic conformal repellers

The Hausdorff dimension reflects only geometrical features of a chaotic motion.
It does not expose characteristic dynamical behavior. Nevertheless, we know that,
for some systems, Hausdorff dimensions are determined by dynamical quantities.
This fact is illustrated in the following examples.

14.1.1. Entropy

Consider the simple situation when(X, f, μ) is an ergodic conformal repeller
with X ⊂ Rm andμ a f -invariant, normalized and ergodic measure. Let us re-
mind that a smooth mapf :X → X is conformal if at every pointx ∈ X we have
thatDf (x) = L(x)Isomx , whereL(x) is a number and Isomx is an isometry. The
mapf is expanding atx if |L(x)| > 1 and is contracting atx if |L(x)| < 1.
A repeller for such a mapf (i.e., an invariant locally maximal repelling set) is
called a conformal repeller.

Let G = {G1, . . . ,Gp} be a cover ofX of diamG = ε, where diamG :=
max{diamG1, . . . ,diamGp}. Then-itinerary of pointx relative toG is the word

ωx(n) := i0i1 . . . ij . . . in−1, ij ∈ {1, . . . , p},
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such thatf j (x) ∈ Gij for eachj = 0, . . . , n − 1. A cylinder set of the lengthn
is the collection of all points having the samen-itinerary:

ζn(x) :=
{
y ∈ X: ωx(n) = ωy(n)

}
.

Assume that the collection of all cylinder sets is a generating cover such that
for longer lengthsn, Gn := {ζn(x): x ∈ X} provides a finer cover ofX with
diamGn =: r(n, ε) → 0 asn → ∞. By Shannon’s theorem we know that there
exists a numberhμ(f ) � 0 such that #Gn ∼ enhμ(f ) asn → ∞.2 Thus,μ is the
measure of maximal entropy and we have thathμ(f ) = htop(f ) =: h(f ). Fur-
thermore, by assumption, the full measureμ(X) = 1 is shared equitably among
cylinder sets such that entropy yields the following estimate for the measure of a
cylinder set of the lengthn

μ
(
ζn(x)

)
= 1

#Gn
∼ e−nh(f ).

14.1.2. Lyapunov exponents

The diameterr(n, ε) of the coverGn, as a function ofn, can be estimated by the
average expansiveness of the mapf along the orbit. For a pointx ∈ X let

(14.1)λn(x) = 1

n

n−1∑

j=0

log
∣∣L
(
f j (x)

)∣∣.

The limit λ(x) = limn→∞ λn(x) exists forx a μ-typical point. Because of the
ergodicity assumption the limit above exists and is a constant,λ, independent on
the choice of typical pointx. Assuming the uniform contraction rate exp(−λ) for
cylinders, the diameter of the collectionGn of cylinder sets is estimated to be

(14.2)r(n, ε) ≈ ε

n−1∏

j=0

∣∣L
(
f j (x)

)∣∣−1 ≈ εe−nλ.

If, for a sufficiently longn, the orbits are distributed uniformly inX, the measure
of cylinders may be estimated by the measure of a ball of radiusr = r(n, ε) as
follows

μ
{
y ∈ X: d

(
f kx, f ky

)
< ε, k = 0, . . . , n− 1

}
∼ μ

(
B(x, r)

)
.

Thus,

μ
(
B(x, r)

)
∼ e−nh(f ) ∼

(
r

ε

)h(f )/λ
asr → 0

2 By f (n) ∼ g(n) we mean here that there exist positive constantsC andC such thatCg(n) �

f (n) � Cg(n) for sufficiently largen.
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which tells us that

(14.3)dimμ = h(f )

λ
= inf

{
dimHA: μ(A) = 1

}
= dimHX,

since for the ergodic conformal repeller the local (pointwise) and the global di-
mensions ofμ coincide. Thus, a geometric property of the ergodic measureμ is
determined entirely by two dynamical quantities.

14.1.3. The spectrum of dimensions for Poincaré recurrences

Let us follow lines similar to those used in the computation of the Hausdorff
dimension. So, let us distinguish all the subsetsBi , i = 1,2, . . . , N(n), of the
invariant subsetX having the Poincaré recurrence equals ton, i.e.,

τ(Bi) := min
{
t ∈ N, x ∈ Bi : f n(x) ∈ Bi

}
= n

(14.4)for i = 1,2, . . . , N(n).

Recall that we are considering an ergodic conformal repeller. Thus, we expect
thatN(n), the number of sets having Poincaré recurrence equals ton, grows ex-
ponentially fast, while the diameters shrink exponentially fast to zero (see(14.2)).
Otherwise said, there should be constantsh0 > 0, and 0< λmin � λmax< 1, for
which

N(n) ≈ enh0 and λnmin � diam(Bi) � λnmax.

The exponentials have opposite behaviors. Thus, depending on the value of num-
berα, the sum

∑N(n)
i=1 (diam(Bi))α may either diverge to infinity or converge to

zero exponentially fast. There are cases which we study in detail, where col-
lections{Bi, i = 1,2, . . . , N(n)} of sets with Poincaré recurrence equals ton
essentially cover the attractor, so that

N(n)∑

i=1

(
diam(Bi)

)α ∼ 1 for α = dimH (X).

Let us introduce a parameterq in the role of a time scale to gauge the “impor-
tance” of different Poincaré recurrences. “The importance” will be a numeric
characteristic of the setX, denotedαc(q), of the same kind as its Hausdorff di-
mension, that is such that

(14.5)
N(n)∑

i=1

diam(Bi)
α(q)e−qτ(Bi ) ≈ 1.

The spectrum of dimensions for Poincaré recurrences is the functional depen-
denceα(q) of the dimension-like characteristicα with respect to the time scaleq.
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This spectrum can be seen as a relation between scale transformations in time
and scale transformations in space. These changes are to be made in the logarith-
mic scale for the space, while they could be linear or logarithmic for the time,
depending on the recurrence properties of the system.

For an ergodic conformal repellerX the diameter of setsBi in (14.5) is esti-
mated in(14.2) and each set has Poincaré recurrencen. Thus, the spectrum of
dimensions for Poincaré recurrences is determined by the following relation,

(14.6)
∑

Bi

en(−q+α(q)λn(xi )) ∼ 1, n ≫ 1,

wherexi ∈ Bi . The number of setsBi , with Poincaré recurrencen, may be esti-
mated by the number of periodic points of the periodn. For the repellerX of the
conformal mapf we take

#Pern(f ) ≈ enh,

where Pern(f ) is the set of all periodic points of minimal periodn andh is the
topological entropy. Thus, relation(14.6)becomes

en(h−q+α(q)λ) ∼ 1, n ≫ 1,

which holds for

(14.7)α(q) = h− q
λ

.

Recall that, by assumption, the system(X, f ) is ergodic and thenλn(x) ≈ λ,
n ≫ 1, independent of a typical pointx. The spectrum for Poincaré recurrences
is then related to the Hausdorff dimension of the ergodic conformal repellerX by
substituting relation(14.3)into (14.7): we obtain

(14.8)α(q) = dimH (X)

(
1 − q

h

)
.

14.2. (Non-ergodic) Conformal repellers

The results in the previous section are not valid in general. In relation(14.3), for
instance, the limitλ := lim λn(x) is not independent of pointx ∈ X when the
repeller is not ergodic. If we want to follow as before the same arguments in more
general situations then we must perform a multifractal analysis by decomposing
the setX into level subsets, collecting all points with the same value for limλn(x).
We shall see that for such level sets a relation of the type(14.3) is still valid
for non-ergodic conformal repellers. However, there are no simple expressions,
as (14.7) and (14.8), for the spectrum of Poincaré recurrences. Instead, we get
Bowen-type equations.
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14.2.1. The entropy spectrum for Lyapunov exponents

Generally, when limn→∞ λn(x) exists it takes value in the closed interval[λ1, λ2],
for someλ1 � λ2. In the previous example, Section14.1, the situation was that
λ1 = λ2 =: λ. Thus, to follow a line of reasoning similar to the one we followed
for ergodic conformal repellers, let us first decomposeX into level sets of constant
Lyapunov exponent,

(14.9)Xλ =
{
x: lim λn(x) = λ

}
,

when the limit exists. The collectionGn of cylinder sets has to be trimmed too,
according to the range of values ofλn(x), n ≫ 1. So, letJ ⊂ [λ1, λ2] be an open
interval and let

Gn(J ) =
{
ζ ∈ Gn: ∃x ∈ ζ with λn(x) ∈ J

}
.

Then, for the given intervalJ ⊂ [λ1, λ2], a “partial entropy” function would be

η(J ) = lim
n→∞

1

n
log #Gn(J ).

Theentropy spectrum for Lyapunov exponentsis then defined to be

(14.10)η(λ) ≡ htop(f |Xλ) = inf
{
η(J ): J ∋ λ

}
.

Then, waving hands in a similar way as we did in Section14.1we find that

dimHXλ = η(λ)

λ
.

14.2.2. The spectrum of dimensions for Poincaré recurrences

Relation(14.2) is not valid for the present situation. Then, in order to estimate
the diameters of the sets{Bi, i = 1,2, . . . , N(n)} having a Poincaré recurrence
equal ton, we associate to each of those sets a periodic point of minimal periodn.
In this way everyBi would be a neighborhood of a particular periodic pointxi in
the repellerX ⊂ Rm, such thatf nxi = xi andf kxi �= xi for k < n. Suppose that
then points in the orbit ofxi are well distributed in the attractor, so that

min
{
dist
(
f kxi, f

ℓxi
)
: 0 � k � ℓ < n

}
≈ 1

n
diam(X).

In this case, in order to ensure that the image setsf kBi , k = 1,2, . . . , n− 1, of a
neighborhood ofxi , do not containxi , it is enough that

diam
(
f kBi

)
� dist

(
f kxi, x

i
)

� min
{
dist
(
f kxi, f

ℓxi
)
: 0 � k � ℓ < n

}
≈ diam(X)

n
.
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An upper bound for the diameters of the setsf kBi is obtained by using the max-
imal Lyapunov exponent through the orbit ofxi . Indeed, by taking

(14.11)diam(Bi) ≈ diam(X)

n
exp

(
−
n−1∑

k=0

log
∣∣L
(
f kxi

)∣∣
)
,

where log|L(x)| is the Lyapunov exponent atx of the conformal mapf , which
is supposed to be positive. We have that

diam
(
f kBi

)
≈ diam(X)

n
exp

(
−
n−1∑

ℓ=k
log
∣∣L
(
f ℓxi

)∣∣
)

�
diam(X)

n
,

for each 0� k < n. Thus, from relation(14.5) defining the spectrum of di-
mensions for Poincaré recurrences, taking into account(14.11), we obtain the
asymptotic relation

(14.12)
∑

x∈Pern(f )

exp

(
−
n−1∑

k=0

(
q + α(q) log

∣∣L
(
f kx

)∣∣)
)

∼ 1,

where Pern(f ) is the set of all periodic points of minimal periodn. We can alter-
natively write this relation as

1

n
log

∑

x∈Pern

exp

(
−α(q)

n−1∑

k=0

log
∣∣L
(
f kx

)∣∣
)

≈ q.

In the case of a strongly chaotic system (compare to the result about the topo-
logical entropy for expansive transformations in[49], p. 110), the quantity at
the left hand side of the previous relation converges asn goes to infinity to a
dimension-like characteristic, denoted byP(−α(q) log |L|), known as the topo-
logical pressure for the potential

ϕ(x) := −α(q) log
∣∣L(x)

∣∣

(see Section2.4for a more detailed explanation). Hence, we have the formula

(14.13)P
(
−α(q) log |L|

)
= q

that is satisfied by the spectrum of dimensions for Poincaré recurrences.
Considered as a function of the parameterα, the topological pressure

P(−α log |L|) is convex and decreasing. Forα = 0 it coincides with the topolog-
ical entropy of the system, which in our case is given by the limit

htop = lim
n→∞

1

n
#Pern(f ).
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Figure 14.1. The convex shape of the spectrum of dimensions for Poincaré recurrences. The dashed
line is the spectrum(14.8)for the ergodic conformal repeller.

Forα = dimH (X), we necessarily haveP(−αL) = 0 since in that case the sum
in (14.5)is the same as one uses in the computation of the Hausdorff dimension,
in which the recurrence times do not appear. Thus, the spectrumα(q) is a con-
vex decreasing function ofq, such thatα(0) = dimH (X) andα(htop) = 0. The
spectrum of dimensions for Poincaré recurrences is sketched inFigure 14.1.

14.2.3. A Legendre-transform pair

In the estimates we performed in the previous section, which are valid in the case
of a strongly chaotic system, we dealt with the sum

Σn :=
∑

x∈Pern(f )

exp

(
−α(q)

n−1∑

k=0

log
∣∣L
(
f kx

)∣∣
)
.

For each periodic pointx ∈ Pern(f ), we consider the orbit average(14.1)which
take values in the interval[λ1, λ2]. Let {λ1 = ℓ0 < ℓ1 < · · · < ℓn = λ2}
be an equally spaced partition of the interval[λ1, λ2]. Let Jk = [ℓk−1, ℓk], for
k = 1, . . . , n. To each of the intervalsJk we associate the collection of periodic
points

(14.14)En(Jk) :=
{
x ∈ Pern(f ): λn(x) ∈ Jk

}
.

From this, we have

Σn ≈
n−1∑

k=0

exp

(
n

(
−α(q)ℓk + 1

n
log #En(Jk)

))
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= enq
∗
n (α)

n−1∑

k=0

exp

(
n

(
−α(q)ℓk + 1

n
log #En(Jk)− q∗

n(α)

))
,

where

(14.15)q∗
n(α) := max

k

(
−α(q)ℓk + 1

n
log #En(Jk)

)
.

Since

1 �

n−1∑

k=0

exp

(
n

(
−α(q)ℓk + 1

n
log #En(Jk)− q∗

n(α)

))
� n,

then(14.12)can be written as

A(n)e(q
∗
n (α)−q)n ∼ 1,

with 1 � A(n) � n andq∗(α) as above. Therefore, in the limitn → ∞ we
necessarily have

(14.16)q = lim
n→∞

q∗(α) for α = α(q).

This condition defines the spectrum of dimensions for Poincaré recurrences. To
write it in the familiar form, notice that, for a strongly chaotic system, the function

η(λ) := lim
n→∞

1

n
log #En(Jk) such thatJk ∋ λ,

if it is well defined on the interval[λ1, λ2], coincides with the entropy spectrum
for Lyapunov exponents, defined in(14.10). Thus, condition(14.16)can be writ-
ten in the form

q = lim
n→∞

max
k

(
−α(q)ℓk + 1

n
log #En(Jk)

)

(14.17)= max
λ

(
−α(q)λ+ η(λ)

)
.

Notice that the right hand side of this equation is the Legendre transform of the
function−η(λ) evaluated at−α(q) (see, for instance, Chapter VI of[51]), i.e.,

(14.18)q(α) = (−η)∗(−α),
where, as usual,g∗ denotes the Legendre transform of the functiong. Since the
Legendre transform is an involution, we have that

−η(λ) = q∗(−α) = max
α
(αλ− q), whereα = α(q),

and from this it follows that

(14.19)η(λ) = min
α
(αλ+ q) for q = q(α).
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Figure 14.2. The concave shape of the entropy spectrum of Lyapunov exponents, and the inverse
q = q(α) of the spectrum of dimensions for Poincaré recurrences.

The relation(14.18)between the inverse of the spectrum of dimensions for
Poincaré recurrences,q(α), and the entropy spectrum for Lyapunov exponents,
η(λ), is sketched inFigure 14.2.

Thus, in such a nice situation, as a conformal ergodic repeller, the spectrum
of dimensions for Poincaré recurrences and the entropy spectrum of Lyapunov
exponents are not independent – in fact, they contain similar information about
chaotic features of the system.
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Chapter 15

Poincaré Recurrences in Hamiltonian Systems

15.1. Introduction

This chapter shows, in an example, that the dimension for Poincaré recurrences
is an important characteristic for Hamiltonian systems with dynamical behaviors
that are (multi)fractal in space and time, simultaneously. We will follow mainly
the work[12].

There are many fractal objects in the phase space of a Hamiltonian system
that reflect complexity of behaviour of its orbits, see[41,50,72,81,84,85,88,127].
Let us mention only such objects as cantori and islands-around-islands (see re-
view [83,84]). Concerning dynamics, the motion is not ergodic in the full phase
space, and one needs to restrict dynamics to one of those invariant subsets. In
a system with a structure of islands-around-islands the natural invariant subset is
the sticky set. Our understanding of such a structure is summarized in Section3.5.

We apply a popular notion of multifractal analysis[66,54,47,92]to Poincaré
recurrences. An invariant subset (e.g., the sticky set) is decomposed into level
sets where Poincaré recurrences scale with the same local exponent. Such a de-
composition is related to the spectrum of dimensions for Poincaré recurrences.
A main result is a formula that, due to the coupling of space and time performed
by dynamics, expresses the dimension for Poincaré recurrences in terms of the
fractal dimension of the invariant subset, that is a space characteristic, and the
exponent in the asymptotic distribution law for Poincaré recurrences, that reflects
the behavior of a system in time.

G.M. Zaslavsky was the first who has discovered and studied this remark-
able feature of Hamiltonian dynamics, see for instance[127,128]and references
therein.

15.2. Asymptotic distributions of Poincaré recurrences

Distribution function for trajectories in phase space can be fairly uniform, as hap-
pens, for example, in Anosov systems. Nevertheless, a typical Hamiltonian system
has a rich set of islands in phase space, with a regular dynamics inside the islands

185
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Figure 15.1. Islands around islands in the phase space of the standard map.

and with narrow stochastic layers isolated from the main stochastic sea domain.
As an example, the standard map(x, y) �→ s(x, y) = (x, y), with

(15.1)y = y −K sin x, x = x + y,
has a fairly well known island structure that manifests such kind of behavior. See
Figure 15.1, that was obtained in[12].

In Figure 15.1A, we see a phase portrait of the standard map with a structure
of four islands: the central one- and three-island resonance sets around the cen-
tral island. The three-island set separate from the central island as a result of a
bifurcation when the parameterK exceeded some critical value. If we continue to
increaseK, a similar structure of subislands occurs for the three satellite islands
of the first generation. InFigure 15.1B, we show a magnification of the right is-
land of the first generation. There is an eight-island chain around it. When the
value

(15.2)K = 6.908 745;
is reached, it seems that an infinite hierarchy of islands-around-islands exists,
with a constant proliferation number of islandsg = 8 between generations.Fig-
ures 15.1C and 15.1Dshow the two generations following the first generation in
the eight-island chain. Our understanding about the infinite hierarchy of islands-
around-islands is summarized in Section3.5.
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The dynamics near the islands boundary is singular due to the phenomena of
stickiness, and it dominates in the long-time asymptotics. This circumstance in-
fluences almost all important probability distributions such as the distribution of
distances, exit times, recurrences, moments, etc. The main feature of all such
distributions is that they do not correspond to either Gaussian or Poissonian (or
similar) processes with all finite moments. This rather manifests in the presence
of powerlike tails in the asymptotic limit of distributions for long-time and small-
space scales, see[127] and[128].

We are interested in the distribution of Poincaré recurrences. Consider an open
ball B = B(x, r) of radiusr centered at pointx located in the sticky set of an
infinite hierarchy of islands around islands. The system is Hamiltonian and the
dynamics is area preserving, i.e., Lebesgue’s measureμ is invariant, however it is
not ergodic. For the trajectory{yi = f i(y): i � 0} let {ij }j�0 be all of the time
instants when the trajectory lands in the ball:yij ∈ B. The intervals

(15.3)tj = {ij+1 − ij }, j = 0,1, . . . ,

arePoincaré cycles.
Let us assume thatμ(X) < ∞ and letx be located in the sticky set. Denote by

W∞ the collection of all points inX \ B that never reach the ballB (seeChap-
ter 17). Then, according to Kac’stheorem 17.2, the mean of Poincaré cycles(15.3)
for the ballB

(15.4)τ(B) = μ(X \W∞)

μ(B)
< ∞,

is finite. This allows us to introduce the distribution of Poincaré cycles. For a fixed
τ > 0 let

(15.5)P
(
n > τ · τ(B)

)
=

∞∑

k=⌈τ ·τ(B)⌉

μ(Ak)

μ(B)

denote the probability to return to the ballB no sooner than inτ · τ(B) time
steps. According toChapter 17, in definition(15.5) the setAk ⊂ B denotes the
collection of points that return to the ball, for the first time, ink time steps. Next,
we consider the limitr → 0 for a fixedτ > 0.

The chaotic dynamics is considered to be the normal one if the asymptotic law

(15.6)P(τ) := lim
r→0

P
(
n > τ τ(B)

)
∼ exp(−τ),

exists and is Poissonian, with all moments finite. The Poissonian limit law has
been proved to exist for automorphisms of the torus and Markov chains by Pitskel
in [103]. In [67] Hirata proved it for Axiom-A diffeomorphisms and shifts of finite
type with a Hölder potential. For piecewise expanding maps of the interval Collet
and Galves proved the Poissonian limit law in[44]. However, existence of the
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limit in (15.6)is not always the case. For homeomorphisms of the circle Coelho
and de Faria[42] have found that the asymptotic limit does not exist and distinct
asymptotic laws are reached, depending on how the limitμ(B) → 0 is taken.

The dynamics is said to be an anomalous one when the asymptotic distribution
law

(15.7)P(τ) ∼ τ−γ

is valid.

15.3. A self-similar space-time situation

The sticky riddleR in the geometric construction of the sticky set in Section3.5
is illustrated by the Sierpinsky carpet inFigure 15.2. Let the largest square be
the only basic setΔ0 in the zeroth generation. The next generation of basic sets

Figure 15.2. Scheme of a self-similar geometric construction of the sticky set of an infinite hierarchy
of islands-around-islands structure (see Section3.5.1).
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Δi1 conform an annulus around the islandI0 (not shown in the figure) which
represents its boundary layer. It consists ofg1 (g1 = 8 in Figure 15.2) basic
subsets of the first generation,Δi1. Then, surround each of the first generation
basic subsets by an annulus ofg2 (g2 = 8 in Figure15.2) basic sets of the second
generation and repeat the process. On thenth step the structure is described by
the wordGn = (g1, g2, . . . , gn). The full number of islands of thenth generation
is

(15.8)Nn = g1 · · · · · gn.

Following Section3.5, a basic set from thenth generation is labeled by the word

(15.9)in = (i1, . . . , ij , . . . , in), 1 � ij � gj , j = 1, . . . , n.

Then, to each pointx of the sticky set corresponds a sequencei = (i1, i2, . . . ,

in, . . .) such thatx ∈ Δin for every prefixin of the sequencei.
The time

(15.10)Tin := min
{
t > 0: Δin ∩ st (Δin) �= ∅

}

that a particle takes to return, by the action of the standard maps, to the basic
setΔin , carries all information of thenth generation of islands. By introducing
the return time(15.10)for each basic set, we have attached an additional parame-
ter, describing the temporal behavior, to the simple geometric construction of the
sticky set, which is similar to a Cantor set.

A simplified case of the construction described above corresponds to the exact
self-similar situation

(15.11)
Sin = Sn = λnSS0,

Tin = Tn = λnT T0,

for every wordin of a given lengthn. In conditions(15.11)Sin is the area of the
basic setΔin andTin is the return time introduced in(15.10).

The self-similarity conditions(15.11)correspond to equal areas and equal re-
turn times for all basic sets of the same generation. The parametersλS andλT are
the scale factors of the exact self-similarity in space and time, correspondingly,
with

(15.12)λS < 1, λT > 1.

In addition to the space-time self-similarity(15.11), we assume self-similarity
in the proliferation of islands, i.e.,

(15.13)gn = g � 3,
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which corresponds to a situation that is modeled (in the sticky set) by a minimal
multipermutative system. It follows from Eqs.(15.8) and (15.13)that

(15.14)Nn = gn, n � 0,

if we start from the only 0th level island (g0 = 1).
Consider now the sequence of boundary layers{Δin} as a sequence of coverings

of the sticky set. Then consider the statistical sum

(15.15)Rn(q) =
∑

i1,...,in

(
1

Tin

)q
= C

∑

i1,...,in

exp(−nq ln λT ),

whereC is a positive constant. The number of terms in the sum(15.15)is given
in (15.14), and therefore asn → ∞ the covering boundary layer approaches the
sticky set and in the limit we obtain that the sum Eq.(15.15)diverges if

(15.16)q < q0 = ln g

ln λT
,

converges to zero ifq > q0, and converges to a positive value ifq = q0. The
positive numberq0 in (15.16)is the dimension for Poincaré recurrences under the
self-similar conditions(15.11). According toChapter 7, q0 = 1. In our case it is
absolutely clear, because of the fact thatλT = g, the number of islands.

The number of terms in the sum(15.15)are estimated in terms of the fractal
dimensionfSS of the sticky set byλ−nfSS/2

S . Then, an alternative formula for the
dimension for Poincaré recurrences is

(15.17)q0 = fSS

2

| ln λS |
ln λT

=: 1

β0
fSS .

From(15.16) and (15.17)the fractal dimension of the sticky set results to be

(15.18)fSS = 2 lng

| ln λS |
.

Remark that the fractal dimensionfSS involves space parameters,g andλS , only;
while the dimension for Poincaré recurrences (either(15.16)or (15.17)) involves
space as well as time parameters. Parameterβ0 introduced in(15.17)is justified
in the next two sections.

15.4. Multifractal analysis by Poincaré recurrences

It was mentioned in Sections15.1 and 15.2that Hamiltonian systems with rich
sets of islands have a space-time multifractal structure rather than fractal one.
Our next purpose is to describe, in the framework of Section4.3 (see also[66,
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54,47,92]), a multifractal spectrum of dimensions that is induced by the Poincaré
recurrences.

Consider the partition function

(15.19)Rn(q, α) =
∑

in

(
1

Tin

)q
εαn ,

whereεn = diamΔin is independent of the wordin.
Let i be the code sequence for a pointx located in the sticky set. Assume that

there is an exponentβ such that for each prefixin of i

(15.20)Tin ∼ ε−βn ,

asn ≫ ∞. Then, to deal with a multifractal situation, letEn(β) denote the col-
lection of all basic setsΔin from thenth level for which the scaling law(15.20)
holds for the given value ofβ. In a multifractal situation there are distinct values
of exponentβ in a closed interval[βmin, βmax] for whichEn(β) �= ∅. Moreover
#En(β) ∼ ε

−f (β)
n , wheref (β) is the fractal dimension of the level setEn(β).

Then, we write

(15.21)dNn(β) = dβ ρ(β)(εn)
−f (β)

for the number of basicΔ-sets for which the time scaling law is as in(15.20),
with exponent betweenβ andβ + dβ.

Using the multifractal decomposition by return times(15.21) the statistical
sum(15.19)is replaced by the integral

(15.22)Rn(q, α) =
∫
dβ ′ ρ(β ′)(εn)

α−f (β ′)+β ′q .

The distribution densityρ(β) is a slow function ofβ. Since we are interested in
the limit εn → 0, the integral(15.22)is correctly estimated by the value ofβ ′

which makesqβ − f (β) smallest. Thus,

(15.23)Rn(q, α) ∼ ε
α−f (β(q))+qβ(q)
n

whereβ(q) is the solution to the equation

(15.24)q = f ′(β).

Thus, the spectrum of dimensions for Poincaré recurrences,α(q), is given by

(15.25)α(q) = −qβ(q)+ f
(
β(q)

)

and the dimension for Poincaré recurrencesq0 is a solution to the equation
α(q) = 0.
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If we are in a self-similar situation, as the one introduced in the previous sec-
tion, equation(15.25)reduces to

(15.26)α(q) = −qβ0 + fSS,
where the exponentβ0 is determined by the scaling law(15.20). The dimension
for Poincaré recurrencesq0 was computed already in(15.17). The self-similar
model is further analyzed in the next section.

15.5. Critical exponents in the self-similar situation

Assume the self-similar conditions(15.11)hold. Then, there is only oneβ-level
subset in the multifractal decomposition of the sticky set, corresponding to the
exponent

(15.27)β = β0 := 2
ln λT
| ln λS |

in the scaling law(15.20). Then the support of the spectral functionf (β) is the
only value of exponentβ in (15.27). Comparison of(15.17)with (15.25)tells us
thatf (β0) coincides with the fractal dimensionfSS of the sticky set.

Let us next determine exponentγ in the asymptotic law(15.7). For given inte-
ger numbersM andN > M, let adaptdefinition (15.5)to our situation by making
B = ΔiM and

⋃
k�TiN

Ak =
⋃
iN
ΔiN . All basic setsΔiN at a given levelN have

equal recurrences, thus

(15.28)P(t � τ := TiNSiM ) :=
gNSiN

SiM

and by the self-similar condition

(15.29)P(t � τ) = gNλS
N−M .

We shall take the limitM → ∞ by keepingτ constant. This is so ifN = N(M)

is chosen such that

λ−M
S = λNT

τ
T0S0.

Thus,

(15.30)P(t � τ) = (gλT λS)
Nτ−1T0S0.

To get the asymptotic behavior of the distribution of recurrences we makeN →
∞ by lettingτ follow TiN , i.e., by lettingN ∼ ln τ . Then we get

(15.31)P(τ) ∼ τ−γ , asτ → ∞,
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with exponent

γ = | ln λS |
ln λT

− ln g

ln λT

(15.32)= q0

( 2

fSS
− 1
)
,

with q0 = 1 here. The exponentγ of the subexponential tail in the distribution
of recurrences is determined by the dimension for Poincaré recurrences and the
fractal dimension of the invariant (sticky) subset.

15.6. Final remarks

One feels urged to confront the formula(15.32)with experimental data from an
actual Hamiltonian system. Such a comparison would be significative if we are
able to prove that the experimental situation (e.g., the one depicted inFigure 15.1)
corresponds to a self-similar structure in space and in time, as it was assumed in
the discussion that lead us to formula(15.32). Thus, a first problem is to apply
the numerical methods of multifractal analysis (e.g. to the standard map system)
in order to estimate theβ-spectrum,[βmin, βmax], and the corresponding spectral
function of dimensionsf (β) for multiple values of the system parameters (K for
the standard map(15.1)), looking for the system with the narrowest spectrum.

However, by a direct numerical estimate of the scale transformation parameters
(λS, λT , g) along the island set, such as in[22,126], the existence of a simple frac-
tal situation is argued to exists for the standard map with parameterK in (15.2).
For this system the Poincaré cycle distribution was estimated in[12] by collect-
ing recurrence times from 5.5× 105 initial conditions, each run consisting of 106

iterations. The histogram is plotted inFigure 15.3.
The histogram follows a Poissonian law for recurrence times smaller than 1.5×

104 time steps, and then a crossover to a long powerlike tail takes place. The
analysis of the tail gives the exponentγ = 3.2 ± 0.2. This result, in combination
with formula (15.32), shows thatfSS ≈ 0.5. However, to get an experimental
confirmation of formula(15.32)we need an independent numerical estimate of
the fractal dimensionfSS of the sticky set.

At the moment, we are not familiar with a possibility to extend formula(15.32)
to more complicated scenarios such as a multifractal space–time structure of
islands-around-islands or chaotic dynamics of dissipative systems, not to mention
more sophisticated physical problems such as turbulent flow. Even in the very
special structure of islands-around-islands the proliferation of islands can follow
a very complicated and non-universal scheme as to allow us reduce the connection
betweenTin andSin to a single scaling parameter. Our simplifying assumption is
justified only as an approximation in the case of a narrow multifractalβ-spectrum.
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Figure 15.3. Distribution function of the Poincaré recurrences for the standard map in the situation
of Figure 15.1.



Chapter 16

Chaos Synchronization

The studies of the phenomenon of chaos synchronization are usually based upon
the analysis of the existence of transversely stable invariant manifold that con-
tains an invariant set of trajectories corresponding to synchronous motions. In
this chapter we present an approach that relays upon the notions of topologi-
cal synchronization and the dimension for Poincaré recurrences. We show how
the dimension of Poincaré recurrences may serve as an indicator for the onset
of synchronized chaotic oscillations, capable of detecting the regimes of chaos
synchronization characterized by the frequency ratiop : q.

16.1. Synchronization

It is well known that coupling between the dissipative dynamical systems with
chaotic behavior can result in the onset of synchronized chaotic oscillations (see,
for instance,[93] and references therein). In other words, a system

(16.1)
ẋ = f (x)+ cF (x, y, c),
ẏ = g(y)+ cG(x, y, c),

(wherex ∈ Rm, y ∈ Rn, andc is a coupling parameter) can behave in such a way
that thex- andy-components of solution

(
x(t, x0, y0), y(t, x0, y0)

)

manifest some type of synchrony fort � t0 ≫ 1, independent of initial conditions
(x0, y0) in a large region inRn+m.

The most simple type of synchronous chaotic behavior is the regime of identical
synchronization. In this regime the solutions of the coupled subsystems(16.1)
satisfy the following property

(16.2)lim
t→∞

∣∣x(t, x0, y0)− y(t, x0, y0)
∣∣ = 0.

Of course, in order to achieve this type of behavior in the casem = n, the right-
hand side of the system(16.1)should satisfy the identity

(16.3)f (x)+ cF (x, x, c) = g(x)+ cG(x, x, c).

195
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For example, it is so iff (x) ≡ g(x) andF(x, x, c) = G(x, x, c) ≡ 0. It is
easy to see that when the identity(16.3)holds the system(16.1)has the invari-
ant manifoldx = y, known as the synchronization manifold. When all invariant
trajectories (associated with chaotic behavior) in this manifold are stable in the
directions transversal to the manifold, the subsystems generate identical synchro-
nous chaotic motions.

However, if coupled subsystems in(16.1)are nonidentical, then we cannot ex-
pect the validity of(16.2)and the notion of synchronization have to be treated dif-
ferently. Different notions of chaos synchronization such as identical synchroniza-
tion [56,94,122]stochastic synchronization[4], generalized synchronization[110,
74], asymptotic synchronization[62], phase synchronization[102], and others
were introduced to point out significant features of the synchronization phenom-
enon. The present chapter is of the same spirit: we explore temporal characteristics
of the synchronous chaotic trajectories and give a definition of synchronization
based on the notion of Poincaré recurrences[13].

16.1.1. Periodic oscillations

Assume that the systemsẋ = f (x) has a linearly stable limit cycle sayL1, with
the periodτ1 and the systeṁy = g(y) has linearly stable limit cyclesL2 with
the periodτ2. Thus, the system(16.1), for c = 0, has the attracting torusT0 =
L1×L2. If the rotation numberρ0 = τ1/τ2 is rational, thenT0 consists of periodic
orbits. If ρ0 is irrational then every orbit onT0 is dense (on it). Forc �= 0 and
small enough, there still exists an invariant attracting torusTc in a neighborhood
of T0 [53]. Generally, for an open region in the parameter space, the system(16.1)
has stable limit cycles. The synchronization regime corresponds to the existence
of the stable limit cycle, sayLc, on the torusTc. The Poincaré rotation number
for these values of parameters is rational, saym0/n0 ∈ Q and it means that the
closed curveLc makesm0 rotations along the generatorL1 of the torusT0 andn0
rotations along the other one. In terms of individual subsystems, we can describe
the regime as follows. The orbitLc corresponds to the solutionx = xc(t), y =
yc(t) of the system(16.1) where(xc(t), yc(t)) is a τc-periodic vector function.
One can introduce polar coordinates(ai, θi) in a neighborhood ofLi , i = 1,
2, such thatθi is an angular coordinate alongLi and a1 (a2) is an amplitude
coordinatetransversal toL1 ∈ Rm (L2 ∈ Rn). Then (for small values ofc) the
solution(xc(t), yc(t)) can be expressed in the new coordinates in the form

a1 = a1(t), θ1 = ω1t + α1(t) modτc,

a2 = a2(t), θ2 = ω2t + α2(t) modτc,

wherea1, a2, α1, α2 areτc-periodic functions andω1/ω2 = n0/m0. Stability of
the limit cycleLc ensures the regime of oscillations with the frequency relation
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ω1m0 = ω2n0 for some domain in the parameters space. This domain is called
synchronization zone.

For the sake of simplicity assume thatm0 = 1. If we may introduce (a, θ )-
coordinates in such a way thata1 anda2 are constants,α1 ≡ 0,α2 ≡ 0, then at the
instant of timet = tx = τc/ω1 we haveθ1(tx) = θ1(0)modτc andxc(tx) = xc(0).
However only at the momentt = ty = τc/ω2 = n0tx , the second coordinate
yc(ty) = yc(0). In other words, the “period”tx of oscillations in thex-subspace
can be different from the period of those in they-subspace, and their ratio is given
by

tx

ty
= 1

n0
.

The same as is true ifm0 �= 1 and then

(16.4)
tx

ty
= m0

n0
.

Assume now that for some parameter values the system(16.1) has an attractor
Ac containing infinitely many orbits, such that for(x0, y0) ∈ Ac the projections
x(t, x0, y0) andy(t, x0, y0) of the solution(x, y)(t, x0, y0) onto thex-subspace
andy-subspace behave similarly. In order to define rigorously this similarity, we
have to be sure that(x0, y0) belongs to a periodic orbit. In this case something like
the equality(16.4)holds and the numberm0/n0 is independent on the choice of
the periodic orbit in the attractor. However, if(x0, y0) belongs to an aperiodic or-
bits we should define some quantities which are similar to the periods of periodic
orbits. Then, we again need to have something like the equality(16.4) for these
quantities. We use Poincaré recurrences in the capacity of desired quantities, and
follow the approach of previous chapters to compare the Poincaré recurrences for
different subsystems.

16.2. Poincaré recurrences

Orbits in Hamiltonian systems and limiting orbits in dissipative systems possess
the property of a repetition of their behavior in time. This repetition is expressed
in terms of Poincaré recurrences.

Consider a dynamical system with continuous timef t :M → M, wheret ∈
R+ andM is the phase space of the system which is assumed to be a complete
metric space. Given an open setU ⊂ M and a pointz ∈ U , let the exit time
t1(z, U) be defined as the following number: iff tz ∈ U for any t ∈ R+ then
t1(z, U) = ∞; if there ist0 ∈ R+ such thatf t0z /∈ U , then

t1(z, U) = inf
{
t0 > 0: f t0z /∈ U

}
.
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Figure 16.1. Bold intervals correspond to values of time for which a point belongs toU .

The setU is open. Therefore if there is̄t > t1(z, U) such thatf t̄z ∈ U , then there
exists a maximal interval(α, β) ∋ t̄ such thatf tz ∈ U for any t ∈ (α, β) – see
Figure 16.1. Let a “first” return time be defined by

(16.5)t (z, U) =
{

0, if t1(z, U) = ∞;
inf α+β

2 , if t1(z, U) < ∞,
where the infimum is taken over all maximal intervals(α, β) such thatα �

t1(z, U) and f tz ∈ U if t ∈ (α, β). In particular,f t (z,U)z ∈ U (of course,
t (z, U) may be equal to∞).

In other words, if the orbit going through a pointz comes back to the setU ,
then the point on this orbit spends an interval of time(α, β) in U before leaving
the set again. We might choose any value of time inside(α, β) in the capacity
of the Poincaré recurrence for the pointz. It seems natural to specify the mean
value(α+β)/2 for that. Furthermore, the number of intervals with differentα, β,
corresponding to return times can be very large (surely infinite). We choose the
interval corresponding to the first return times.

DEFINITION 16.1. The numbert (z, U) is said to be the Poincaré recurrence for
the setU specified by the pointz. The number

τ(U) = inf
z∈U

t (z, U)

is called the Poincaré recurrence for the setU .

This definition is related to the repetition of the motion along orbits of dynam-
ical systems. However, we are going to deal with the properties of the repetition
alongx (or they)-components of the solution of a system of(16.1)type. We have
to extend the definition of Poincaré recurrences to the case of coupled subsystems.

16.2.1. Poincaré recurrences for subsystems

To gain some insight let us first consider the following example of a periodically
perturbed oscillator:

(16.6)z̈+ kż+ φ(z) = a sinθ, θ̇ = 1,
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where the nonlinearityφ(z) is of the Duffing-type. It is well known (see, for
instance,[60]) that for same values of parameters the system(16.6)undergoes the
period-doubling bifurcation, and has a stable 4π-periodic limit cycle, sayL. For
the system(16.6), the phase space is the direct productX × Y , where

X =
{
(z, ż)

}
⊂ R2, Y = {θ, mod 2π} = S1.

Let
{
z = z0(t), ż = ż0(t)

}
⊂ X, {θ = tmod 2π} ⊂ S1

be a solution corresponding toL. It is simple to understand that the curvez =
z0(t), ż = ż0(t), t ∈ [0,4π], which is the projection ofL ontoX, might possess
points of the self-intersection. At each of these points, say(z∗, ż∗) we havez∗ =
z0(t1) = z0(t2), ż∗ = ż0(t1) = ż0(t2), t1 �= t2, t1,2 ∈ (0,4π). If L is close to
the limit cycle at the bifurcation moment, then such points have to exist by simple
geometrical reasons. Evidently, ifU1 is a small neighborhood of(z∗, ż∗), then the
first return time toU1, along the curvez = z(t), ż = ż(t) is much smaller than
the first return time along this curve to a small neighborhoodU2 of a pointp,
U2 �∋ (z∗, ż∗).

The example shows that not all points on the projections of the attractor onto
individual subspaces are responsible for the “right” Poincaré recurrences – bad
points could exist, and we should take them into account, in order to give a good
definition of Poincaré recurrences of individual subsystems.

Let X, Y be complete metric spaces (see, for example, system(16.1) where
X = Rm, Y = Rn) andf t :X × Y → X × Y be a dynamical system witht ∈
R+. (For the system(16.1)the evolution operatorf t is determined by solutions
(x, y)(t, x0, y0) going through initial points(x0, y0).) Let A be a subset of the
phase spaceX × Y (say an attractor) andA1 = π1A ⊂ X, A2 = π2A ⊂ Y be its
images under natural projections toX andY correspondingly (i.e.,π1(x, y) = x,
π2(x, y) = y for any point(x, y) ∈ X × Y ).

We denote by

(16.7)
x(t, x0, y0) = π1f

t (x0, y0),

y(t, x0, y0) = π2f
t (x0, y0),

thex- andy-coordinates of the orbit going through the initial point(x0, y0). Let
Ui be an open set inAi, i = 1,2, andx0 ∈ A1, y0 ∈ A2. Denote byYx0 the set of
all values ofy ∈ Y such that(x0, y) ∈ A, i.e.Yx0 = π2(π

−1
1 (x0) ∩ A), the set of

they-coordinates of allπ1-preimages of the pointx0 belonging toA1. Similarly,
letXy0 = π1(π

−1
2 (y0) ∩ A), the set of all values ofx ∈ X such that(x, y0) ∈ A.

Assume thatx0 ∈ U1 (y0 ∈ U2). Introduce a numbert1(x0, U1) (t2(y0, U2)) as
follows:
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(i) If x(t, x0, y0) ∈ U1 for anyy ∈ Yx0 and any value oft � 0 thent1(x0, U1) :=
∞. (Similarly, if y(t, x, y0) ∈ U2 for anyx ∈ Xy0 and any value oft � 0
thent2(y0, U2) := ∞.)

(ii) If there existy ∈ Yx0 andt0 = t0(y) such thatx(t0, x0, y) /∈ U1, then

t1(x0, U1) := inf
y∈Yx0

inf
{
t0 | x(t0, x0, y) /∈ U1

}
.

(Similarly, if there existx ∈ Xy0 andt0 = t0(x) such thaty(t0, x, y0) /∈ U2,
then

t2(y0, U2) := inf
x∈Xy0

inf
{
t0 | y(t0, x, y0) /∈ U2

}
.)

Roughly speaking,t1,2 are exit times fromU1,2. Since the setU1 (U2) is open,
if there exists̄t > t1(x0, U1) (t̄ > t2(y0, U2)) such thatx(t̄, x0, y) ∈ U1 for some
y ∈ Yx0 (y(t̄, x, y0) ∈ U2 for somex ∈ Xy0), then there is a maximal interval
(α, β) ∋ t̄ such thatx(t, x0, y) ∈ U1 for any t ∈ (α, β) (y(t, x, y0) ∈ U2 for any
t ∈ (α, β)). Set

t (x0, U1) := 0, if t1(x0, U1) = ∞,

t (x0, U1) := inf
y∈Yx0

inf
α + β

2
, if t1(x0, U1) < ∞,

where the second infimum is taken over all maximal interval(α, β) such that
α � t1(x0, U1) and x(t, x0, y) ∈ U1, if t ∈ (α, β), y ∈ Yx0. In particular,
x(t (x0, U1), y) ∈ U1 for somey ∈ Yx0, if t (x0, U1) �= ∞. Similarly, introduce

t (y0, U2) := 0, if t2(y0, U2) = ∞,

t (y0, U2) := inf
x∈Xy0

inf
α + β

2
, if t2(y0, U2) < ∞,

where the second infimum is taken over all maximal interval(α, β) such that
α � t2(y0, U2) andy(t, x, y0) ∈ U2 if t ∈ (α, β) for somex ∈ Xy0.

DEFINITION 16.2.

(i) The numbert (x0, U1) is said to be thex-Poincaré recurrence for the setU1
specified by the pointx0. The number

(16.8)τx(U1) := inf
x0∈U1

t (x0, U1)

is said to be thex-Poincaré recurrence for the setU1.
(ii) The numbert (y0, U2) is said to be they-Poincaré recurrence for the setU2

specified by the pointy0 ∈ U2. The number

(16.9)τy(U2) := inf
y0∈U2

t (y0, U2)

is said to be they-Poincaré recurrence for the setU2.
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In Definitions 16.1 and 16.2, we take the infimum not only over all points in
the open set but also over all possible “branches” going through the point in it.
Roughly speaking, ifx(T1, x0, y1) ∈ U1 andx(T2, x0, y2) ∈ U1 andT1 < T2,
then we preferT1 as the Poincaré recurrence.

Thus, we defined quantities, which are similar, in some sense, to periods of
periodic orbits and may now try to define what does mean “synchronization” in
this framework.

Definitions 16.1 and 16.2look too cumbersome, however, they are construc-
tive; as we see below they allow us to calculate Poincaré recurrence in specific
situations.

16.3. Topological synchronization

Now we are ready to give a definition of a kind of synchronization which is (more
or less) natural to call “topological synchronization”. This synchronization has to
occur for a large set of initial conditions, belonging to the basin of an attractor.
We may use any notion of the attractor we wish. Just for the sake of definiteness
choose the following one. A compact setA in the phase spaceM of a dynamical
systemf t :M → M is called an attractor if there exists an open setU such that
f t(U ⊂ U , t > 0, i.e.,U is an absorbing region, andA =

⋂
t>0 f

tU (see, for
instance,[73,60,14]). Let us also note that a pointz ∈ M is non-wandering if
τ(U) < ∞ for any open setU ∋ z [73].

We give the definition first and below discuss each point of it.

DEFINITION 16.3. A dynamical systemf t :X × Y → X × Y is said to be
(m0/n0)-topologically synchronized if:

(i) It has an attractorA such that nonwandering orbits are dense inA.
(ii) There is a numberN ∈ Z+ such that for any pointx0 ∈ π1(A), the setYx0

contains at mostN points, and for any pointy0 ∈ π2(A) the setXy0 contains
at mostN points.

(iii) There is a subset of “bad points”B ⊂ A (B might be empty) such that if
A1 = π1(A), A2 = π2(A), B1 = π1(B), B2 = π2(B), then

(16.10)dimB(Bi) < dimH (Ai), i = 1,2,

wheredimB(dimH ) is the upper box (Hausdorff) dimension.
(iv) For any point(x0, y0) ∈ A \ B, there are numbersε0, a1 � a2 � 1, such

that: for any open setU1 ⊂ X, U1 ∋ x0, diamU1 � ε � ε0, there is an
open setU2 ⊂ Y , diamU2 � a1(diamU1), U2 ∋ y0, and for any open set
Ũ2 ⊂ Y , Ũ2 ∋ y0, diamŨ2 � ε � ε0, there is an open set̃U1, diamŨ1 �

a2(diamŨ2), Ũ1 ∋ x0, such that

(16.11)τy(U2) = m0

n0
τx(U1)+ β2,
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(16.12)τx
(
Ũ1
)

= n0

m0
τy
(
Ũ2
)
+ β1,

wherem0, n0 ∈ Z+, andβ1 = β1(Ũ1, Ũ2), β2 = β2(U1, U2) are bounded as
ε → 0.

(v) If δ(B) is an openδ-neighborhood of the setB, whereδ is small enough,
then the constantsε0, a1, a2 can be chosen to be the same for any point
(x0, y0) ∈ A \ δ(B). They depend only onδ. Furthermore, the functions
β1,2 can be estimated from above by a constantβ̄ > 0 depending only onδ
andε: |β1,2| � β̄.

(vi) If A1δ = π1(A \ δ(B)), A2δ = π2(A \ δ(B)) are subsets inA1 andA2 cor-
respondingly which do not contain the setB1 andB2 of bad points together
with some neighborhoods, then for any coverG1 = {U1i} of the setA1δ by
open setsU1i with diamU1i � ε, wherei ∈ I , the finite or countable set
of indices, there exists a coverG2 = {U2j } of the setA2δ by open sets of
diamU2j � a2ε, wherej ∈ J , the finite or countable collection of indices,
such that there is a mapξ : J → I , i = ξ(j), this map is onto, and

(16.13)diamU2j � a2diamU1ξ(j)

for anyj ∈ J . OnFigure 16.2the conditions(16.13)will not be satisfied in
a neighborhood of bad points.

Moreover the number of preimagesξ−1(i) is finite and bounded from
above by a constantS which is independent of the particular choice of the
coverG1 and ofε and depends only onδ: S = S(δ). Furthermore, for any
fixed i ∈ I and anyj ∈ J such thatξ(j) = i, the condition(16.12) is
satisfied, i.e.

(16.14)τy(U2j ) = m0

n0
τx(U1i)+ β2,

where|β2| � β̄ < ∞, and the constant̄β depends only onδ.

Figure 16.2. The curve is “an attractor” inX × Y and bold points are bad.



16.3. Topological synchronization 203

Similarly, for any coverG2 = {Ũ2i} of the setA2δ by open set̃U2i with
diamŨ2i � ε, where{i} = I is a finite or countable collection of indices,
there exists a cover̃U1j with diamŨ1j � a1ε, where{j} = J is a finite or
countable collection of indices, such that there is a mapη: J → I, i = η(j),
which is onto, and

(16.15)diamU1j � a1diamU2η(j)

for anyj ∈ J . The number of preimagesη−1(i) is bounded from above by a
constantS depending only onδ, and for any fixedi ∈ I andj ∈ J , such that
η(j) = i, we have

(16.16)τx
(
Ũ1j
)

= n0

m0
τy
(
Ũ2η(j)

)
+ β1,

where|β1| � β̄, andβ̄ is a constant depending only onδ.

REMARK 16.1.

(a) The condition (i) shows that Poincaré recurrences are finite for any open set,
and, moreover, one should observe synchronization fort ≫ 1 for open set of
initial conditions.

(b) The condition (ii) claims that the projectionsπ1 andπ2 are finite-to-one maps.
It is a natural assumption which is known to be satisfied, for example, iff t |A
is a minimal flow and coupling is unidirectional[33].

(c) The inequalities(16.10)mean that the “bad points” occupy a small part of the
attractor.

(d) The condition (ii) implies also that ifA1 andA2 contain infinitely many points
then uncoupled subsystems can not be treated as synchronized ones. Indeed,
for any pointx0 ∈ A1 there are infinitely many (not at mostN ) points{y0} =
A2 such that a solution through any of points(x0, y0) belong to an attractor.

(e) The assumption (v) implies that if the setA \ δ(B) contains periodic orbits
of arbitrary large periods, then for infinitely many of them a relationship,
similar to(16.4)holds. Indeed, letL ⊂ A \ δ(B) be aT -periodic orbit:x =
x(t, x0, y0), y = y(t, x0, y0), wherex is aT1-periodic function,y is aT2-
periodic function and at least one of the numbersT1, T2 equalsT . Assume,
for the sake of definiteness thatT1 = T . Then for an openε-neighborhoodU1
of the pointx0 ∈ X we have

(16.17)τx(U1) = T1 + αx(ε),
whereαx(ε) → 0 asε → 0. For the corresponding neighborhoodU2 of the
pointy0 in Y with diamU2 � a1ε we have

(16.18)τy(U2) = T2 + αy(ε),
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whereαy(ε) → 0 asε → 0. The relationship(16.12)can be rewritten as

T2 + αy(ε) = m0

n0
T + m0

n0
αx(ε)+ β2,

i.e.,

T2

T
= m0

n0
+ β(ε)+ β2

T
,

whereβ(ε) → 0 asε → 0 and|β2| � β̄. Thus,
∣∣∣∣
T2

T
− m0

n0

∣∣∣∣ �
β̄

T
.

Hence, ifT ≫ 1, then the ratio of periods in thex andy-subspaces is arbitrary
close tom0

n0
. We believe that generally it ism0

n0
exactly, but this conjecture has

to be verified, of course.
(f) It is not a point to find a cover of the setA2δ, satisfying(16.13)if we know

the cover of the setA1δ. For example, if points onA satisfy the equality
F(x, y) = 0, F is a smooth vector function, and if the rank of the matrix
∂F
∂y

is maximal and the rank of the matrix∂F
∂x

is maximal at points belonging
toA \ δ(B), whereB is the set of “critical points”, then we have local diffeo-
morphism from a neighborhood of any pointx0 ∈ A1δ to a neighborhood of
a pointy0 ∈ A2δ if (x0, y0) ∈ A \ δ(B). Therefore, the assumptions(16.13),
(16.15)are automatically satisfied. However, the assumptions(16.14), (16.16)
are satisfied only in the synchronized regimes. In order to recognize such
regimes we need to use some characteristics of fractal dimension type.

16.4. Dimensions for Poincaré recurrences as indicators of
synchronization

Consider the partition functions

(16.19)Mx(α, q, ε) = inf
G1

∑

i

exp
(
−qτx(U1i)

)
(diamU1i)

α,

(16.20)My(α, q, ε) = inf
G2

∑

i

exp
(
−qτy(U2i)

)
(diamU2i)

α,

where in each sum the infimum is taken over all coversG1 (correspondinglyG2)
of the setA1 (correspondinglyA2) by open sets with diameters� ε.

DEFINITION 16.4.

(i) The critical valuesα(x)c (q) in (16.19)andα(y)c (q) in (16.20)are said to be
spectra of dimensions for thex-Poincaré recurrences and, correspondingly,
for they-Poincaré recurrences.
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(ii) If α(x)c (q
(x)
0 ) = 0 (correspondinglyα(y)c (q

(y)

0 ) = 0), then the number

q
(x)
0 (correspondinglyq(y)0 ) is said to be the dimension for thex-Poincaré

recurrences (for they-Poincaré recurrences).

We notice first that under assumptions ofDefinition 16.3the “individual attrac-
tors”A1 andA2 have the same Hausdorff dimensions.

THEOREM 16.1. (See[10].) Assume that a dynamical systemf t :X × Y →
X × Y is topologically synchronized(with respect to an attractorA). Then

dimH (A1) = dimH (A2).

Remind that dimH means the Hausdorff dimension.
Let us explain the main step of the proof. Letα1δ = dimH A1δ, α2δ =

dimH A2δ, whereAiδ = πi(A \ δ(B)), i = 1,2.
Givenα > α2δ, K > 0, consider a finite cover{Ũ2i}, the setA2δ by open sets

with diamŨ2i � ε � ε0, such that

(16.21)
∑

i

(
diamŨ2i

)α
� K,

such a cover exists, by the definition of the Hausdorff dimension. Consider the
corresponding coverG1 = {Ũ1j } of the setA1δ, diamŨ1j � a1ε, which exists
thanks to Assumption (vi) inDefinition 16.3. Considering(16.15), we have

∑

j

(
diamŨ1j

)α =
∑

i

∑

j,η(j)=i

(
diamŨ1j

)α

�
∑

i

∑

j,η(j)=i
aα1 (diamU2η(j))

α
�
∑

i

aα1S(δ)(diamU2i)
α.

The last inequality follows from Assumption (vi) inDefinition 16.3. Hence due
to (16.21),

∑

j

(
diamŨ1j

)α
� aα1S(δ)K.

SinceK is an arbitrary number, the relation above means thatα > dimH (A1δ)

too, and thereforeα2δ � α1δ. Similarly, we may start with a cover{U1j } of the
setA1δ and obtain the opposite inequalityα1δ � α2δ. Thus,α1δ = α2δ. The
remainder of the proof can be found in[10].

Thus, the theorem tells us that projections of the attractor on the individual sub-
spaces at least have the same Hausdorff dimensions. Now we consider dimensions
for thex- andy-Poincaré recurrences.
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THEOREM 16.2. (See[10].) If a dynamical systemf t :X × Y → X × Y is
m0
n0

-topologically synchronized, then

(16.22)q
(y)

0 (A2 \ B2) = m0

n0
q
(x)
0 (A1 \ B1),

whereq0 is the dimension for Poincaré recurrences.

Let us show the main step of the proof. Consider again the setsA1δ andA2δ

of “good points” inA1 andA2 correspondingly. Letα(x)c (q,A1δ) (α(y)c (q,A2δ))
be the spectrum of dimensions for thex-Poincaré recurrences (for they-Poincaré
recurrences). Assume thatα > α(y)c (q,A2δ). Then by definition ofα(y)c (q,A2δ),
there is a coverG2 = {Ũ2i}, diamŨ2i � ε, such that

(16.23)
∑

i

exp
(
−qτy

(
Ũ2i
))(

diamŨ2i
)α

� K,

whereK is a small number. Consider the corresponding cover{Ũ1j }, diamŨ1j �

a1ε, of the setA1δ, satisfying(16.16). Then

∑

j

exp

(
−qm0

n0
τx
(
Ũ1j
))(

diamŨ1j
)α

=
∑

i

∑

j,η(j)=i
exp

(
−qm0

n0
τx
(
Ũ1j
))(

diamŨ1j
)α

�
∑

i

∑

j,η(j)=i
exp

(
−qm0

n0
τx
(
Ũ1j
))
aα1
(
diamŨ2j

)α =: Q.

Thanks to(16.16), the last expressionQ can be estimated as follows

Q � S(δ)aα1 e
q
m0
n0
β̄
∑

i

exp
(
−qτy

(
Ũ2i
))(

diamŨ2i
)α

� KS(δ)aα1 exp

(
q
m0

n0
β̄

)
.

The last inequality follows from(16.23). Hence, thisα, which is greater than
α
(y)
c (q,A2δ), satisfies the inequality

α > α(x)c

(
m0

n0
q,A1δ

)
.

Therefore,

α(x)c

(
m0

n0
q,A1δ

)
� α

(y)
c (q,A2δ).
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Starting with a cover{U1i} of the setA1δ and repeating the proof above, we obtain
that

(16.24)α
(y)
c

(
n0

m0
q,A2δ

)
� α(x)c (q,A1δ).

Now assume thatq0i := dimP (Aiδ), i.e.,α(x)c (q01) = 0, α(y)c (q02) = 0. Since
α
(x)
c andα(y)c are monotone, then(16.24)implies thatα(y)c (

n0
m0
q,A2δ) � 0 and

thereforeq02 �
m0
n0
q01. Similarly,q01 �

n0
m0
q02. It follows thatq02 = m0

n0
q01.

REMARK 16.2. We believe that (under some general conditions),

q
(y)

0 (A2) = m0

n0
q
(x)
0 (A1),

as well. Of course, the Poincaré recurrences on the “bad sets”B1 andB2 can be
different from those on theA1 \ B1 andA2 \ B2. However, since

dimB Bi < dimH (Ai \ Bi), i = 1,2,

by assumption, we believe that a “randomly chosen” point onAi belongs to
Ai \ Bi . In numerical simulations we may neglect “bad points”, if they exist, and
treat the equality(16.22)as an indicator ofm0

n0
-synchronization. In other words, if

subsystems arem0
n0

-synchronized, then

(16.25)
〈
τx(U1i)

〉
∼ − b

q
(x)
0 (A1)

ln ε,

(16.26)
〈
τy(U2i)

〉
∼ − b

q
(y)

0 (A2)
ln ε,

and

q
(y)

0 (A2) = m0

n0
q
(x)
0 (A1).

16.5. Computation of Poincaré recurrences

In this section we consider an algorithm to compute the average of thex- and
y-Poincaré recurrences〈τx(U1i)〉 and〈τy(U2i)〉 as in(16.8) (16.9), respectively,
with various diametersε for the open covers. We compute the average ofτx(U1i)

andτy(U2i) by

〈
τx(U1i)

〉
= 1

Nx

∑

i

τx(U1i),
〈
τy(U2i)

〉
= 1

Ny

∑

i

τy(U2i).
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HereNx (Ny) is the number of elementsU1i (U2i) with diamU1i � ε (diamU2i �

ε) in the cover of the setA1 (A2).
As it was mentioned inRemark 16.2, we expect that the averagesτx(U1i) and

τy(U2i) of topologically synchronized subsystems behave as

(16.27)
〈
τx(U1i)

〉
∼ − b

q
(x)
0 (A1)

ln ε,
〈
τy(U2i)

〉
∼ − b

q
(y)

0 (A2)
ln ε.

To study the Poincaré recurrence of the continuous-time dynamical system
f t :X × Y → X × Y , we first integrate the system of differential equations
with arbitrary given initial value and determine an invariant setA ⊂ X× Y . Next
we consider open coverings forA1 = π1(A) ⊂ X andA2 = π2(A) ⊂ Y . For
the invariant setsA1 andA2 we define sets of open balls{B(xi), ε} ≡ {U ε1i} and
{B(yi), ε} ≡ {U ε2i} of radiusε which uniformly coverA1 andA2 respectively.
We use these sets of balls to compute the average of the Poincaré recurrence
〈τx(U ε1i)〉. From (16.8) and (16.9)we know thatτx(U ε1i) is the infimum of the
first return timet (x0, U

ε
1i) over allx0 in U ε1i . For each open ball we can compute

the first return time and then we calculate the average of the Poincaré recurrence
〈τx(U ε1i)〉. Then we changeε and proceed with the same analysis to compute
another value of〈τx(U ε1i)〉. For the analysis of the dimension for Poincaré recur-
rences we plot〈τx(U ε1i)〉 against− ln ε. Similarly, we also compute〈τy(U ε2i)〉 and
plot the graph〈τy(U ε2i)〉 against− ln ε.

In the remaining part of this section we present a few examples which show
how the regimes of chaos synchronization of systems having different individual
dynamics can be studied by means of the Poincaré recurrence.

EXAMPLE 16.1. Mutually coupled nonlinear oscillators with parametric excita-
tion. The synchronization of chaotic oscillations in such oscillators was studied
in [4]. The dynamics of the coupled parametric oscillators is given by the follow-
ing differential equations

⎧
⎪⎪⎨
⎪⎪⎩

dx1

dt
= x2,

dx2

dt
= −k1x2 − x1(1 + q1 cosΩt + x2

1)− c(x2 − y2),

⎧
⎪⎪⎨
⎪⎪⎩

dy1

dt
= y2,

dy2

dt
= −k2y2 − y1(1 + q2 cosΩt + y2

1)+ c(x2 − y2),

where parameters arek1 = 0.48, k2 = 0.45, q1 = q2 = 50, Ω = 2.
Figure 16.3presents attractors and plots of Poincaré recurrences calculated for

the case of uncoupled oscillators. Sincek1 �= k2 the uncoupled oscillators (c = 0)
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Figure 16.3. Uncoupled parametric oscillators. Phase portraits of the chaotic attractors (top) and
plots of the corresponding Poincaré recurrences (bottom).

have different dynamics. As a result, the plots〈τ(U εi )〉 versus (− ln ε), calculated
for the attractors in the phase spacesx andy, have different slopes 12.9 and 19.2,
respectively. The dispersion of the calculated values of the slopes is about 2%.
Therefore difference of the slopes is quite significant, which indicates that attrac-
tors have different dimensions for Poincaré recurrences.

When the parametric oscillators are synchronized the plots of〈τ(U εi )〉 versus
(− ln ε), calculated for the ‘x’ and ‘y’ oscillators, have the slopes 19.05 and 19.07,
respectively. These slopes are the same taking into account accuracy of our cal-
culations.

Figure 16.4presents such plots and attractors calculated for the systems with
the coupling parameterc = 80.

EXAMPLE 16.2. Mutually coupled Lorenz systems. They are modeled by the sys-
tem of differential equations

{
ẋ1 = σ1(x2 − x1)+ c1(y1 − x1),

ẋ2 = ρ1x1 − x2 − x1x3 + c2(y2 − x2),

ẋ3 = −β1x3 + x1x2 + c3(y3 − x3),
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Figure 16.4. Synchronized parametric oscillators. Phase portraits of the chaotic attractors (top) and
plots of the corresponding Poincaré recurrences (bottom).

{
ẏ1 = σ2(y2 − y1)+ c1(x1 − y1),

ẏ2 = ρ2y1 − y2 − y1y3 + c2(x2 − y2),

ẏ3 = −β2y3 + y1y2 + c3(x3 − y3).

Here we consider a case of slightly nonidentical systems. The parameters are
chosen as follows:σ1 = 16.0, σ2 = 16.02, ρ1 = 45.92, ρ2 = 45.92, β1 =
4.0, β2 = 4.01.

The results of numerical simulations of Lorentz systems and calculations
Poincaré recurrences for the case of uncoupled systems (c1 = c2 = c3 = 0)
and for the case of synchronized system (withc1 = 500, c2 = c3 = 400) are
presented inFigures 16.5 and 16.6, respectively.

16.6. Final remarks

In this chapter we have introduced a notion of topological synchronization of
coupled chaotic subsystems. Roughly speaking, two subsystems are topologically
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Figure 16.5. Uncoupled Lorenz systems. Phase portraits of the chaotic attractors (top) and plots of
the corresponding Poincaré recurrences (bottom). The slopes calculated for the plots of the Poincaré

recurrences of ‘x’ and ‘y’ systems are 16.54 and 18.43 respectively.

synchronized if their Poincaré recurrences behave similarly. It means that the first
return time to a small spot of initial states in the first subsystem is approximately
the same as the corresponding one for the second subsystem, provided that sizes
of spots are about the same. In more general case, the ratio of first return times
for both systems is approximately a rational number which does not dependent on
the positions of spots in attractors. An indicator of similarity of behavior is based
on the notion of the dimension for Poincaré recurrences. Coincidence (or, more
generally, rational ratio) of dimensions for two subsystems is an only necessary
condition for topological synchronization, since it only shows that a similarity
occurs “on average”: the mean of first return times to small spots for the first
subsystem is approximately the same as the one for the second subsystem. In
principal, there is a logical possibility that Poincaré recurrences behave differently
in different parts of attractors, while mean values of them are approximately the
same. Nevertheless, we believe that the criterion we suggested is useful and may
serve well in specific situations with nonidentical subsystems. We would like to
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Figure 16.6. Synchronized Lorenz systems. Phase portraits of the chaotic attractors (top) and plots
of the corresponding Poincaré recurrences (bottom). The slopes calculated for the plots of the Poincaré

recurrences of ‘x’ and ‘y’ systems are the same and equal to 16.27.

emphasize that for the case of mutual coupling of nonidentical chaotic subsystems
there are no sufficiently general criteria of synchronized regimes.

As it was mentioned in Introduction a very important feature of synchroniza-
tion phenomenon is that a particular frequency relation, or, in our case, a relation
between the Poincaré recurrences, does not change within the synchronization
zone. The invariance of such relations is the essence of synchronization regime.
Indeed, two uncoupled identical chaotic oscillators have the same characteristics
of Poincaré recurrences. However, this is only a result of identity of these os-
cillators. There is no synchronization between them because they are uncoupled
and produce oscillations that are not correlated to each other. In this case a small
mismatch of parameters in these oscillators will change the relation between their
Poincaré recurrences. Being properly coupled the oscillators synchronize and the
established relation between their Poincaré recurrences does not change with the
parameters mismatch while the parameters are in the synchronization zone.

Here, we also would like to discuss briefly the relation between the asymptotic
equality for mean values of the exponents of Poincaré recurrences and mean value
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for Poincaré recurrences themselves. In Section4.3(see alsoDefinition 16.4), the
asymptotic equality

〈
e−q0τ(Ui )

〉
∼ εb

shows that we may expect that
〈
exp
(
−q(x)0 τx(U1i)

)〉
∼ εb1,

〈
exp
(
−q(y)0 τy(U2i)

)〉
∼ εb2,

whereq(x)0 = dimp(A1), q
(y)

0 = dimp(A2) andbi = dimB(Ai), i = 1, 2. We
may also expect that dimB(Ai) = dimH (Ai), i = 1, 2. In this case,Theorem 16.1
implies the asymptotic equalities

〈
τx(U1i)

〉
∼ − b

q
(x)
0 (A1)

ln ε and
〈
τy(U2i)

〉
∼ − b

q
(y)

0 (A2)
ln ε

as in(16.27), whereb = b1 = b2 and{U1i}, {U2i} are open coverings ofA1 and
A2 by open balls of diameterε, designed as in Section16.5. Thus, the approxi-
mation(16.27)serves indeed as a basic indicator of synchronized regimes.

The numerical results we presented here are related to the cases of (1:1)-
synchronization only. However some preliminary considerations show that the
criterion works for (p:q)-topological synchronization as well.



This page intentionally left blank



PART VI

APPENDICES



This page intentionally left blank



Chapter 17

Some Known Facts about Recurrences

Let (X,μ, f ) be a dynamical system withX a compact set. First we shall see
that for any subsetA ⊂ X, μ(A) > 0, almost everyx ∈ A returns infinitely
many times toA. In such a situation, the natural statistical quantity of interest is
the average first return time toA, E(rA). Then we will prove Kac’s theorem that
implies that, for ergodicμ, E(rA) = μ(A)−1. A similar quantity is the average
of the return times of the orbit ofx ∈ A to A, tA(x). In the caseμ is an ergodic
measure we will see thattA(x) = E(rA) for almost everyx in A.

17.1. Almost everyone comes back

In this section we prove Poincaré recurrence theorem.
Let A ⊂ X haveμ(A) > 0. The setA is not necessarily invariant. The return

time toA of pointx ∈ A is the number

rA(x) := min
{
n > 0: f n(x) ∈ A

}
.

Let An ⊂ A denote the set of all points inA that return to it for the first time
aftern time-steps,

An :=
{
x ∈ A: rA(x) = n

}

=
{
x ∈ A: f n(x) ∈ A andf (x), f 2(x), . . . , f n−1(x) /∈ A

}
.

We have thatAn ⊂ A∩f−n(A) and the setA1 ⊂ A contains the points that even-
tually get offA. The setA1 includes the non wandering subset

⋂
n�0 f

n(A1) that
is invariant and might be nonempty. Ifμ is ergodic, thenμ(

⋂
n�0 f

n(A1)) = 0

or 1 sincef−1(
⋂
n�0 f

n(A1)) =
⋂
n�0 f

n(A1). We will encounter only situa-
tions where almost every point inA eventually leaves setA: what comes in will
eventually go out.

The subset of points that leave setA to never come back to it is denoted by

A∞ = A \
⋃

n>0

{
x ∈ A: f n(x) ∈ A

}
,
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= A \
⋃

n>0

A ∩ f−n(A),

=
⋂

n>0

A \ f−n(A).

Thus,A∞ is measurable. The collection{An: n > 0} together withA∞ constitute
a measurable disjoint partition of the setA.

Let x ∈ A∞ ⊂ A. Then, by definition,f k(x) /∈ A∞ for everyk > 0, i.e.,
f−k(A∞) ∩ A∞ = ∅ for k > 0. Thus,

f−m(f−k(A∞) ∩ A∞
)

= f−k−m(A∞) ∩ f−m(A∞) = ∅ ∀k,m > 0.

We formulate this fact in the form of the following.

LEMMA 17.1. f−k(A∞) ∩ f−ℓ(A∞) = ∅ wheneverk �= ℓ.

PROPOSITION17.1. For any invariant probability measureμ, μ(A∞) = 0.

PROOF. By Lemma 17.1we have that

μ

(⋃

k>0

f−k(A∞)

)
=
∑

k>0

μ
(
f−k(A∞)

)
.

By invariance ofμ we have thatμ(
⋃
k>0 f

−k(A∞)) =
∑
k>0μ(A∞) < ∞.

Thusμ(A∞) = 0. �

Hence, the collection{An: n > 0} is a disjoint partition of almost all points in
A, relative to any invariant measureμ.

THEOREM 17.1. (Poincaré, 1912.)Letμ(A) > 0. Then, for almost everyx ∈ A
there existsn = rA(x) > 0 such thatf n(x) ∈ A.

PROOF. By Proposition 17.1we have thatμ(
⋃
n>0An) = μ(A). �

Of course,Theorem 17.1implies that a.e.x ∈ A returns infinitely many times
to A. Indeed, the Poincaré’s theorem applies to eachf k, k > 0, and for eachk:
μ(A

(k)
∞ ) = 0. Thus,A \

⋃
k>0A

(k)
∞ has full measure and a.e.x ∈ A \

⋃
k>0A

(k)
∞

returns infinitely many times toA.
A direct consequence of Poincaré’s theorem is that for a.e.x ∈ A the sequence∑n−1
k=0 1A(f

k(x)) diverges asn → ∞. More generally, forh ∈ L1(X,μ) a non-
negative function, 0�= h � 0, the sequence

∑n−1
k=0 h(f

k(x)) diverges for a.e.x ∈
{y: h(y) > 0}. The proof is easy for simple functions, which constitute a set that
is everywhere dense inL1(X,μ).
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17.2. Kac’s theorem

LetWn = (X \A) ∩ f−n(A) denote the set of points inX \A that hit setA after
n steps for the first time,

Wn :=
{
x /∈ A: f (x), . . . , f n−1(x) /∈ A andf n(x) ∈ A

}
, n > 0.

The set of points inX \ A that never hit the setA is denoted byW∞. When the
invariant measure is not ergodic the set of points inX \ A that never reach setA
may have positive measure, i.e.,μ(W∞) �= 0, generally. For convenience we let
W0 := A.

LEMMA 17.2. The following relations hold.

(1) For n > 0, f (An) ⊂ Wn−1.
(2) f−1(A) = A1 ∪W1.
(3) f−1(Wn) = An+1 ∪Wn+1.

Transitions induced byf between the setsAn andWn specify a transition ma-
trix that is depicted inFigure 17.1. Nodes of the graph denote setsAk andWk. The
transition graph has an arrow from the node denoting setB to the node denoting
setC wheneverf (B) ∩C �= ∅. The transition graph is usually represented as the
tower inFigure 17.2, known as the Rokhlin tower off induced inA. However,
the tower representation might be misleading since the return toA, the transition
fromW1 to A, is not necessarily to the subsetAn that was left originally by the
point. The transition is fromW1 to any of theAk. As drawn in the towerFig-
ure 17.2the dynamics may be confused with a collection of uncoupled cycles.
And it is not so. We like graph (Figure 17.1) better than tower (Figure 17.2).

THEOREM 17.2. (Kac, 1947[71], see also[70].) For invariant (not necessarily
ergodic) μ:

∫

A

rA dμ =
∑

k>0

kμ(Ak) = 1 − μ(W∞).

Figure 17.1. Transition graph off induced inA ⊂ X.
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Figure 17.2. Rokhlin tower off induced inA ⊂ X.

PROOF. The collection of sets{Wn} ∪ {An} ∪ {W∞, A∞} constitutes a disjoint
partition ofX, so that

(17.1)1 = μ(X) =
∑

n>0

μ(An)+
∑

n>0

μ(Wn)+ μ(W∞),

sinceμ(A∞) = 0. By property (3) inLemma 17.2we have thatμ(Wn) =
μ(f−1(Wn)) = μ(An+1) + μ(Wn+1) and then (see the transition graphFig-
ure 17.1)

(17.2)μ(Wn) =
∑

k>0

μ(An+k)

sinceμ(Wn) → 0 asn → ∞ (this is so because
∑
n>0μ(Wn) < ∞). Substitut-

ing result(17.2)in (17.1)the theorem follows. �

After Kac’s theorem, we know that in a dynamical system(X, f, μ) (μ is in-
variant but not necessarily ergodic) the natural time scale associated to setA ⊂ X,
μ(A) > 0, is its average return time (or the Poincaré cycle ofA),

τ(A) := 1

μ(A)

∫

A

rA dμ = μ(X \W∞)

μ(A)
.

The usual situation is that of an ergodic measureμ for which μ(X \ W∞) =
μ(X) = 1. However, in the study of volume-preserving maps (e.g.,Chapter 15)
we deal with Lebesgue measure which is not ergodic. See[85] for a discussion of
Kac’s theorem for volume preserving maps.



Chapter 18

Birkhoff’s Individual Theorem

Given a dynamical system(X, f, μ) and a functionh ∈ L1(X,μ), the aim in this
Appendix is to prove the point, almost everywhere, convergence of the sequence

1

n

n−1∑

k=0

h
(
f k(x)

)

to a functionh(x) ∈ L1(X,μ). The limit h(x) is the average ofh along the for-
ward orbit of the pointx. To prove Birkhoff’s theorem we need to prove the Hopf
maximal ergodic theorem first, which looks as a generalization of the Chebyshev
inequality.

18.1. Some general definitions

Life is easier if everything is expressed in terms of so called doubly stochastic
operators. So, let us introduce some convenient definitions. Given functionf ,
Koopman’s operatorF (an isometry, see property (2)) onL1(X,μ) is defined by
Fh = h ◦ f , for everyh ∈ L1(X,μ). F is a doubly stochastic operator since it
satisfies the following properties,

(1) h � 0 (a.e.) )⇒ Fh � 0 (a.e.),
(2)

∫
X
Fh dμ =

∫
X
h dμ,

(3) F1 = 1 (a.e.),

where 1 denotes the function whose constant value is 1 (a.e.). When(X,μ) is
an interval withμ the Lebesgue measure, the doubly stochastic operators on
L1(X,μ) (i.e., those verifying conditions (1)–(3) above) are just exactly those op-
erators that are defined by a mapf :X → X (measurable and preservingμ) [34].

The positive,h+, and negative,h−, parts of functionh are defined to be

h+(x) =
{

0, h(x) � 0,
h(x), otherwise

andh− = (−h)+. Thus,h = h+ − h−, |h| = h+ + h− andh+, h− � 0.
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18.2. Proof of the Birkhoff’s theorem

Let eachFnh :X → R, n > 0, denote the following partial sums by

Fnh(x) :=
n−1∑

j=0

F jh(x) =
n−1∑

j=0

h
(
f j (x)

)

(be warned thatF1h = h �= Fh). For the set of partial sums{Fkh: k = 1, . . . , n}
let us define its “roof” at a pointx to be the number

hn(x) := max
1�k�n

Fkh(x).

It should be evident thathn � hn+1. The following lemma puts an upper bound
to the rate of growing ofhn.

LEMMA 18.1. hn+1 � h+ Fh+
n .

PROOF. For givenn we are going to prove that

Fkh � h+ Fh+
n for k = 1, . . . , n+ 1.

SinceF is non-negative, fork = 1, it follows, by the definition ofFnh, that

F1h = h � h+ Fh+
n .

Fork + 1,

Fk+1h =
k∑

j=0

F jh = h+
k∑

j=1

F jh = h+ F
k−1∑

j=0

F jh

= h+ F(Fkh).

SinceF is non-negative andhk � hn, k � n, we have that

F(Fkh) � Fhn � Fh+
n , for k = 1, . . . , n.

Thus,Fk+1h � h+ Fh+
n for k = 1, . . . , n. �

Consider next the set of points where the firstn partial sums have a positive
roof,

{hn > 0} :=
{
x ∈ X: hn(x) > 0

}
, n > 0.

Remark that{hn > 0} is the set of pointsx such that there exists ak ∈ {1, . . . , n}
for which Fk(x) > 0. The sequence of sets is nondecreasing:{hn > 0} ⊂
{hn+1 > 0}.
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Let us further define

B∗(h) :=
⋃

n>0

{hn > 0},

the set of pointsx ∈ X where, for somen, the partial sumFnh(x) is positive.
The following maximal ergodic theorem is due to Hopf. We don’t have any

reference to the original source. In[63], Halmos gives a reference to Hopf which
is dated 1937. Thus, the following theorem seems to be younger than Birkhoff’s.

THEOREM 18.1. (Hopf,� 1937.)For eachh ∈ L1(X,μ),
∫
B∗(h)

h dμ � 0.

PROOF. By Lemma 18.1we have thath � hn−Fh+
n (remember thathn � hn+1).

Thus
∫

{hn>0}

h dμ �

∫

{hn>0}

hn dμ−
∫

{hn>0}

Fh+
n dμ.

Sincehn|{hn > 0} = h+
n |{hn > 0} andh+

n |{hn > 0}c = 0. Then,
∫

{hn>0}

h dμ �

∫

X

h+
n dμ−

∫

X

Fh+
n dμ = 0.

The equality holds becauseF is doubly stochastic and satisfies property (2). Let-
ting n → ∞ the theorem follows. �

Regarding the sequence of partial sumsFnh(x) let us consider the following
quantities,

h∗(x) := sup
n

1

n
Fnh(x), h∗(x) := inf

n

1

n
Fnh(x),

h(x) := lim sup
n→∞

1

n
Fnh(x) and h(x) := lim inf

n→∞
1

n
Fnh(x).

It should be evident thath∗ � h � h � h∗. Moreover,{h > 0} ⊂ {h∗ > 0} and
{h > 0} = B∗(h).

For a givenα ∈ R consider the following subsets ofX:

{h∗ > α} := {x: h∗(x) > α} and {h∗ < α} := {x: h∗(x) < α}.

COROLLARY 18.1. For eachh ∈ L1(X,μ) and eachα ∈ R we have

αμ{h∗ > α} �

∫

{h∗>α}

h dμ and αμ{h∗ < α} �

∫

{h∗<α)}

h dμ.
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PROOF. Observe thatFn(h(x) − α) > 0 iff Fnh(x)/n > α. Then, the first in-
equality is obtained by applying the HopfTheorem 18.1to the functionh − α ∈
L1(X,μ). The second inequality is not independent of the first one. It is obtained
from the first inequality by applying it to−h and then replacingα �→ −α. �

There are similarities of above corollary with Chebyshev inequality. For in-
stance, if we takeF to be the identity,Fh = h, thenh∗ = h∗ = h and the first
inequality is Chebyshev’s in[75], p. 341. Similar situation ifF is not the identity
buth ∈ L1(X,μ) isF -invariant:Fh = h (a.e.) (remember thatF is an isometry).
For simple random variables see[26], p. 276.

THEOREM 18.2. (Birkhoff individual ergodic theorem, 1931.)Let (X, f, μ) be
a dynamical system and leth ∈ L1(X,μ). Then

lim
n→∞

1

n

n−1∑

k=0

h
(
f k(x)

)
= h(x) = h(x) (a.e.).

PROOF. We are going to prove that the set of points

{h < h} :=
{
x ∈ X: h(x) < h(x)

}
,

where the functionsh and h take different values, has zero measure:
μ{h < h} = 0.

For each pair of rational numbersβ < α ∈ Q, consider the set

A(α, β) :=
{
x ∈ X: h(x) < β < α < h(x)

}
= {h < β} ∩ {h > α}.

We are going to prove thatμ(A(α, β)) = 0. Assume the contrary: there ex-
ist numbersβ < α ∈ Q such thatγ := μ(A(α, β)) > 0. Then, since
h(f (x)) = h(x) andh(f (x)) = h(x), it is clear that the two-level sets are in-
variant:f (A(α, β)) ⊂ A(α, β). Thus, we may consider the dynamical system
(A(α, β), f |A(α, β), μA(α,β)) and applyCorollary 18.1to it. Let us then remark
that in this caseX = A(α, β) and

{h∗ > α} =
{
x ∈ A(α, β): h∗(x) > α

}
⊂ A(α, β).

Sinceh � h∗, thenh(x) > α )⇒ h∗(x) > α for everyx ∈ A(α, β). Thus
{h∗ > α} = A(α, β). Quite similarly

{h∗ < β} =
{
x ∈ A(α, β): h∗(x) < β

}
= A(α, β),

sinceh∗ � h and thenh(x) < β )⇒ h∗(x) < β for every x ∈ A(α, β).
Inequalities inCorollary 18.1are then

α �
1

γ

∫

A(α,β)

h dμ � β
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which contradict the fact thatβ < α.
Moreover,μ{h < h} = 0. It follows from the fact that

{h < h} =
⋃

β<α
α,β∈Q

{h < β} ∩ {h > α},

since thenμ{h < h} �
∑
β<α∈Q μ(A(α, β)) = 0.

To prove thath is integrable we just verify conditions in the Fatou’s lemma
(see[75], pp. 346–347). We already have almost everywhere convergence of
Fnh/n. Then, we are left to prove that there existsK such that

∫
X
Fnh/n dμ � K

for everyn. That it is so is shown in the following expressions,

∫

X

∣∣∣∣
1

n
Fnh

∣∣∣∣ d μ �
1

n

∫

X

n−1∑

k=0

∣∣∣∣h
(
f k(x)

)∣∣∣∣ d μ(x) =
∫

X

|h| d μ.

Moreover (by the Fatou’s lemma too)
∫

X

|h| d μ �

∫

X

|h| d μ.
�
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Chapter 19

The Shannon–McMillan–Breiman Theorem

19.1. Introduction

In its more general version, the Shannon–McMillan–Breiman theorem establishes
theμ-a.e. existence the limit

h := lim
n→∞

− logμ(ζ n(x))

#An
,

where

(a) X ∋ x is a measurable space;
(b) G ⊃ An is a semigroup of measurable transformation inΩ;
(c) μ is aG-ergodic measure;
(d) ζ is a finite measurable partition ofX, and for eachn ∈ N, ζ n(x) denotes the

atom in

ζ n :=
∨

g∈An
g−1ζ

containingx;
(e) the sequenceAn satisfies

(i) limn→∞(gAnΔAn)/#An = 0, for all g ∈ G,
(ii) An ⊂ An+1 for all n ∈ N,

(iii) there existsM > 0 such that #(A−1
n ∩ An) � M#An for all n ∈ N.

This general version can be found in[91].
The version of the theorem we use in the book refers to the case where the

semigroup of transformations is one-dimensional, generated by the iterations of
a transformationT :Ω → Ω. The traditional proof of this theorem, due to
L. Breiman (see[32]), which is based on the Martingale Convergence Theorem.
Here we presented a more elementary proof relaying only on the Birkhoff’s er-
godic theorem, which is an adaptation to the one dimensional case of the Ornstein
and Weiss’ proof of the general version mentioned above.
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19.2. The theorem

The framework will be the same as in Section3.1, i.e.,(X, T ) is a subshift ofΩp,
we consider inX a Borel probability measureμ, which we suppose ergodic with
respect to the shift transformation. Letζ be the partition ofX by 1-cylinders, and
for eachn ∈ N

ζ n :=
n−1∨

k=0

T −kζ,

and for eachx ∈ X, ζ n(x) denotes the cylinder of lengthn containingx. The
entropy ofμ with respect to the shift is the limit

h(μ) := − lim
n→∞

1

n

∑

ζ n(x)∈ζ n
μ
(
ζ n(x)

)
logμ

(
ζ n(x)

)
,

whose existence is ensure by subadditivity, and it is always finite for a subshift
X ⊂ Ωp.

THEOREM 19.1. (Shannon–McMillan–Breiman.)

μ

{
x ∈ X: lim

n→∞
− logμ(ζ n(x))

n
= h(μ)

}
= 1.

19.3. Proof of the theorem

The proof of this theorem may be divided into two parts. Let us first present the
simplest one.

Lower bound. For eachx ∈ X andn ∈ N let hn := − logμ(ζ n(x))/n, then
define the functionh :X → [0,∞], with h(x) = lim infn→∞ hn(x). We first
prove thath(T x) � h(x) in a set of full measureμ. For this, fixε > 0 and for
eachn ∈ N let

Eεn :=
{
x ∈ X: hn(T x) � hn(x)+ ε

}
.

Sinceζ n(T x) ⊃ ζ n+1(x), then

μ(ζ n+1(x))

μ(ζ n(x))
�
μ(ζ n(T x))

μ(ζ n(x))
�
e−nhn(T x)

e−nhn(x)
� e−εn,

for eachx ∈ Eεn. This implies that forc ∈ ζ n and c̃ ∈ ζ n+1 with c̃ ⊂ c and
c̃ ∩ Eεn �= ∅, we haveμ(c̃) � e−εnμ(c). Now, since each cylinder of lengthn
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contains at mostp cylinders of lengthn+ 1, then

μ
(
c ∩ Eεn

)
� pe−εnμ(c)

for eachc ∈ ζ n, therefore

μ
(
Eεn
)

=
∑

c∈ζ n
μ
(
c ∩ Eεn

)
� pe−εn

∑

c∈ζ n
μ(c) = pe−εn.

With this we have proved that for eachε > 0,
∑∞
n=1μ(E

ε
n) < ∞, hence, by the

Borel–Cantelli Lemma we have

μ
{
x ∈ X: ∃n0 such thatx /∈ Eεn ∀n � n0

}
= 1.

Therefore for eachε > 0 there exists a setXε ⊂ X of full μ measure such that
h(T x) < h(x) + ε for eachx ∈ Xε. Then, the set̃X =

⋂∞
k=1X1/k is such that

μ(X̃) = 1 andh(T x) � h(x) for eachx ∈ X̃.
Now, sinceh is sub-invariant almost everywhere, then it has to be invariant

almost everywhere. Indeed, let̃Y :=
⋂∞
n=0 T

nX̃, and for eachε > 0 consider the
measurable set̃Yε := {x ∈ X̃: h(T x) � h(x)− ε}. If for eachx ∈ Ỹε there exists
n = n(x) such thatT k(x) �= Ỹε for eachk � n, it means that̃Yε is not recurrent,
and the Poincaré recurrence theorem implies thatμ(Ỹε) = 0. This being true for
arbitraryε implies thatμ{x ∈ Ỹ : h(T x) = h(x)} = μ(Ỹ ) = 1. Finally, forμ
ergodic,h(x) is constant almost everywhere.

Summarizing, there exists a constanth � 0 such that

h(x) := lim inf
n→∞

− logμ(ζ n(x))

n
= h,

in a set of full measureμ.

Upper bound. Fix ε > 0 and for eachn ∈ N define

Cεn :=
{
c ∈ ζ n: − logμ(c)

n
� h+ ε

}
.

The lower bound we just proved implies that for allx in a setXC of full measure,
ζ n(x) ∈ Cεn for infinitely manyn’s.

Fix n0 ∈ N, and forn � n0 define

T nn0
:=

⎧
⎪⎪⎨
⎪⎪⎩

[xn−1
0 ] ∈ ζ n:∃ a1 < b1 < · · · < aℓ < bℓ satisfying

(a)bi − ai + 1 := ni � n0,

(b) [xbiai ] ∈ Cni ,

(c)
∑ℓ
i=1 ni � (1 − 2/n0)n.

⎫
⎪⎪⎬
⎪⎪⎭
.

Step 1. We first prove that for arbitraryn0, and for allx in a setYC of full
measure, there existsm0 > n0 such thatζ n(x) ∈ T nn0

for all n � m0.
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For all x ∈ XC we haveζ n(x) ∈ Cεn for infinitely manyn’s, therefore the
measurable function

x �→ t (x) := min
{
k � n0: ζ k(x) ∈ Ck

}

is finite inXC . From this it follows that

μ
{
x ∈ XC : t (x) > M

}
<

1

4n0

for all positive integerM sufficiently large.
Fix suchM, and letB := {x ∈ XC : t (x) > M}. Then, by Birkhoff’s theorem

μ

{
x ∈ XC : lim

m→∞
1

m

m−1∑

j=0

χB
(
T jx

)
<

1

3n0

}
= μ(XC) = 1.

Thus, there exists a setYC ⊂ XC with μ(YC) = μ(XC) = 1, and for eachx ∈ YC
there existsm = m(x) such that for eachn � m

#
{
0 � j < n−M: t

(
T jx

)
� M

}
� n

(
1 − 1

3n0

)
−M.

To the each indexk ∈ {0 � j < n: t (T jx) � M} we associate the interval
[k, ℓ(k)] ⊂ [0, n − 1] with ℓ(k) = k + t (T kx). Hence, we have a collection
Sn(x) of intervals of length in[n0,M], whose left ends cover a set of at least
n(1 − 1/(3n0)) − M points in [0, n − 1]. Hence, there exists a subcollection
S̃n(x) ⊂ Sn(x), composed by disjoint intervals, which covers a at leastn(1 −
1/(3n0)) −M − n/(3n0) points in[0, n − 1]. Now, by takingm0 � m so large
thatM � n/(3n0) for all n � m0, and with then definingai, bi such that̃Sn(x) :=
{[ai, bi]: i = 1, . . . , ℓ}, we obtain that for allx ∈ YC there existsm0 > n0 such
thatζ n(x) ∈ T nn0

for all n � m0.
Step 2. Now, givenn andn0 as above, the number of collections

S̃n :=
{
[ai, bi]: i = 1, . . . , ℓ

}

such thatbi − ai + 1 � n0, and
∑ℓ
i=1 ni � (1 − 2/n0)n, is bounded by the

number of ways of choosing the left endsai of the intervals iñSn. Since the total
number of intervals in a collectioñSn cannot exceedn/n0, then the total number
of collections is bounded by

n/n0∑

k=0

(
n

k

)
� n

√
n exp

(
ns(1/n0)

)
=: N1,

with s(1/n0) = −1/n0 log(1/n0)− (1 − 1/n0) log(1 − 1/n0). The last estimate
follows in the standard way from Stirling’s approximation.



19.3. Proof of the theorem 231

Given a collectioñSn such thatbi − ai + 1 � n0, and
∑ℓ
i=1 ni � (1− 2/n0)n,

a cylinders[xn−1
0 ] ∈ T nn0

is said to by compatible with̃Sn if S̃n(x) ≡ S̃n. Thus, if

[xn−1
0 ] is compatible with̃Sn := {[ai, bi]: i = 1, . . . , ℓ}, thenxbiai is one amongst

at most exp(ni(h+ ε)) possibilities. This is because by definition[xbiai ] ∈ Cni , i.e.,

[xbiai ] belongs to a set of cylinders of lengthni , each of them with measure bounded
below by exp(−ni(h + ε)). In this way, the number of cylinders[xn−1

0 ] ∈ T nn0

compatible with a given collectioñSn := {[ai, bi]: i = 1, . . . , ℓ} is bounded by
(
ℓ∏

i=1

eni (h+ε)
)
pn/n0 � exp

(
n(h+ ε)+ n

n0

(
log(p)− h− ε

))
=: N2,

which does not depend oñSn.
From boundsN1 andN2 we obtain

#T nn0
� N1 ×N2 � en(h+ε−s(1/n0)+log(p)/n0+3/2 log(n)/n).

Then, forn0 sufficiently large we have #T nn0
� en(h+2ε).

Last Step. Forn0, n andε as before, define

Un :=
{
c ∈ T nn0

: μ(c) � e−n(h+3ε)},

Then,μ(
⋃
c∈Un c) � #T nn0

e−n(h+3ε) � e−nε. Here, applying again Borel–Cantelli
we derive,

μ
{
x ∈ Ỹ : ζ n(x) ∈ Un for infinitely manyn’s

}
= 0.

Summarizing, givenε > 0 andn0 ∈ N, for all x ∈ Ỹ there existsm0 = m0(x)

such that

(i) ζ n(x) ∈ T nn0
for all n � m0(x),

(ii) ζ n(x) ∈ T nn0
andμ(ζ n(x)) � e−n(h+3ε) holds only for finitely manyn’s.

From this it follows that lim supn→∞ − logμ(ζ n(x))/n < h+ 3ε, for all x ∈ Ỹ ,
and sinceε > 0 was taken arbitrary, then the upper bound follows.
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Chapter 20

Amalgamation and Fragmentation

We construct homeomorphisms between minimal multipermutative systems sat-
isfying conditions ofTheorem 8.2. By usingTheorem 7.1, we can assume that
they are adding machines. We apply a technique of amalgamation and fragmen-
tation of symbols (used, for instance, in[65] in the general context of minimal
Cantor systems). The technique become easier in our context. Let us recall some
definitions.

Let q0, q1, . . . , qn be positive integers and fori = 0, . . . , n consider the alpha-
betsAqi := {0, . . . , qi−1} andAq0·q1·····qn := {0, . . . , q0 ·q1·· · ··qn−1}, with the
usual order. There is a natural lexicographical order induced onAq0 × · · · ×Aqn .
The mapϕn+1 : Aq0 × · · · × Aqn → Aq0·q1·····qn that preserves the order is said
to be an amalgamation of symbols. The inverse map is called a fragmentation of
symbols. Both maps can be extended to infinite sequences of positive integers as
follows.

Forq∗ = (q0, q1, . . .) letΩq∗ =
⊗∞
j=0Aqj . Letm = (m0 = 0,m1,m2, . . .) be

an increasing sequence of integers. For everyi � 0, defineqi(m) =
∏mi+1−1
j=mi qj

andBi(m) =
⊗mi+1−1
j=mi Aqj . Finally, letΩq∗(m) =

⊗∞
j=0Bj (m) andq∗(m) =∏∞

j=0 qj (m). We say thatq∗(m) (correspondinglyΩq∗(m)) is produced fromq∗
(correspondinglyΩq∗) by am-amalgamation. Conversely, we say thatq∗ (cor-
respondinglyΩq∗ ) is produced fromq∗(m) (correspondinglyΩq∗(m)) by am-
fragmentation.

The mapϕ(m) :Ωq∗ → Ωq∗(m) corresponding to am-amalgamation is defined
by the formula

ϕ(m) (ω0, . . . , ωm1−1, ωm1, . . . , ωm2−1, . . .)

=
(
ϕm1(ω0, . . . , ωm1−1), ϕm2−m1(ωm1, . . . , ωm2−1), . . .

)
,

for everyω ∈ Ωq∗ .
The definition implies that the mapϕ(m) conserves the number #(p, q∗), there-

fore, thanks to Theorem 8.2, the adding machines (Ωq∗ , S) and(Ωq∗(m), S(m))
are topologically conjugate. In fact,ϕ(m) is a conjugacy. Indeed, the mapϕ(m) is
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one-to-one, andS(m) ◦ ϕ(m) = ϕ(m) ◦ S. Obviously,ϕ(m) is continuous, hence,
it is a homeomorphism.

Now we will describe a recursive procedure which allows one to pass from
a polyadic adding machine(Ωq∗ , S) to a conjugate one(Ωq ′∗ , S

′) by means of
m-amalgamations andm-fragmentations.

Let q∗ = (q0, q1, . . .) andq ′
∗ = (q ′

0, q
′
1, . . .) be two equivalent sequences. We

begin by defining recursively a third equivalent sequenceq ′′
∗ = (q ′′

0 , q
′′
1 , . . .):

(1) Putq ′′
0 = q0 andm0 = 1.

(2) Letm1 be the least integer such thatq0 dividesq ′
0 · · · q ′

m1−1. It exists because
sequences are equivalent. Defineq ′′

1 = q ′
0 · · · q ′

m1−1/q0.
(3) Now we define the recurrence. Assume we have already definedq ′′

0 , . . . , q
′′
n

andm0, . . . , mn for n > 0. If n + 1 is even, letmn+1 be the least in-
teger greater thanmn−1 such thatq ′′

n divides qmn−1 · · · qmn+1−1 and define
q ′′
n+1 = qmn−1 · · · qmn+1/q

′′
n . If n + 1 is odd, letmn+1 be the least inte-

ger greater thanmn−1 such thatq ′′
n divides q ′

mn−1
· · · q ′

mn+1−1 and define
q ′′
n+1 = q ′

mn−1
· · · q ′

mn+1
/q ′′
n .

The sequenceq ′′
∗ satisfies the following properties (they follow directly from

the definition):

(1) The following equalities hold

q ′′
2n−1q

′′
2n = qm2n−2qm2n−2+1 · · · qm2n−1, n = 1,2, . . .

and

q ′′
2nq

′′
2n+1 = q ′

m2n−1
q ′
m2n−1+1 · · · q ′

m2n+1−1, n = 0,1, . . .

(2) For m = (0,1,m2,m4,m6, . . .) andmo = (0,1,3,5, . . .) we have that
ϕ(m)(Ωq∗) = ϕ(mo)(Ωq ′′∗ ).

(3) For m′ = (0,m1,m3,m5, . . .) and me = (0,2,4,6, . . .) we have that
ϕ(m′)(Ωq ′∗) = ϕ(me)(Ωq ′′∗ ).

From the last properties, we conclude that

ϕ−1(m′) ◦ ϕ(me) ◦ ϕ−1(mo) ◦ ϕ(m)
is a homeomorphism that is a conjugacy between the adding machine defined on
Ωq∗ and the one inΩq ′∗ . Let us remark that this, in fact, is a constructive proof of
the conjugacy between multipermutative systems.
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